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Eulogy
One of the authors (N.Kamiya) had been met and
discussed with Prof.Susumu Okubo a lot of times.
For study in nonaasociative algebra’s subject and
private talk in Japanese with me,
He was always honest man.
Hereby I would like to give an eulogy in this book.
Also we remember him when working octonion or
triple systems in mathematical physics.

Hereby we would like to describe the last words of the end in his life(
Prof. Susumu Okubo).

Jisei no ku
To be or not to be 7 The quantum dream of the Schrodinger Cat.
Farewell! Farewell-forever. Departure time now to the black hole.
Never to return, farewell, sayonara.
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Abstract

We give a review book of recent works, which contains our new results
for nonassociative algebras, especially Lie algebras satisfying the triality re-
lation. They are also intimately related to .S, (symmetric group of 4-objects)
symmetry of the Lie algebras.
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1. Symmetric Triality Algebras

This book is intented to be a brief review of recent works with new re-
sults related to triality relations as well as to A4 or S;-symmetry (alternative
or symmetric group of 4-objects) satisfied by some algebras, especially, Lie
algebras. And main purpose is to exhebit constractions of Lie algebras or

superalgebras without utilizing properties of Cartan matrices and root sys-
tems.

More precisely, we introduce the notion of triality algebras and describe
constructions of Lie algebras or superalgebras from them.

First let A be an algebra over a field F' with bi-linear product denoted by
juxtaposition zy. Suppose that some t; € End A for j = 0, 1,2 satisfy the
symmetric triality relation

tj(zy) = (tj+12)y + 2(tj12y) (L.1)
for any z,y € A, where indices j are defined modulo 3, i.e.
tji;g = tj.

We then call the triple ¢t = (t1,ts,t3) € (End A)3 be a symmetric Lie-related
triple ([O.05]) and set

so Lrt(A) = {t = (t1, 2, t3)[t;(zy) = (Lj12)y + T(tj42y) ). (1.2)
For any two t,t € so Lrt(A), T;x € End A defined by
Tix = [tj, t] i= tit, — tits, (5, k=0,1,2) (1.3a)

then satisfy
Tik(zy) = (Tj1,k+12)Y + 2(Tjr2k42Y)- (1.3b)

Especially s o Lrt(A) is a Lie algebra with respect to the component-wise
commutation relation. Moreover, it is endowed with a natural order 3 auto-
morphysm @ given by

0(to, t1,t2) = (t2, to, t1).
It is a generalization of the derivation Lie algebra

Der(A) = {d|d(zy) = (dz)y + z(dy), Vz,y € A, d € EndA}.
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For any constants \; € F satisfying the condition \j13 = );, then t =
(to, t1, t) defined by
2

t; = Z f\j_ktk

k=0
belongs also to t' € s o Lrt(A), when we note

2
tl = (tg,t'l,t;) = Z)\jej(tmtl,tZ)-
Jj=0
Especially, for the choice of Ao = A\; = A\, = 1,
d=ty+t;+ 1t (1.4)

is a derivation of A4, i.e. d € Der (A).
Suppose now that A is also involutive with the involution map z — %,
satisfying

T =z, T =TT (1.5)
For any Q € End A, we introduce @ € End A by
=0z (1.6)
We then note that for any two Q;, Q2 € End A, we have
Q1Q: = Q,Q,. (1.7)
Taking the involution of Eq.(1.1) and then letting = + 7. it gives
ti(zy) = Eipa2)y + 2(F419) (1.8)
so that .
(to,t2, 1) € s o Lrt(A). (1.9)

If we introduce ¢ € End(s o Lrt(A)) by o(to, t1,t2) = (%o, t2,%1), then o and 6
generate automorphism group S; of s o Lrt(A), since we have §of = o, and
6 =o0%=1d.
We next introduce the second bi-linear product in the vector space of A
by
Txy :=Ty=7I. (1.10)
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Then the resulting algebra A* which we call the conjugate algebra of A is
also involutive, i.e.,

Txy = G*xI(= zy) (1.11)

where Eq.(1.8) is rewritten as the Lie-related triple relation ([A-F.93])).
ti(z xy) = (tj12) %y + 2% (tj129). (1.12)

A reason for introducing A* is due to the following consideration.

If A is a unital algebra over the field F' of characteristic not 2, then it is
easy to show that we have t, = t; = ¢, for s o Lrt(A) and hence s o Lrt(A) =
Der(A), since for the unit element e of 4, it holds t;(ze) = t;41(z)e + zt;42(e)
and ¢;(e) =0, j =0,1,2.

However, A* could be unital, satisfying e x z = 2 xe = z without leading
to to = t; = t5. Then the relation is immediately translated into A to yield

exr = ze = I. (1.13)

We call e € A satisfying Eq.(1.13) be the para-unit of A.
Introducing multiplication operators in A and A* by

L(z)y =2y, R(z)y=uyz, (1.14q)
lyy=z*y, 7r(x)y=y*z, (1.14b)

th tisf
T L(z)R(y) = r(Z)r(y) (1.150)
R(z)L(y) = I(Z)U(y). | (1.15)

We note that an algebra A could have more than one involution. More-
over, it is often easier to deal with A rather than A* and we will discuss
mostly relations involving A in this section, although they can be readily
translated into those of A*.

Lemma 1.1

For any (to,t1,t2) € s o Lrt(A), we have
[tj, L(z) R(y)] = L(z)R(tj+1y) + L(tj112) R(y) (1.16a)
[tj, R(z)L(y)] = R(z)L(tj+2y) + R(tj+22) L(y). (1.160)



Proof

We can rewrite Eq.(1.1) as
t;L(z) = L(z)tj42 + L(tj+12), (1.17a)

t;R(y) = R(Y)tj41 + R(tj42y). (1.17b)

Multiplying R(y) to Eq.(1.17a) from the right and L(z) to Eq.(1.17b) from
the left, we obtain

t;L(z)R(y) = L(z)tj+2R(y) + L(t;+12) R(y),
L(2)t;R(y) = L(x) R(y)tj+1 + L(z) R(tj429).

Letting j — j + 2 in the 2nd relation and adding it to the first one this yield
Eq.(1.16a). Similarly from Eqgs.(1.17), we find

R(y)t;L(z) = R(y)L(z)tj42 + R(y) L(tj+12),
t;R(y)L(z) = R(y)tj41L(x) + R(tj2y) L(z).

Letting j — j + 1 in the first relation and adding it to the second one, we
obtain Eq.(1.16b).0]

Def.1.2

Let A be an algebra which possess d;(z,y) € End A for j = 0,1, 2 and for
z,y € A, satisfying

1)
dj(y,:li) = —dj(a:)y) (118(1)

@)

dy(z,y) = R(y)L(z) — R(z)L(y) (1.18b)

dy(z,y) = L(y)R(z) — L(z)R(y) (1.18¢)
©) -

(dO(x) y), dl(xa y), d2($’ y)) €so L?‘t(A),

i.e, we have

dj(z, y)(uwv) = (djsa (2, ¥)w)v + u(dypa(z, )0). (1.19)

We call A then be a regular triality algebra. Note that a explicit form for
do(z,y) is not specified at all.



If A satisfies further
4)
[dj(u’ ’U), dk(xa y)] = dk(dj—k(u7 v)x) y) + dk(x’ d]'—k(u? U)y)’ (1'20)
and
(5) |
do(2,y)z + do(y, 2)x + do(2, )y = 0 (1.21)

in addition for any j,k = 0,1,2 and any u,v,z,y,2 € A, then A is called a
pre-normal triality algebra.

The reason for introducing these definitions is due to the following con-
siderations. To this end, we introduce

Condition (B)
We have AA = A.
Condition (C)

If some b € A satisfies either bA = 0 or Ab = 0, then b = 0.
We can now prove:

Proposition 1.3

Let A be a regular triality algebra satisfying the condition (C). Then, A is
a pre-normal triality algebra. More generally, we obtain the followings:
If either condition (B) or (C) holds valid, we have

(1) -
[, dic(z, Y)] = de(tj-k,y) + di(2, ti-kY) (1.22)

for any t = (to,t1,t2) € s o Lrt (A). Especially for a choice of t; =
d;(u,v), this implies the validity of Eq.(1.20).

(2) do(z,y) is uniquely determined by Eqs.(1.18) and (1.19).
(3) If Aisinvolutive in addition with the involution map z — Z, we have

dj(z,y) = das—;(Z, 7). (1.23)

(4) Finally, if we assume the condition (C), then dy(z, y) satisfies Eq.(1.21).



-10 -
Proof

For a proof of this Proposition, we first set
Dj,k = [tj) dk(:r’ y)] - dk(tj_k.'l?, y) - dk(lf, tj—ky) (1'24)

Then, Lemma 1.1 immediately gives D;; = D;, = 0 identically for any
j = 0,1,2. Moreover Eq.(1.3b) for ¢, = di(z,y) together with Eq.(1.19) leads
to

Dje(wv) = (Djs1,k+1u)v + u(Djsa,e+2v). (1.25)

Setting k = 0, we find D;o(uv) = 0 which gives D, = 0 if the condition (B)
holds. If we choose k = 1 or 2, then Eq.(1.25) implies

UDj+2,00) = 0= (Djs10u)v

for any j = 0,1, 2, and for any u,v € A. Therefore, under the condition (C),
this gives D, = 0 again, proving the validity of Eq.(1.22).

Next, the uniqueness of dy(z, y) can be similarly proven as follows. Sup-
pose that Eq.(1.18) and (1.19) allow the second solution for dy(z,y) which
we write as dy(z, y). Then,

(Do, D1, D3) := (do(z,y) — do(z,),0,0) € s 0 Lrt(A)

so that
Dj(w) = (Dj41u)v + u(Dj420).
Choosing j = 0,1 or 2, and repeating the same reasoning, this gives Dy = 0,
ie., dy(z,y) = do(z,y)-
If A is involutive, we have

L(z) = R(%), R(z) = L(Z), (1.26)
so that

—— B e ——

d1(z,) = do(%,7), and d3(z, ) = d1(Z, §)

which satisfy Eq.(1.23) for j = 1 and 2. In order to show its validity for
J =0, weset

~ ee——

Dj = dj(z,y) — d3-—j(?r-’.37) (4=0,1,2)
so that D; = D, = 0. Moreover, Egs.(1.1) and (1.8) imply now that we have

Dj(zy) = (Djs2z)y + z(Dj11y).
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Repeating again the same augument, we obtain Dy = 0.
Finally, let us set

_ O, R(JJ) - d(CE, y)’ 0
Then, Eq.(1.19) with Eqgs.(1.18) are equivalent to the validity of
[D;(x, ), A(2)] = A(djs2(z, y)2) (1.28a)

if we note Eqs.(1.17) for ¢; = d;(u,v). Further, we see
so that

[A(2), [A(z), A)]] = Ado(z,¥)2). (1.28¢)
If we set

w = do(m, y)z + dO(y9 Z)(E + dO(z7 x)y’

then the Jacobi identity among A(z)'s leads to A(w) = 0, or R(w) = L(w) = 0
so that we have w = 0 under the condition (C). This completes the proof of
Proposition 1.3.00

We also note the Eq.(1.20) gives

[D;(u,v), D(z,y)] = Dr(dj—x(u, v)z,y) + Di(z, dj—i(u, v)y). (1.29)

Therefore, A(z) and Dj(z, y) form a Lie algebra, although we will not go into
details.

Let
9(A) = do(A, A) + di(4, A) + dz(4, A). (1.30)
Then, Eqs.(1.20) and (1.22) imply that g(A) is a Lie algebra which is a ideal
of the larger Lie algebra so Lrt(A). Moreover, if we set j = k in Eq.(1.20), we
obtain

[dj(u’ v), dj(z, y)] = dj(do(u’ v)z,y) + dj(x’ do(u,v)y) (1.31)
so that d;(A, A) for each j = 0, 1,2 is also a Lie algebra which is a ideal of
g(A). Therefore if g(A) is simple, and if d;(A, A) # 0, then we must have

9(A) = do(A, A) = di(A, A) = da(4, A).
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Corollary 1.4

Let A be a pre-normal triality algebra. Then, the triple product defined
by
[zyz] := do(z,y)2
is a Lie triple product, i.e., it satisfies

(7’) [.’II, Y, z] = —[y,:c,z]

(1) [z,9,2] +[y,2,2] + [2,2,9] =0

(44) [u,’u, [x,y, z” = [[u, Uax], Y, Z] + [:L‘, [u’v>y]’ z] + [.’1:, Y, [u, v, z”
Proof

First, (i) follows trivially since do(y,z) = —do(z,y), while (ii) is a conse-
quence of Eq.(1.21). Finally, (iii) is equivalent to the validity of Eq.(1.31) for
Jj=0.0

We next set

D(z,y) := do(z,y) + di(z, y) + da(z, 1). (1.32)

Then, D(z,y) is a derivation of A as d of Eq.(1.4). We further introduce
Q(z,y,2) € End Aby

Q(.’B, Y, z) = d()(CE, yZ) + dl(z,xy) + dZ(ya zx). (133)
Proposition 1.5
(1) If Ais aregular triality algebra, then
(Q(a:’ y’ z)’ Q(y’ z) x)’ Q(z’ :B’ y)) E §0 L’rt(A)’ i'e"
Q(z,y, 2)(w) = (Q(y, 2, T)u)v + w(Q(2, z,y)v). (1.34)

Also,we have

Q(z,v,2) + Qv 2, ) + Q(2,2,y) = D(z,y2) + D(y, 22) + D(2,zy). (1.35)

(2) Moreover, if A is pre-normal triality algebra, then

Q(m’ y) Z)w = Q(w7 y7 z)x' (1'36)
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Further, if A is involutive with the validity of Eq.(1.23) in addition, it satisfies
also

Q(z,y,2) = Q(Z,2,9). (1.37)
Proof

By Eq.(1.19), we calculate

= (dl (IB, yZ)’U,)’U + U(dg(x, yz)u)
= (d2(z’ xy)u)v + u(dO(z, a:y)v)
= (do(y, zz)u)v + u(di(y, 22)v).

di(z, zy) (uwv

do(z, y2)(uv)
da(y, 2z) (uv)

Adding all of these, we obtain Eq.(1.34). Similarly for Eq.(1.35). Since Eq.(1.23)
gives d;(z,y) = ds-;(Z,7), Eq.(1.37) follows immediately from Eq.(1.33).
Finally in order to prove Eq.(1.36), we calculate

Q(z,y, 2)w = Q(w,y, 2)z = {do(z, y2)w — do(w, y2)z}

+{d1(za xy) + d2(ya zm)}w - {dl(z’ wy) + dZ(y’ Z’LU)}.’L‘, (138)
and note

do(z, y2)w — do(w, y2)x = —do(y2z, z)w — do(w, y2)x
= do(z, w)(yz) = {d1(z, w)y}z + y{da(z, w)z}

in view of Egs.(1.21) and (1.19) for j = 0. Then, Eq.(1.38) becomes

Q(xa Y, z)w - Q(w, Y, Z)CE

= {di(z, w)y}z + y{da(z, w)z} + {d1(2, 2y) + da(y, z2) }w
""{d1(Z, wy) + d2(y’ zw)}a:

= {(R(w)L(z) - R(z)L(w))y}z + y{(L(w)R(z) — L(z) R(w))z}
+{R(zy)L(2) — R(2)L(zy) + L(2x)R(y) — L(y)R(zz)}w
—{R(wy)L(2) — R(z)L(wy) + L(zw)R(y) - L(y)R(zw)}z

= {(zy)w}z — {(wy)z}z + y{w(2z)} - y{z(2w)}

+(2w)(zy) — {(zy)w}z + (27)(wy) — y{w(zz)}

—(22)(wy) + {(wy)z}z — (2w)(zy) + y{z(zw)} = 0

identically. This completes the proof.C]
We note that Eq.(1.34),(1.36) and (1.37) are consistent with the ansatz of
Q(z,y, z) = 0, and we further define the following.
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Def.1.6

We call a pre-normal triality algebra be a normal triality algebra if it sat-
isfies Q(z, v, z) = 0 in addition. The conjugate algebra A* of a normal triality
algebra A satisfying Eq.(1.23) is called a normal Lie-related triality algebra
(normal Lrt. algebra). More explicitly, it is defined by

(i)

du(z,y) = UPUz) — UZ)l(y), (1.39)
da(z,y) = r(@)r(z) - r(Z)r(y) (1.39)

(ii)
dj(z, y)(u % v) = (djya(2, y)u) * v + u* (djra(z, Y)v) (1.39¢)

(i)
do(z,y)z + do(y, 2)z + do(2,2)y =0 (1.39d)

(iv)
[d;(u,v), di(z, ¥)] = die(dj—k(u, v), ) + di(@, dj—i(u, V)Y) (1.3%)

V)
Q(z,y, z) = do(f'%m) + dl(z»M) +dz(y,z%z) =0 (139f)

(vi)
dj(z,y) = d3—4(Z, 7). (1.399)

We note that Eqs.(1.39 a-f) are simple rewriting of the corresponding rela-
tions for the normal triality algebra A, when we note, for example, Eqgs.(1.15)
for Eq.s.(1.39). If A* is unital with the unit element e, then both conditions
(B) and (C) are automatically satisfied, because, by ze = ex = Z for any z,
and by be = 0 = b = 0. Then, we can omit Eqgs.(1.39,d,e,and g) since they
are consequence of other postulates by Proposition 1.3. Moreover, if we set
y = eor z = ein Eq.(1.39f) or alternately if we set u = e or v = e in Eq.(1.39¢),
then do(z, y) is determined to be

do(z,y) =r(@*xy —Txz) +U(yUZ) - U(z)l(7) (1.40a)

=l(y*T — z*7) + r(y)r @) — r(z)r@). (1.400)

We can then redefine the structurable algebra of Allison [A.78] to be a unital
normal Lrt. algebra (see [O.05]):
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Def.1.7
A pre-structurable algebra A* is a unital involutive algebra satisfying
(i)
di(z,y) = U(G)l(z) — U(Z)L(y), (L41a)
da(z,y) = r(G)r(z) — r(@)r(y), (1.41b)
do(z,y) =r(@xy —Fx ) + Uy)lZT) — (z)(7) (1.41c)
=l(y*T —z*x7Y) +r(y)r@) — r(z)r(@)
(if)
dj(z,y)(uxv) = (djs1(2, y)u) x v + ux (dj42(z, y)v). (1.41d)
Moreover if it satisfies the additional condition
(iii)
Q(z,y, 2) = do(z, 7% 2) + di(2,T*xY) + d2(y,z2%xZ) =0, (1.42)

then we call A* be a structurable algebra. ([K-O.14])

Note that the conjugate algebra A of a pre-structurable or structurable
algebra A* is a pre-normal or normal triality algebra A, respectively, satisfy-
ing ze = ez = T and do(z,y)z = (Ty — J2)Z + (T2)T — (¥2)T = Z(yT — 27) +
U(2%) — Z(2Y), since T* g = zy.

Remark 1.8
If A is a normal triality algebra, then D(z,y) defined by Eq.(1.32) is a
derivation satisfying

D(z,yz) + D(y, zz) + D(2,zy) = 0 (1.43)

in view of Eq.(1.35). In [Kam.95], any algebra A which posseses a deriva-
tion D(z,y) = —D(y, ) satisfying Eq.(1.43) has been called a generalized
structurable algebra. Therefore, any normal triality algebra is a generalized
structurable algebra if D(z,y) is not trivial. Note that there exists a triality
algebra with D(z,y) = 0 identically (see Eq.(2.20)). ,
Many interesting algebra such as Malcev, structurable, admissible cubic
algebra ([E-O.00]) and pseudo-composition algebra [M-0.93] are known to
be generalized structurable algebras. (see [Kam.95],[0.05]).

Remark 1.9
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We can generalize the idea to super-algebra ([K-O.00]). Let A be Z,-
graded as

A= A;® Ax. (1.44)
We write for simplicity
(=1)7 = (=1)reee, (1.45a)
where . A
_ 0, it zeA;
grad x = { 1, if z€ AL (1.450b)
Then, we replace the definition for d;(z,y)'s as
di(z,y) = (-1)*R(y)L(z) — R(z)L(y) (1.46a)
da(z,y) = (-1)™L(y)R(z) — L(z)R(y) (1.46b)
while the triality relation Eq.(1.19) must be replaced by
dj(2,9)(w0) = (dja (2, Y)u)v + (=1) T u(djra(z, y)v) (1.47)

etc. Then, all statements so for given in this section will proceed accordingly.
2. Examples of Normal Triality Algebras
Example 2.1,(Lie and Jordan algebra)

Both Lie and Jordan algebras are normal triality algebras. Writing the
bi-linear product of these algebras as zy, we have

TY = €YT (2.1)
for e = +1 or —1, respectively for Jordan or Lie algebra, so that
. L(z) = eR(x).
Setting then
d(z,y) i= do(z,) = di(z,v) = da(z,v) = —¢[L(2), L(y)],  (2.2)
it is a inner derivation of these algebra, satisfying ([Kam.95])

Q(z,y, 2) = d(z,yz) + d(y, zz) + d(2,zy) = 0.
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Moreover Eq.(1.21) is a cosequence of the Jacobi identity for Lie, while it is
trivially satisfied for the case of the Jordan algebra.
Moreover, they are involutive with the involution

T = +€x,
so that they are also normal Lrt algebra with z x y = T = exy.
Example 2.2,(Symmetric Composition Algebras)

Let A be an algebra with symmetric bi-linear non-degenerate form <
/|- > over the field F' of charachteristic # 2. Suppose that we have

z(yz) = (zy)z =< x|z > ¥, (2.3)

for z,y € A. Then, A is known as a symmetric composition algebra, since
then it satisfies also
< zylzy >=< z|z >< yly >, < zy|z >=< zlyz > . (2.4)

Conversely the validity of Eq.(2.4) gives Eq.(2.3) ([O-O.81]). Moreover, a
symmetric composition algebrais either a para-Hurwitz algebra or a eight-
dimensional pseudo-octonion algebra. ([O-O.81], [0.95])

Here, the para-Hurwitz algebra is the conjugate algebra of the Hurwitz
(i.e. unital composition) algebra. Any symmetric composition algebra sat-
isfy the triality relation for the choice of

do(z,y) = 2{[L(2), L(y)] = R([z,y])} (2.5a)
or equivalently by ~
do(z,y)z = 4{< z|z > y— < y|z > z}, (2.5b)

as has been noted in ([KMRT.98] and [E.97]), and it is a normal triality alge-
bra ([0.05]).

We also note that the para-Hurwitz algebra has the para-unit e but the
pseudo-octonion algebra possesses neither unit nor para-unit.

Example 2.3,(Tensor product)

Let A; and A; be two independent symmetric composition algebras.
Then, their tensor product A; ® A, is normal triality algebra with (see [O.05])

Dj(z1 @ 22,51 ® ¥2) =
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dg-l)(xl,yl)@ < Zalye > id+ < z1|yr >11d ® dgz)(:cg,yg), (2.6)

for x1,Y1 € A; and To, Yz € Aj.
As we will show in the next section, this case is relevant for a construc-
tion of the so-called Freudenthal’s magic square.

Example 2.4

Let Abe anormal triality algebra with a order 3 automorphism @ (i., e, ®* =
1). Suppose that it also satisfies

Qdﬂ(xa y)(I)_l = d()(@.’l?, q)y)’ (27)

which holds automatically if the condition (B) or (C) is valid. If we introduce
then a new bi-linear product in the same vector space A by

zoy = (Pz)(2%) (2.8)

then the resulting new algebra A(®) is a normal triality algebra ([E-O.07]), so
that a symmetric composition algebra A is transformed into another sym-
metric composition algebra A©)([E.97)).

As an example, consider the so(3) Lie algebra:

6¢6j = 22=16¢jk6k (Z,] = 1, 2, 3)

for a Levi-Civita symbol ¢;;;. Since it is a Lie algebra, it is a normal sym-
metric triality algebra by Example 2.1. Moreover, & € End(so(3)) defined
by

dieg ey ez —e

is its order 3 automorphysm. We then calculate the new product to satisfy
(1) eqoe; =e;, exoen =e€3 e3o0e3=e3

(2) e10ey=—e3, ey0e3=—e;, ezo0e; =—e (2.9)
(8) eqoe; =ejoez3=ezoep =0

as in [O.05]. This algebra has some interesting property. We intoduce the
bi-linear symmetric non-degenerate form < o|o > by

< eilej >= 5-ij (’&,j =1,2, 3) (210)
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Then, it is a normal triality algebra with dy(z, y) given by

do(z,y)z =< z|z > y— < ylz > z. (2.11)
Moreover, we have
(xoz)o(zoz)=<zjzoz > (2.12)

so that the 3rd bi-linear product defined by

1
zoy= §(xoy+yox)

gives a 3-dimensional admissible-cubic algebra ([E-O.06]). Moreover for
T = A1e1 + g€y + Aszes, (/\J € F), we set

tar) =M+ A2+ A, q(@) =Ade + Ads + Xl
with f = e; + e + es. Then, they satisfy quadratic relation of ([0.06])
(i)
fof=0
(ii)
2oz~ )z +g(2)f = 0. (2.13)
Example 2.5

Let
A=span<e, f,z,, 2", (0=1,2,---,N)>

with the multiplication table of

(1) ee=e,ff=e, ef=fe=~f

(2) ex, =2z,e =z, 2te = ext = z#

(3) fz, = —z,f ==, fo" = —atf = —z¥
(4) zuzy =0 = zhz¥

(5) ztz, = —204(f +e)
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(6) z,2* =284(f —e)

for pu,v = 1,2,--- N. Then A is a normal triality algebra. Note that A pos-
sesses a few involution maps:

Involution 1

f=—fbutT =z, forz=e,z* and z,.
Involution 2

¢ =z,, T, =zt butT =1z, forz = e, and f.
Involution 3

E=e butT=-zforz = f, z, and z*.

The case of the involution 1 is of interest, since then it satisfies ex = ze =
Z so that e is the para-unit of A.Then, its conjugate algebra A* is structurable.

In section 4, we will show that this algebra is intimately related to the A4
or Sy symmetry of the Lie algebra si(N), (N > 4).

Example 2.6 (Structurable Algebra)

It is known ([A-F.93]) that any unital involutive alternative or Jordan al-
gebra is structurable. Especially, any unital composition algebra as well as
any unital involutive associative algebra is structurable. Moreover some
class of Zorn’s vector matrix algebras are also structurable. Let B be a invo-
lutive algebra over a field F' with bi-linear product zy and with a bi-linear
form (o|o), and consider a vector space of form

Az(gﬁ). (2.14)

Designating a generic element of A4 as

X=<ZZ>,@we&aﬁem (2.15)

we introduce a bi-linear product in A by

X1 *Xz =
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( oy T3 ) % ( Q2 T2 )
v B Y2 Bo
_ ( a1 + (T1]y2), 1Ty + Box1 + ky1ye )

oY1 + Brys + kxize, BiBa + (1]22)
for a constant k£ € F' and for variables a;,8; € F and z;,y; € B(j = 1,2).

Then,
X—>7=<[_3 x) (2.17)
7 «
is a involution map of A, provided that (o|o) satisfies

(2.16)

(Zly) = (glz), (= symmetric in z and y). (2.18)

If B is a commutative cubic-admissible algebra over the field F' of charac-
teristic # 2, and # 3, satisfying

2%2? =< z|2? > z, with (z]y) = 3 < z|y >, (2.19)

then A is known to be structurable for the choice £ = 2 ([0.05]).
As an example, consider the case of DimB = 1 with B = Fb, whereb € B
satisfies

bb = b, < blb >= 1.
If we set now

e=(09)7=(0 2 )o=(50)n=(50)

then e is the unit element of A so that e x z = = x e = z, also, by means of
(b|b) = 3 < b|b >= 3, the multiplication table is given by

f*f='e-,f*g_—'_“‘g*f'—‘-'g,f*h:—h*f:h»,

gxg=2h hxh=2g, gxh=3(cf), hxg=3(e+f)  (220)

as in [O,06]. A peculiar aspect of this algebra is that we have D(z,y) = 0
identically. Further, A admits few involutions:

(1) f=—f,butz =z forz = e, g, and h, corresponding to Eq.(2.17).
(2) §=h,h=g,butT =2z forz=eand f.
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(3) Letw e Ftosatisfyw’ = l,w# L. h=wh,g=w?g, f=~fe=e.

On the other side, if Bis an anti-commutative algebra, then 4 is an alter-
native algebra, provided that we have

= (zly)z - (z]2)y,
(zlyz) = (ylzz) = (2|zy)

with Z = —z and k = 1. This case yields the octonion algebra as well as a
unconventional six-dimensional degenerate composition algebra associated
with a five-dimentional Malcev algebra [K-O,14], although we will not go
into its details here.

3 Lie Algebra satisfying Triality

Let A be a pre-normal triality algebra as in Def.1.2, and consider linear
maps:
pji:A=V,andT; : AQA -V (3.1)
for j = 0,1, 2, where V is an unspecified algebra with skew symmetric bi-
linear product [o, o]. We set now

T(A,A) =span < Ty(z,y),VYj =0,1,2,Vz,y € A > (3.2)
and
L(A) = po(A) & p1(A) © p2(A) ® T(4, A). (3.3)

Following [A-F.93], let (3, j, k) be a cyclic permutation of indices (0, 1, 2), and
assume the following anti-communtative multiplication relations:

1)

[0:(), 2 ()] = —[p:(¥), pi(@)] = Y7 Ts-i(, v) (3.4a)

()
[oi(2), ;)] = =[p; (W), pi(=)] = —¥7i  pox(zy) (3.4b)

3)
[Ti(z,9), pi(2)] = =[pj(2), Ti(z, v)] = pj(di+s(2, ¥)?) (3.4c)

4)

[Tl(u’ ’U), Tm(x’ y)] = Tm(dl—m(u’ ’U):B, y) + Tm(x, dl—-m(ua 'v)y)
= _Tl(dm—l(xv y)u, U) - Tl(u’ d —-l(x’ y)v) (3'4d)



-23 .-

for [,m = 0,1,2. Here, y; € F are some non-zero constants. We introduce
the Jacobian in L(A) by

J(X,Y,2) = [[X,Y),2) +[[¥, 2], X] + [[Z, X], ] (35)

for X,Y,Z € L(A).
We first prove.

Lemma 3.1

T(A, A) and Tj(A, A) for j = 0,1, 2 are Lie algebras. Also T};(A, A) is an
ideal of T'(A, A).

Proof

We calculate now for any j, k,l =0, 1, 2,

[[T?(u? U)’Tk(x)y)])Tl(z’ w)] = _[Tl(z’ w)’ [T?(u’ U)’Tk(x’y)]]
= —[Tl(z, ’w), Tk(dj_k(u, 'U).'E, y) + Tk(l‘) dj-—k(u’ v)y)]

= —Ti(di—k(z, w)dj_k(u, v)z,y) — Ti(dj—r(u, v)z, di—k(u, v)y)
FTe(di—i (2, w)z, dj—ik(u, v)y) — T(z, di—g(2, w)dj—i(u, v)y)

[[ﬂ(z’w)’ri(u) )], Ti(z,y)] = '[[Tj(u, v), Ti(2, w)], Ti(z, )]
= —[Ti(dj-1(u, v)z,w) + Ti(2, dj—i(u, v)w), Ti(z, y)]

= =T (di—r(dj—i1(u,v)z, W)z, y) — Ti(z, di—i(d;—1(u, v)2, w)y)
~T(di-k(2, dj—i(u, )W)z, y) — T(z, di—k(2, dj—1(u, v)w)y)

and

([T(z, y), Ti(2, w)], T(u,v)] = [T;(u, v), [Ti(2, w), Ti(z, v)]]
= [T;(u, ), Te(di-k(2, w)z, y) + Ti(z, di-k(2, w)y)]

= Ti(dj—k(u, v)di—k (2, W)z, y) + T(di—k (2, W)z, dj—(u, v)y)
+ Tk (dj—k (u, v)z, di—k (2, w)y) + Tie(, dj—i(u, V)di—r(2, w)Y).

Adding these three relations we find

J(Tj(ua ’U), Tk(m7 y\), ﬁ(z, 'LU)) = Tk(/\m, y) + Tk(x, )\y)

where ) is given by
A = [dj—k(w, v), di-k(2, w)]

—dj—(dj-i(u,v)z,w) — di—k(z, dj—i(u,v)w) =0
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by the triality Lie relation Eq.(1.20).00

We next set
J(z,y, 2) := J(po(x), p1(y), p2(2)). (3.6)
Lemma 3.2
We have
J(x, Y, 2) = To(l', yz) + Tl(za xy) + T2(ya Z(E) (37)
which satisfies
[V (z,v,2), ps(w)] = pi(Q(z, 2, y)w) (3.8q)

[J(.’E, Y, Z), Tl(u7 1))] = Tl(Ql(za z, y)u, 'U) + Tz(U, Ql(z’ z, y)v) (38b)
where we have set

Qu(z,z,y) = d_i(z, 2y) + di(y, 22) + day(2, y2). (3.8¢)
Note the Qo(z,z,y) = Q(z,z,v), Q1(2,z,y) = Q(y, 2, z) etc.
Proof
These are straightforward results of Eqs.(3.4).0
Proposition 3.3

Let A be a prenormal triality algebra. Then we have J(X,Y,Z) = 0 for
X,Y and Z being any one of forms p;(2) or Tj(x, y) except for J (pi(), pi(¥), pr(2))
or J(po(z), p1(y), p2(2)).

Proof
(1) We calculate

12, i), 1(2)] = Py Tos(2,), 1(2)]
= v pi(ds(x, ¥)2) = Y75 pi(do(z, y)2)
so that we have '
J(pi(2), ps(y), ps(2)) = 15 pi(w)
with
w= do(il?, y)Z + dO(ya Z):U + dO(z, Cl?)y =0
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by Eq.(1.21). Thus, we have J(p;(z), pi(y), pi(2)) =
(2) We similarly compute

[lo:(), ps(W)], 3 (2)] = [y " To=i(2, w), 05 (2)]
=YY pi(dairsi(2,Y)) = Vv pi(da(z,y)2)

when we note j — ¢ = 1(mod 3) since (3, j, k) is a cyclic pertation of (0, 1, 2).
Further we note

[loi(y), PJ(Z] pi(@)] = =7 pr(yz), pi()]
= (=7 D) (= e ((w2)z) = it pi((y2)x)

so that
J(pe(x), pi(y), p3(2)) = 1% pi(w)
with
w=di(z,y)z + (y2)z — (z2)y = {d1(z,y) + R(z)L(y) — R(y)L(z)}z =
by Eq.(1.18b). This shows J(pi(z), pi(v), pj(2)) =

(3) We analogously compute

[[o:(2), p:W)], or(2)] = [yjvie  Tazi(, v), ok (2))]
=YY Pr(da-isk(Z, )2) = Y7 *(d2(2,¥)2)

since k — i = 2(mod 3), while

[[o:(¥), pr(2)], pi(2)] = —[[px(2), P (V)] pi())]
= y7; H1oi (2v), pi(2)] = —vivi i (), pi (2y)]
= (=7 ) (=177 ee((2y) = 17 ow(2(2y)).

In this way, we obtain
J(pi(2), pi(y), pr(2)) = Y57 pr(w)
where '
w = da(z,y)z + 2(2y) — y(ez) = {da(2,y) + L(z) R(y) — L(y)R(z)}z = 0,
by Eq.(1.18¢).
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(4) However,

[[oi(z), £ (W)]; Pr(2)] = =737 (), P (2)]) = =57 v Tomr (2, 2)

= —T3_x(zy, 2) = T3-x(2, 2Y)
so that
J(0i(x), P (), P (2)) = Ta-r(2, 2y) + T3-4(x,y2) + T3-s(y, 2T) (3.6)

which gives Eq.(3.7) fori = 0,j = land k = 2.

(5) We similarly compute

[[Pi(l'), pi(y)]’ Tl(u’ ’U)] = ['7j7;1T3-i(xay)’ Ti(u, v)]
= —’Yﬂ;l{Ts—i(dm(u, v)z,y) + T3-4(, diri(u, v)y)}

d
" (0s(¥)s Tt )], 21(2)] = (=1 (e 9}, Pu(2)]
=Y T3-i(@, digi(u, v)y).

Then, we see J(pi(z), pi(y), Ti(u,v)) = 0.
(6) Moreover, We note

i), p; ()], Tu(w, v)] = (=97 ), Tilu, )] = 15797 i (dir (w, v) (),
[l05(¥), Ti(u, )], ps(2)] = [=p;(dji(u, v)y), pi(@)] = =% o(@{d;1i(u, v)y}),
and

([Ti(u, ), pi()], 25 (¥)] = [pi(diri(w, v)2), 05 (¥)] = =57 e({diss(u, v)}y).
Thus we obtain

I(pi(), 05 (¥), Th(u,v)) = 157i " or(w),

with
w = diyi(u, v)(2y) — 2{dji(u, v)y} — {dini(u, v)z}y.
But then w = 0 by the triality relation Eq.(1.19).

(7) We similarly find
J(pk(x)’ﬂ(u’ v),Tm(a:,y)) = pk()‘z)



-27-
with
A = [ditm(2,Y), desi(u, v)]+
dirm (di—m(u, v)2, Y) + dprm (2, di-m(u, v)y) =0
by Eq.(1.20).

(8) We have already noted in Lemma 3.1 that we have for any j, &,/ =
0,1,2,
J(T(u,v), Ti(z,y), Ti(z,w)) = 0.0

In this connection, we consider

Condition (D)

Suppose that we have p;(z) = 0 for some = € A and for some value of
1= 0,1, 2. We then have z = 0.

Corollary 3.4
Let A be a pre-normal triality algebra. If we have

‘](x,ya Z) = To(ﬂ?,yZ) + Tl(z,xy) + T2(y’ Z:L') = 0, (39)

then L(A) is a Lie algebra. Moreover, if the condition (D) holds, then A
is a normal triality algebra. Conversly, if L(A) is a Lie algebra and if the
condition (D) holds, then A is a normal triality algebra with the validity of
Eq.(3.9).

Proof

This follows from Lemma 3.2 as well as the proof given in Proposition
3.3.0
If we do not assume the validity of Eq.(3.9), we set

J=span < J(z,y,2),z,y,2 € A >. (3.10)

If A is a normal triality algebra, then Lemma 3.2 implies that J(z,y, z) are
center elements of A, since Q(z, Y, z) = 0. Then, we find

Theorem 3.5

Let A be a normal triality algebra. Then, the quotient algebra = L/J is
a Lie algebra.
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Hereafter in this section, we assume A to be a normal triality algebra
unless it is stated otherwise. Then, in view of Theorem 3.5 we can effectively
assume the validity of Eq.(3.9). As a matter of fact, if we identify T}(z,y)
with the triple

T}(.'L',y) = (dj(xay))dj+1(x9y),dj+2(x)y)) (.7 = 0’1,2) (3'11)
(see i.e. [A-F93], and [E.04]), then we find
To(z,yz) + Ti(2, zy) + To(y, 2x) =

(Q(x, Y, 2), Q(y, 2,1), Q(Z, z, y)) = 0.

Moreover, they will yield Ty(z, y) = Ti(z,y) = Ta(z, y) if we have do(z,y) =
di(z,y) = do(z,y) as in the case of Lie and Jordan algebra (see Example 2.1).
This can be also justified without assuming Eq.(3.11) as follows: If dy(z,y) =
di(z,y) = do(z,y), then we see from Eq.(3.4) that the differences T;(z,y) —
T;(z,y) for i # j are center element of L(A) so that we can effectively set
Ti(z,y) = T;(z, y). This fact will be assumed and used in the next section for
Ss-symmetry of the Lie algebra so(V).

We will assume also for simplicity the validity of Eq.(3.9) or Eq.(3.11)
hereafter unless it is stated otherwise.

For the case of A* being a structurable algebra, we need simply replace
pr(zy) in Eq.(3.4b) by

pi(xy) = pu(TFY) = pi(Y*T) (3.12a)
and Eq.(3.9) by
J(z,y,2) =To(z, 7% 2) + T1(2,T*y) + T2(y,2%Z) =0 (3.12b)

according to Eq.(1.11) for the Lie algebra L(A).

Now,a special choice of v = 1 = 7, = 1 for constants v; in Eqs.(3.4) is
of a particular interest, since the Lie algebra L(A) will admit then an alter-
native group (or equivalently tetrahedral group T;) A4 as automorphism.

First,, L(A) is clearly invariant under actions of a cyclic group Z3 gener-
ated by ¢ € End L(A) given by

pi(z) = pir1(2), Ti(z,y) = Tia(z,y). (3.13)
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Next, let 7, € End L(A) for u = 1,2, 3 be defined by

71 pu(x) = pu(x), pa(x) = —p2(z), p3(z) = —ps(2),

T2 () = —p1(2), pa(x) = p2(), p3(z) = —pa(z) (3.14)
731 p1(2) = —p1(2), p2(z) = —p2(2), p3(z) = p3(z)

while Ty(z, y) for j = 0,1, 2 remains unchanged by actions of 7,. Then, I,(A)
is also invariant under 7,. Moreover, we note

TuTy = Tuﬁu TuTy = 1, T1TaT3y = ]., (;,l,, V= 1,2, 3) (3.15)

so that (1, 71,72, 73) is isomorphic to the Klein's 4-group Kj.

Further, we see

¢’7-l-‘¢_1 = Tu+1 (/" =1,2, 3) (316)

with 74 = 7. Since Z3 and K generate the alternative group A4 (an equiv-
alently the tetrahedral group Ty), the Lie algebra L(A) is invariant under
Ay

If A is involutive with the involution map ¢ — 7 in addition, then 7 €
End L(A) given by

7 p1(z) ¢ —p2(T), p3(z) = —p3(Z), (3.17)

Tl(x,y) « T2(Ea y)’ T3($,y) - TS(E.’ -y-)
also defines an automorphsm of L(A) satisfying

=1, 1mnrl=mn rli=mn ¢gro=" (3.18)
Then, 7 and A4 generate the symmetric group S, with identifications of

n=(23)(L4), == 3,1)(2,4), 7 = (1,2)(3,4), ¢ =(1,2,3), 7= (1,2)
, (3.19)
in the standard notation for symmetric group.
Regarding L(A) as a As-module, the triple (po(z), p1(x), p2(x)) for any
z € A realizes then a 3-dimensional irreducible module of A4. For T'(A, A),
we assume for simplicity, that the underlying field F' is of charachtericsitc
# 2, and # 3. If F contains w € F satisfying w® = 1 butw # 1, then T'(4, A)
is a direct sum of three inequivalent one-dimensional modules given by

on(2,v) = To(z,y) + w"Ti(z,y) + w™Ta(z,v)
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for n = 0, 1, 2. However, if F' does not contains such w € F, then,

eo(2,y) = To(z,y) + Ti(z, y) + To(z,y)
is the trivial module of A, and (6 (z,y), 62(z, y)) defined by

91(93,’9) = Tl(x, y) + Tg(.’lt,y) - 2T0(a:,y),
02($,y) = Tl(x>y) - TZ(‘T'v y)

represents two-dimensional irreducible module of A4.

The case of the S;-symmetry is slightly more involved, since we have to
take account of the action of 7 = (1,2) in addition. In that case, depend-
ingupon T = z or T = —z, the triple (po(z), p1(x), p2(x)), represents two
inequivalent 3-dimentional modules of Sy, while for T;(A, A), we have to
consider 4 cases of T = +z and § = +y or ¥ = Fy to find two inequivalent
two-dimensional modules (6(z,y), 02(z,y)) and one-dimentional modules
wo(z,y) of S.

Returning to the structure of L(A), we set

LJ(A) = pJ(A) D T3—j(A, A)’ (.7 =0,1, 2) (320)

We have then
L(A) = Ly(A) + L1(A) + La(A). (3.21)

As we see from Eqs.(3.4), L;(A) ( = 0,1,2) are sub-Lie algebras of L(A),
while T3_;(A, A) is a sub-Lie algebra of L,;(A). Moreover, under action of Z,
we have

To(A,A) = Tx(A,A) —» T1(A, A) = To(A, A)

while they transform among themselves under action of the Klein’s 4-group
K. :
It may be instructive to depict L(A) as in Fig.1(Appendix), exhibiting the
triality.

As illustration, let us examine specific cases of Examples given in sec-
tion 2, assuming the underlying field F' to be algebraically closed and of
charateristic # 2, # 3 for simplicity.

Example 3.6(Lie algebra G,)
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The 4-dimensional structurable algebra A* =< ¢, f, g, h > given by Eq.(2.20)
leads to
L(A) = GZ, LJ(A) = Al S AI(J = 0, ]-a 2) and

Ti(A, A) = gl(1) ® gl(1). (j = 0,1,2)
as in [0.06].

Example 3.7(magic Square)

Let A = A; ® A, be the tensor product algebra of two independest sym-
metric composition algebra as in Example 2.3. Then, A is also a normal
triality algebra, and we can construct Lie algebras by Theorem 3.5. Follow-
ing [E.04] and [E.06], this leads to the Freudenthal’s magic square for the Lie
algebra L(A) as in Fig.2 (see also [Ba-S.03]):

DimA\Dim&4 1] 2 4738
1 Ay Az C; | Fy
2 Ay | Ao ® Ay | As | Ei
4 Cs As D¢ | By
8 A Eg E; | Eg

Fig.2:Magic Square

If A, is a para-octonion or pseudo-octonion algebra, and if we choose Dim A, =
1, then the resulting Lie algebras are

L(A) = Fy, Lj(A) = By, Tj(A, A) = Dy (j = 0,1,2),

corresponding to the classical triality case of A} being octonion algebra.
For other case of Dim A; = Dim A, = 8, where A; and A, are either
para-octonion or pseudo-octonion algebra, we obtain

L(A) = Eg, LJ(A) = Dg, T}(A,A) = .D4 &b .D4.

Example 3.8(Zorn’s Vector Matrix Algebra)

Let us consider Example 2.6 again where the algebra B is now the 27-
dimensional cubic-admissible algebra associated with the Albert algebra.
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In that case, it is known ([Kan 73] and [Kam 89]) that L(A) is also the Lie
algebra Es. However, we have

LJ(.A) =FE;® A; and TJ(A, A) =FE; & gl(l) @ gl(l)
in contrast to the previous case of example 3.7.
Remark 3.9

In ending this section, we note that any finite dimensional normal triality
algebra satisfying the condition (D) may be identified with some symmetric
space. For example, Eq.(3.4) implies

[pO(x)) pO(y)] = To((II, y))
[To(z, y), po(2)] = po(do(z,v)z2),
[To(u, v), To(z, y)] = To(do(u, v)z,y) + To(z, do(u,v)y)

for a Lie algebra Lo(A), so that we may identify po(A) with the symmetric
space
Lo(A)/To(A, A).

Moreover, if the condition (D) for j = 0 is satisfied, then py(z) = 0 for some
z € A implies z = 0, so that A — po(A) is one-to-one map. Hence, we can
identify A with the symmetric space.

4. Lie algebras satisfying tetrahedral symmetry

In the previous section, we have seen that we can construct a A4-invariant
Lie algebra out of a normal triality algebra. We will show in this section that
the converse statement holds valid also.

Let V be an algebra over a filed F' of charachteristic # 2, endowed with
a group homomorphism

Ay — Auto(V). (4.1)

Let ¢ and 7, (1 = 1,2,3) € Agasin Eq.(3.19), satisfying relations Eqs.(3.15),
with ¢* = 1. Then, V can be decompsed by actions of the Klein’s 4-group
Ky = {1, 7, 7, 73} into a direct sum

V=t®g®99g; (4.2)

where
t={zeV; n(z) = na(z) = n3(z) =} (4.3a)
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g ={z eV, n(z) =z, n(z) =73(z) = -z} (4.3b)
g2 ={z €V; n(z) =z, n(z) =mn(z) = -2} (4.3¢)
gs ={z eV, ny(z) =z, n(z) = n(z) = —x}. (4.3d)
We then have
Lemma 4.1
(1)
$(9:) = gir1(with g4 = 1) (4.4a)
$(t) =t
(2)
tt C t, so that ¢ is a subalgebra of V (4, 4d)
(3)
tgi C gi, and g;t C g; (4.4c)
(4)
9i9i C 't (4.4d)

(5) If (4, 4, k) is a cyclic permutation of indices (1, 2, 3), then

9i9; C gk, and g;g; C gi- (4.4e)

Proof
Noting ¢7, = 7,410 (With 7y, = 71) by Eq.(3.16), we obtain
¢(9:) S gi+1, and §(¢) C ¢.
For example, if z € g;, then wé calculate
TodT = PTIT = ¢, TePT = Pz = —¢x, TIPT = ¢T3 = — ¢z

which gives ¢(g1) C g2. Then we calculate

9i = ¢°(9:) € ¢*(9i+1) € 9(gi+2) C i,
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which yields ¢(gi+2) = gi, i.e. Eq.(4.4a).
The rest of relations in Eq.(4.4) can be similarly verified, when we note

Tu(zy) = (Tu2) (Ty)

forz,y e V. 0O
Remark 4.2
Setting
Vi=t®yg; (1=123), (4.5)
we have
V=W+W+V (4.6)

and we may depict the situation as in Fig.3(Appendix).
Note that V; (j = 1,2, 3) are sub-algebras of V.
Example 4.3

Let V be the Cayley algebra with the basis < ey, e;, €2, -+, e; > with the
unit element e = ey, satisfying the multiplication table of

7
eiej = —die + E fijier
k=1

fori,j = 1,2,.-+,7, when fi;; is the totally anti-symmetric constants with

values 1,0, —1. Moreover, f;;, = 1 are possible only for ¢, j, k = 123, 516, 624, 435, 174, 376, 275
with their cyclic permutations. We introduce a self-dual tensor f,,, for u, v =

1,2, 3,4 satisfying

f/.w = —fV[-L = *f;w =

=

4
Z € pvaf f aff
a,f=1

(see [0.95]) by

e1 = fa3 = fi4, 2 = fa1 = fo4, €3 = f1o = faq

where €,,4p is the 4-dimensional Levi-Civita symbol with 1534 = 1.
Moreover,setting

a1 = €4, Q2 = €5, A3 = €6, Q4 = €7,
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then a, and f,, for u,v = 1,2, 3, 4 satisfy

Gy = _f;w - 6/41/6, 4
f,u,ua)\ = _aAfuu = _’5;;,\0'11 1 61//\“;4 - Za:l Euvrala)
f/.wfa/.? = _5uaf/.¢ﬁ + 6uﬁfpa - 5/.Lﬁfua + 5}1an[3

—(5,ua5uﬁ - 5,uﬁ5ua + 5yuaﬂ)e’

which are clearly invariant under any even-permutations of indices 1, 2, 3,
and 4, i.e. under the alternative group A,. We then find

g1 = {es, s — 5 — e +er},
g2 = {es, es—es5+eg — ez},
g3 = {e1,es+e5—es — ez},

t ={€,64+65+66+67},

by Eqgs.(4.3). Note that V; = t ® g; (j = 1,2, 3) are then quaternion sub-
algebras of the Cayley algebra.

Actually, the Cayley algebra is invariant under Sy, if we define 7 = (1, 2)
by

T:€1 — —ej, €3 — —€3 — €9,
and
1 o~ -
en = 5(ea + s+ eg + e7) — &, for = 4,5,6,7,

where 54 = 65,g5 = 64,€6 = €, and g7 = er.

Further, any split Cayley algebra is also invariant under S;. This fact
has been used in [E-O.08] to show that all exceptional Lie algebras are Sy-
invariant.

However, the most interesting case is obtained, when V' is a Lie algebra,
as we see from the following Theorem ([E-O.07]). We identify V = L with
9i9; = [9i, 9;] in what follows.

Theorem 4.4

Let L be a Lie algebra over the field F' of charachteristic # 2, which is
invariant under the action of the alternative group A4. Then, there exists a
normal triality algebra A such that L is written as a direct sum of

L= po(A) ® p1(A) ® p2(4) B ¢ (4.7)
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of some vector spaces p;(A) and a sub-Lie algebra ¢t of L. Moreover, there
exits a sub-Lie algebra T'(A, A) of ¢ such that

L = po(4) ® p1(4) ® po(A) @ T(A, 4) (1.8)

is a A4-invariant ideal of L, which coincides with the Lie algebra constructed
in the previous section in terms of the normal triality algebra A, satisfying
Eq.(3.4) for yo = 71 = 7o = 1 as well as Eq.(3.9),1.e,

TO(xa yz) + Tl(z, xy) + T2(y’ za:) = 0. (49)

Further, if L is invariant under a larger group Sy, then A is involutive with
a involutive map z — 7.

Proof
We identify A with g; in Eq.(4.3d),i.e,

A={z € L; m3(z) =z, nn(z) = na(x) = —x} (4.10)
and write
p3(z) =po(z) =2z, ifr € A (4.11a)
and set
p1(z) = ¢z, po(z) = ¢’z, forz € A (4.11d)
so that we have
¢pi(z) = pj1(z) (4.12)

forany z € Aand forany j = 1,2,3.

We note that the condition (D) of the previous section is automotically
satisfied that if p;(z) = 0 for some z € A and for some j =0, 1,2, thenz =0
in view of Egs.(4.11).

Next, since [g1,92] € g3 by Eq.(4.4e) of Lemma 4.1, we can introduce a
bi-linear product zy in A by

[p1(%), p2(y)] := —p3(zy). (4.13)

Applying ¢ € Z3 to this relation, and noting Eq.(4.12), this yield

[pi(2), p; ()] := —pr(zy) (4.14)
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for any cyclic permutation (4, j, k) of indices (1, 2, 3). This reproduces Eq.(3.4b)
for 40 = 71 = 72 = 1. Similarly, [g;,9;] C ¢ by Lemma 4.1 and we define
Ty(z,y) € tby

[i(@), pi(W)] = Ta-5(z, v). (4.15)
Applying ¢ to this relation, it gives
¢T3-j(z,y) = Ts-(+1)(2,Y) (4.16)

since

T j(z,y) = Blp;(x), p;(¥)] = [P0 (), do;(W)] = [pj+1(2), Li1(¥)]
= T3_(j+1)(2, ).

Analagously, [t, gx] € gk implies that we can define

tin: A® A — EndA, (j,k=0,1,2)

by
[Ts-5(z,9), p(2)] = pr(tin(z,9)2). (4.17)

Operating ¢ to this relation, and noting Eq.(4.16), we calculate
[T3-(+1)(%, ), per1(2)] = prsa(tip(20)2)

or

Prt1(tier1,j+1(T,¥)2) = pr+1(ti (2, 9)2),
which implies

trr1i+1(2,¥)2 = tir(z,y)2 (4.18)
because of the condition (D). Then, ¢;(x,y) depends upon j and & only in
the combination of their difference k£ — j, and we can set
tj,llc(mfy) = dk—j(x’y)

for some d;(z,y) € EndA. Therefore, Eq.(4.17) becomes

[Tj(x’y)’pk(z)] = pk(dj—l—lc(x, y)z) (4'19)

which is Eq.(3.4). Here, we have changed j — 3 — j.



-38 -

Finally, since L is a Lie algebra, Eq.(3.4d) follows from Egs.(3.4a) and
(3.4¢), satisfying all relations in Eqs.(3.4). As the result, Corollary 3.4 implies
A to be a normal triality algebra with the validity of Eq.(4.9).

In order to show that L is a ideal of L, we first note

[pi(A),t] C p;(4) (4.20)
by Lemma 4.1. Moreover, we calcultate |
[T3-(z, ), t] = [[ps(2), £5(¥)], ¢]

= ~[lpi(W), 1], pi ()] = [[t, p5(2)], ps(W)] E [Ps5(A), p5(A)] € T5-5(A, A)
so that we have

[T3(A, A), 8] S Ty(4, A). (4.21)
If L is invariant under Sy, we define Z for any z € A by
Tpo(x) = —po(Z), (Le.rz = —7) (4.22)

for the transposition 7 = (1,2) € Ss. We can then prove that z — T is a
involution of A.00

Remark 4.5

If L is simple, and if L is not trivial, then L = L. Suppose that L is not
simple, and Sy-invariant. Then, both ¢t and T'(A, A) is Ss-invariant since
¢7,6~" = Ty41, s0 that L/L = t/T(A, A) is now Ss-invariant. A coordina-
tization of any Lie algebra which is invariant under Ss, or more generally
di-cyclic group has been given in [E-O.09], [E-O.11].

Remark 4.6

It has been noted in [E-O.08] that any simple Lie algebra over the alge-
braicaly closed field of characteristic zero is Sy-invariant so that all these
algebras can be constructed by some normal triality algebras. We will study
some cases below.

Example 4.7(a)
The so(3) Lie algebra defined by

3
[eia 8j] = Zeijkek’ (Z,j = 1> 2’ 3)
k=1



.39.-
is Sg-invariant. First, ¢ = (1,2,3) and 7 = (1, 2) are given by

p:e1 ey —ez3 ey, T:e ey, €3 —e3
while the Klein's 4-group Kj acts as

T, :€1 — €1, € — —€3, €3 — —€3
Tg . €3 — €3, €1 — —€1, €3 — —€3
T3 . €3 — €3, €1 —> —€1, €3 —> —E9.

Then, g; = Fe; with T;(A, A) = 0. Hence, the resulting normal triality alge-
bra or structurable algebra A is isomorphic to the field F itself. Similary, we
note that the quaternion algebra is also Sg-invariant.

Example 4.7(b) (so(N) algebra for N > 4)
The so(N) Lie algebra is defined by J,,, = —J,, satisfying
[Juvs Jap] = padip — Svadus — SusJua + 0upua

for p,v,a,8 = 1,2,-.-, N. It is clearly invariant under the symmetric group
Sy permuting N indices 1,2,.--,N. For N > 4, it is then invariant also
under its sub-group S; which permutes 4 indices 1, 2,3 and 4, but leaves
other indices 5, 6, - - -, N being unchanged. Then, the decomposition Eq.(4.7)
of L = so(N) by the Klein's 4-group is readily computed to yield

(1) Juj + Joj + J35 + Jaj (5 2 5)

(2) J'ij’ (2’.7 2> 5)

(1) Jiz + Jog

g3 (2) Jig + Ja3
(8) Jyj + Joj — Jaj — Juj, (3 2 5)
(1) Ji2 — Jas

g1 (2) Jiz — Jog
(3) Jij = Joj — Jaj + Jaj, (§ 2 5)
(1) Jig + J34

g2 (2) Jia — Ja3

(8) Jij — Joj + Ja; — Juj. (5 2 5)

Assuming that the field F is of charachteristic # 2, we set

[ l(«713 + Jog — J14 — J23),
fo (J13 + Joa + J1a + Jo3),
fi-4 (J1j + Jaj — Ja; — Jag), (7 2 5).

t:

B0 f-0 )
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Then, by Eq,(4.13), we calculate

A=gs=span<e,f,, (1=0,1,2,---,N —4) > (4.23)
to be a unital commutative algebra with the multiptication table of

efu=f,ue=fu, f,ufu= uv€ (4.24)

for p,v = 0,1,2,-.-, N. If we further introduce a symmetric bi-linear non-
degenerate form < :|- > in A by

< fulf >=10u, < fule>=<e|fy, >=0, <ele>=1,
A is a quadratic algebra satisfying
P?-2<zle>z+<zlr>e=0 (4.25)

for any x € A. Especially, A is Jordan algebra. Therefore, A is also a struc-
turable algebra with T = z. Note that Eq.(4.22) will give, contrarily € = e
but7#= ~fu, forp=0,1,--- N — 4.

In this case, we have L(A) = so(N), L;j(A) = so(N — 2) & gl(1) and
T;(A, A) = so(N — 3) as well as T (z,y) = To(z,y) = To(z,y) in accordance
with dy(z,y) = da(x,y) = do(,y) (see discussion given after Eq.(3.11)). We
also note that L;(A) is still Sy_4-invariant, permuting indices 5,6, —, N.

Remark 4.8(Some Lie superalgebras)

Some Lie superalgebras are also S;-invariant, and we can apply the same
tecnique to show the triality (see Remark 1.9). Consider for example of the
Lie superalgebra osp(N, 2) for N > 4. They can be invariant under the S,
symmetry by extending the action of S, of its even-part L = so(N) (N > 4).
Then the resulting normal triality super-algebra A has its even part Aj given
by Eq.(4.23), while its odd part Az is

Ag = span < §1,& >
satisfying

bifa=—6b1=e, L& =86 =0 ey=E6e=E6 (a=1,2)
fu§a=§afu=0a (M=0,1,2,---,N—4,anda= 1,2,).
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The cases of Lie superalgebras G(3) and F(4) have been disscussed in [E-
0,08].

Example 4.9(sl(N) Lie algebra for N > 4)

The si(N) Lie algebra is specified by the commutation relation
N
[XE, Xg] = 05X —65X5, Y Xt=0
p=1

for p,v,0,f = 1,2,--+, N, which is invariant under Sy again. Assuming
N > 4, and restricting ourselves to its sub-group S; as in Example 4.7b, we
find the resulting normal triality algebra to be given by

A=g3=span<e,f,:c“,a:p,/.L=0,1,2,~~,N—4> (426)
where we have set

e %{(Xf - X+ X3 - X3+ (X3 —X22+X%—X§)}
fo=s{(Xi+ X3 - X3 - X§) - (X3 + X} - X§ - X3)}

zj4 =X +X7 - X2~ X}, (j25)

o™t =X{+ X} - X - X{(j 25)

o

while 7, and z° are defined by

2o =g—k,and z°=g+k,
g =3{(X] + X3 - X§ - X}) + (X5 + X} - X§ ~ X}
ko=3{(X} - X3+ X3 - X3) - (X3 - X3+ Xi — X])}.

They satisfy by Eq.(4.13)the multiplication table of
(1) ef = fe= —f, butexr = ze = z for z = z, and z¥,
(2) ff=e

(3) fz, = ~z,f =z, fot = —ghf = —zH,

(4) z,z, =0 = ztz",

(8) wuz¥ =28(f —e), z¥z, = —28(f +e)
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for u,v=0,1,2,.+-, N — 4, reproducing the result of Example 2.5.

For L(A) = sl(N), we have L;(A) = sli(N - 2) @ gl(1), and Tj(4, A) =
sl(N - 3).

Also in the Example (2.5), we have seen that this algebra has more than
one involution and the involution 1 corresponds to the case of A* being
structurable. Note that the involution 3 is the one obtained by Eq.(4.22), i.e,
7po(z) = —po(Z).

Example 4.10(Lie algebra Eg)

The exceptional Lie algebra Es as well as Lie superalgebras G(3) and
F(4) are Sy-invariant, and are discussed in [E-O.08]. We will not go into
details.

Remark 4.11(Tetrahedron Algebra)

The tetrahedron Lie algebra X of Hartwig and Terlliger [H-T,07] is gen-
erated by ‘

{Xi,li,jel, i#43}41=4{0,1,2,3}

with
(1) Fordistincts,j € I, X;;+ X;; =0
(2) For mutually district £,4,7 € I,

[Xkiy Xis) = 2(Xni + Xig)
(8) For mutually district A, 1, j, kel,

[Xkir (Xt [Xiir Xjnll] = 4[Xiiy Xin].

It is clearly Sy-invariant, and we have the decomposition

R=0aQ o',

where Q2 (resp Q') and (resp Q") is a sub-algebra of K generated by X2, Xo3 (resp. Xa3, Xo1)
and (resp.Xa1, Xog)- All Q, Q" and Q" are Onsager Lie algebras.

A remarkable fact is that it is isomorphic to three point si(2) loop algebra
by

®:® - si(2) ® F(t, ,l—i—t)

]
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for a indefinite variable t. For details, see [H-T.07] and [E.07]. However, the
relationship between these facts and Theorem 4.4 is not transparent.

In ending this section, let us consider a further study of the structure of
the normal triality algebra in Theorem 4.4. Let

k(X,Y) :=Tr(ad X ad V) (4.27)

for X,Y € L(A) be the Killing form of L(A), where “ad” implies the adjoint
representation. We will then prove the following Theorem:

Theorem 4.12

Let A be the normal triality algebra associated with the finite-dimensional
Ag-invariant Lie algebra L(A) as in Theorem 4.4. Then, there exists a bi-
linear form < -|- > in A, satisfying

1)
<ylr >=<zly > (4.28a)
@)
< zylz >=< zlyz > (4.28)
)
< z|dj(z,w)y >= — < d;(z, w)z|y >=< 2|ds_;(z, y)w >
= — < dz_j(z,y)z|lw > . (4.28¢)
Moreover, if A is involutive with involution map  — % in addition, we have
<Eg>=<czly>. (4.29)
Further, the Killing form k(X,Y) of L(A) are given by
@) ‘
k(pi(z), p3 () = biy < zly > (4.30a)
@)
K(pi(2), Ty(v, 7)) = 0 (4.300)
@) '

k(Ti(z,v), Ti(z,w)) = — < z|d;—i(2,w)y >=< d;—i(2,w)z|y >

= — < z|di—j(z, y)w >=< di—;(z, y)z|w > (4.30c)
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for any z,y,z,w € Aand for any ¢,j = 0,1,2.
In order to prove this Theorem, we start with the following observation.

Lete;, ey, -+, exy with N = Dim L(A) be a basis of L(A) with the multiplica-
tion table of

[emeu] Z vEXs ,LL,I/, "‘1’25"'>N)'

for structure constants C), € F of L(A). Then, we see that
Tr(ad e, ad e,)

is completely determined in terms of the structure constants C,,. For any
o € Auto(L(A)),
e, = o(ey)

will offer another basis of L(A) with the same multiplication table of

/ / N A !
[ew eu] = Z C;w €x
A=1

with the same structure constants C;,. Since the trace operation is indepen-
dent of the choice of the basis, these imply the validity of

Tr(ad o(e,)ad o(e,)) = Tr(ad e, ad &),

so that k(o(X),o(Y)) = k(X,Y). In other words, the Killing form is invari-
ant under action of the automorphisum group Auto (L(A)).
If we choose o = ¢ = (1,2,3) € Z3, then we find

k(¢1(z), $1(v)) = k(d2(z), $2(v)) = k(¢s(x), d3(y)),

where ¢;(i = 0,1,2) are denoted by ¢;(z) = ¢(z) = p1(z), p2(z) = ¢*(z) =
pa(z) and ¢5(z) = ¢*(z) = = = p3()

Moreover, if we consider the choice of ¢ = 7;, (j = 1,2,3) being the
Klein's four group. it gives
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Therefore, we can write

k(¢i(z),8;(v)) = bi; < zly > (4.30¢)

for some bi-linear form < z|y > as in Eq.(4.30a). Then, Eq.(4.28a), i.e.
< ylz >=< z|y > follows immediately from the fact that the left side of
Eq.(4.30a) is symmetricin z <> y and 7 ¢ j.

We next consider the trace identity of

Tr(ad pa(z)[ad p2(y), ad p3(2))])

= Tr([ad p1(z), ad pa(y)]ad pa(2))
which gives

Tr(ad py(z) ad p1(yz)) = Tr(ad p3(zy) ad p3(2)),

ie <zlyz >=<zy|z >.
Finally, we calculate

k(Ti(z,y), Tj(2,w)) = Tr(ad Ti(z, y) ad T;(2, w))

= Tr([ad p3-i(2), ad p3-i(y)]ad T;(2, w))
= Tr(ad p3—i(z)[ad p3-i(y), ad T;(2, w)])
= —Tr(ad ps-i(z) ad ps-i(d;-i(2, w)y))
= — < ald;i(z,w)y > . (4.31)
Moreover, since the left side of Eq.(4.31) is anti-symmetric in z < y, but
symmetric for z <+ 2,y <> w and ¢ ¢ j, it also yields Eqs.(4.28¢) and (4.30c).
Last, suppose that 4 is involutive with the involution map = — z. Then,

o = (1,2) as is given by Eq.(3.17) is also an automorphysm of L(A) so that it
yields < Z|§ >=< z|y > . These complete the proof of Theorem 4.12 O

Proposition 4.13

If the bi-linear form < |- > for A is degenerate, then so is the Killing form
k(X,Y) of the Lie algebra L(A). Especially, if k(X,Y) is non-degenerate,
then < |- > is non-degenerate. Conversly, if < |- > is non-degenerate,
k(X,Y) is non-degenerate, provided that Z(A) does not contain any center
element.
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Proof

Suppose that < :|- > is degenerate. Then, there exists z, € A satisfying
< zo|lz >= 0 for any =z € A, and we set Xy = p;(2o) for some i = 0, 1,2. We
then calculate

k(Xo, pj(x)) = k(pi(xo), pj(2)) = bij < To|lz >=0
and
k(XO’T?'(x’ y) = k(pi(mO)aTj(x) y)) =0

so that k(Xo, X) = 0 for any X € L(A). Therefore, k(X,Y) is degenerate.
Conversely, suppose that < |- > is non-degenerate, and there exists X, €
L(A) satisfying k(Xo, X) = 0 for any X € L(A). Writing

3 N

Xo=)_Y"Cupi(es) @ Z Z CiywTi(en €v), (4,32)

i=1 =1 i=1 pr=1

for some constant C;,, C; ,, € F, we calculate

N
0 = k(Xo,p5(z)) = Y _ Cjr < eslz >,

A=1
3
0 = k(Xo, T ==Y Z Ciw < z|dij(ey, )y >
A=1 pr=1
which yields
N
Y Cixea=0 (4.33a)
and
3 N
Z Z s wdioj(euey) =0 (4.33b)

for any j = 0,1,2 in view of the non-degeneracy of < |- >. Especially,
Egs.(4.32) and (4.33a) imply

3 N
=> Z s Ti(eus €). (4.34)
i=1 p=1 .
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We compute then

3 N
[Xo, pj(z)] = Z Z i uvPj (ditj (e, €,)7) =0

by Eq.(4.33b) for j — —j, while we note

3
[Xo, Tj(z,9)] = Z z G ;w{T( i—j(ens €)2,y) + Tj(z, dij(en, €)y)}
=1 p,v=1
=0
again by Eq.(4.33b). Therefore, we have

[XO’ Z(‘A)] =

and X, is a center element of L(A). Especially, if L(A) does not contain any
center, then X, = 0 and £(X,Y") is non-degenerate. (]

Hereafter in this section, we will assume the non-degeneracy of < :|- >,
and recall the following Theorem of Dieudonne ([S.66]):

Suppose that a finite dimensional algebra A has a non-degenerate asso-
ciative bi-linear form < |- > (that is, < xy|z >=< z|yz > ). If A possesses
no ideal B satisfying BB = 0, then A is a direct sum of simple ideals. We
can then show.

Proposition 4.14

Let the algebra A be to have a ideal B satisfying BB = 0. Moreover,
assume the validity of both conditions (B) and (C) in section one. Then, the
associated Lie algebra L(A) contains a solvable ideal.

For a proof of this Proposition, we set
By = AB + BA. (4.36)

Then, 0 # By C B and B, is a non-zero ideal of A satisfying < By|B >= 0,
since we calculate (AB)A C BA C By, as well as < AB|B >=< A|BB >=0
etc.. We then note

Lemma 4.15
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Under the assumpsion as in Proposision 4.14, we have

(i) :
dj(A,A)Bo C_I Bo, dj(A, B)A - Bo (437&)
(i)
dj(A,B)By =0, d;(Bo,Bo)=0 (4.37b)
forany j =0,1,2.
Proof
If we note dy(z,y) = R(y)L(z) — R(z)L(y), we calculate
dy(z, B)y = (zy)B — (By)z < Bo
di(z,y)B = (zB)y — (yB)z C By
for any z,y € A, since B is a ideal of A. Moreover
di(z,B)B = (zB)B - (BB)t C BB =0
di(B,B)z = (Bz)B — (Bz)BC BB =0
so that Eq.(4.37) hold for j = 1. Similarly, for j = 2, we note
da(2,y) = L(y)R(z) — L(z)R(y)

and we can verify the validity of Eq.(4.37) in the same way.
We can then verify the validity of Eqs.(4.37) for j = 0 as follows

do(A, A)(AB) = (d1(A, A)A)B + A(dz(A, A)B) C AB C B,

do(A, A)(BA) = (di(A, A)B)A + B(d2(A, A)B) € BA C By,

so that
dO(A’ A)BO C BO'

Also, we note
do(A, B)(AA) = (d1(A, B)A)A + A(d2(A, B)A) C BA+ AB = B,.
But by the condition (B), we have AA = A, which gives
do(A, B)A C Bq.
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We can similarly check the validity of Eq.(4.37b) for j = 0. O
Now, we can prove Proposition 4.14 as follows.
Set
L° = span < p;(By), Tj(A, By), j =0,1,2 > .
Then, by the Lemma 4.15, L is a proper ideal of ﬂ(A).
Moreover, we calculate

LW :=[L° L°] = span < T}(Bo, By), j = 0,1,2 >

and
L® =[O, LV = 0.

As the consequense, L? is solvable, and hence E(A) contains a solvable ideal.
Last in ending this section, we simply note

Remark 4.16(see Proposition 3.4 of [0.05])

Let A be an algebra with a bi-linear non-degenerate form < |- > satisfy-
ing Eq.(4.28) for some d;(:,-) € End A. However, explicit forms for d;(z,v)'s
are not specified at all. Then, any one of the following four statements im-
plies the validity all others.

(1) We have the triality relation:

d;(u, v)(zy) = (dj+1(u, v)2)y + 2(djs2(u, v)y)

for all values of j = 0, 1, 2, with d;3(u,v) = d;(u,v).
(2) The triality relations holds only for one value of j, say j = 0 for
example,

do(u, v)(zy) = (d1(u, v))y + 2(dz(u, v)y)-
() < do(u,v)zlzy >+ < di(u,v)z|yz > + < do(u, v)y|zz >=0,
(4) do(ﬂ?, yZ) + dl (2, my) + d2(ya Z:E) =0.
Moreover, if A is involutive with the involution map z — z and if we
have < Z|§ >=< z|y >, then Eq.(4.28b) becomes
<Tlyxz>=<L Plzrxz >=<Zlzxy >
for the conjugate algebra A* of A.

5. Pre-structurable Algebra
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Although we have already defined a pre-structurable algebra by Def.1.6,
we will here introduce the following slightly more generalization for a later
purpose.

Def.5.1

Let A* be a involutive algebra with the bi-linear product z x y and the
involution z — 7. Suppose that it satisfies the triality relation

e ey

352, ) (k) = (djaa(, 4)u) % v+ ux (dyaalz, y)o) (5.1)
for d;(z,y) € End A* (j =0, 1, 2) given by
dy(z,y) = ([@)l(z) — I(ZT)(y), (5.20)
da(z,y) = r(@)r(z) - r(@)r(y) (5.20)
do(z,y) = r(ZTxy — 7+ z) +I([Y)IZ) — U(z)(7Y)
=ly*xT—zx7) +r@Y)r(@) — r(z)r(@). (5.3)

We call then A* be an almost pre-structurable algebra. Note that if A* is
unital in addition, then A* is pre-sturcturable. Moreover, setting

Q(x’ Y, Z) = do(fﬁ,m) + dl(z, E*_y) + d2<y’ _z—*—f) (54)

as before, we call a pre-sturcturable algebra be structurable when we have
Q(z,y, z) = 0 furthermore.

Def.5.2

Let A* be a involutive algebra. We introduce multiplication operators by
(see [A-E93])

Alz,y, 2)w = {(wxz) *T}*xz —wx {z* (T*2)} (5.50)
B(z,y,2)w:= {(wxz) x T} x 2 —wx {(z*x7) * 2} (5.5b)
Cz,y,2)w:={zx(TxW)}x2— (£ *7) % (T* 2) (5.5¢)

C(z,y,2)w=C(z,4,2)T={zx@xw)}xz— (x*7) * (wxz) (5.5d)
for z,y, z,w € A*.
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Lemma 5.3

If A* is an almost pre-structurable algebra, we have

(1)
A(.’E, Y, Z) - A(ya z, Z) = A(za :c,y) - A(Z,y,.’II) (56&)
and
() / ,
B(z,z,y) — B(z,y,7) = C (y,7,2) - C (z,y,2). (5.60)

Conversly, if an involutive algebra A* with d;(z, y)'s being given by Egs.(5.2)
and (5.3) satisfies Eq.(5.6a) or (5.6b), respectively, then the triality relation
Eq.(5.1) holds respectively for j = 1 and 2 or for j = 0.

Proof

We may easily verify that
(1) Eq.(5.1) for j = 1 with do(z,y) = 7(Txy —Tx2) + I(y)I(T) — I(z)!(7) is
rewritten as

{A(w, 2,9) — A(w,y,2)}2 = {A(z,y,w) — A(y, z,w)} 2.

Similarly, Eq.(5.1) for j = 2 with dy(z,y) = l(y*ZT—2*G) +7(y)r(Z) —r(z)r(7)
is equivalent to the same relation, if we take the involution of the relation.
(2) Eq.(5.1) for j = 0 is similarly shown to be equivalent to the validity of
Eq.(5.6b). O

Proposition 5.4(see [A-F,93])

Let A* be now a pre-structurable algebra. We then also have

(1)
B(a:,y,z)-—B(y,z,:c)=B(z,:c,y)—-B(z,y,m), (B)

(2)

[.’I) - fay’z] = —[y,a: -2, Z] = [y’ 2, = T]’ (sk)

(3) |
[:z:,’gj, z] - [y"'_f’ z] = [z’fa y] - [Z,ﬂ, x] = [z,:c,zi] - [z7y>f] (Al)
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where [z, v, 2] is the associater of A* defined by

[z,y,2] = (zxy) x2 — 2% (y * 2). (5.7)

Proof

If we note A(z,y, z)e = [z,7, z| for the unit element e of A*, then Eq.(5.6a)
becomes

[.’I}, 77 z] - [y’i’ Z] = [z»fa y] - [Z,ﬂ, ] (5.6)

which is a part of Eq.(A1) consistent with Eq.(5.3). Also from Eq.(5.5), we
see

A(z,y, 2)w = B(z,y,2)w — w* (2,7, 2] (6.7)

so that Eq.(5.6a) together with Eq.(5.6)" and (5.7)" gives Eq.(B).
If we next set y = e in Eq.(B), it yields

(w,z —F, 2] = [w, 2,T — z].

Taking the involution of this relation, and changing the notation suitably we
obtain Eq.(sk). Other relations can be similarly proved. O

Lemma 5.5
Let A* be a pre-structurable algebra. Then
D(.’L’, y) = dO(xa y) + dl(x’ y) + dZ(x’ y) (58&)

is a derivation of A*, satisfying

D(m,y) = D(Z,9) = D(z,y). (5.8b)

Proof |
Form Eqgs.(5.2), we see that d;(z, y)’s satisfy
dj(z,y) = da3—;(Z,7) (5.9a)

and
do(z,y)2z + do(y, 2)z + do(2,2)y = 0. (5.9b)

Then, D(z,y) = D(Z,7) immediately follows from Eq.(5.8a) and (5.9a).
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We note

D(z,y)z =2x(Txy—T*z)+y*(Txz) —z%x(T*x2x)
+7*(z2xx) —Tx(yx2)+ (2x2) xT— (2% y) *x Z.

by Egs.(5.2). We then calculate
{D(m,y) - D(Ea g)}z = [Z, Z, ﬂ] - [Z,y,f] + [zaga .’13] - [Z,-.'f, y] =0

by Eq.(A1) so that we have D(z,y) = D(Z,7). Finally, summing over j =
0,1,2in Eq.(5.1), we obtain

D(z,y)(uxv) = (D(z,y)u) *v) + u* (D(z,y)v)

which shows D(z, y) to be a derivation of A* in view of Eq.(5.8b). O
We next consider two sets of

S={z|]==z, z € A"}

H={z|]T= -z, z € A*}. (5.10)

Then, if the underlying field F' is of characteristic # 2, Eq.(sk) indicates
that H is a generalized alternative nucleus of A*. As the consequence,H is a

Malcev algebra with respect to the commutor product [z, y]* = zxy—y*z(see
[P-S.04)).

Theorem 5.6 ([K-O.14])
Let A* be a pre-structurable algebra. We then have
(1) Q(z,vy, 2)w is totally symmetricin z,y, z,w € A*.

(2) Q(z,y,2z)w = 0 identically, if at least one of z,y,2 and w is the unit
element e of A*.

(8) Supose that the underlying field F is of charachteristic # 2. Then, Q(z, y, 2)w =
0 identically again, provided that at least one of x,y, z, and w is an el-
ement of H.

(4) Q(z,y,2) =Q(ZT,7,%2) = Q(z,y, 2) is a derivation of A*.
(5) 3Q(z,y,2) = D(z,7x%) + D(y,Z2%Z) + D(2,T*Y)
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(8) [Qz,y,2), Q(u,v,w)] = Q(Q(z,y, 2)u, v, w)+Q(u, Q(z,y, z)v, w)+Q(u,v, Q(z,y, z)w).
For the proof of this Theorem, we start from the following Lemma.

Lemma 5.7

We have
Q(z,y,2)e =0.

Proof
We calculate
Qz,y,2) =r(@Tx (Z*7)) —r((y*2) xz) + UZ*YUT) — U(z)(y * 2)

+H(z*xy)l(z) = IE)N(TG*Z) + r(z*x2)r(y) — (@) (T * 2), (5.11)
from Eq.(5.2) and (5.4), so that we obtain
Qz,y,2)e =Tx(Z*xY)— (yx2)*x+ (Z*xY) *T—zx(y*x2)

+xxy)xz—Zx(T*xT) +y*(2%2) — (TxZ) %7
=—[Z,2,9) - [v,2,7] + [2,7,7] + [2,9,2] = 0

by Eq.(A.1). O
Lemma 5.8
€y
Q(’xay, Z) = Q(ja 3»?) (512(1)
()
Qz,y,2)(u*xv) = {Q(y, 2, z)u} x v + ux {Q(2, 2, y)v}. (5.12b)
Proof

Eq.(6.12a) is nothing but Eq.(1.37), while we note

do(z, 7% 2)(u*v) = {d; (z, gFZ)u} % v + ux {da(z, % 2)v}
di(z,Z%7)(uxv) = {do(2,TFG)u} v + u* {do(2, T*Y)v}
da(y, 7% T)(u x v) = {do(y, Z*T)u} * v + u* {di (y, 2% T)v}.

8

Adding all these relations, we obtain Eq.(5.12b).
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We next first set u = e and v = w, and also v = e and v = w in Eq.(5.12b)
to find

Q(z,y, 2)w = Q(z, 7, y)w = Q(y, 2, T)w
where we used Q(z,y, z)e = 0 by Lemma 5.7. This implies the validity of

Qz,y,2) = Q22,9) = Qy, 2,2). (5.12¢)
Especially, letting further z — y — z — z, this leads to
Q(z z,y) = Qy, 2,2) = Q(, 9, 2) (5.12d)
to be cyclically invariant, and then
Q(z,y,2) = Q(z,y,2) (5.12€)

by Eq.(5.12¢) again.

Moreover, since A* is unital, its conjugate algebra A satisfiesex = ze =T
so that the conditions (B) and (C) of section 1 are automatically satisfied.
Especially, A is a pre-normal triality algebra, so that Eq.(1.36) holds with

Q(z,y, 2)w = Q(w,y, 2)z,

by Proposition 1.5. We then calculate

Qz,y, 2)w = Q(w,y,2)r = Q(y, z,w)r = Q(z, 2, w)y
= Q(w,z,2)y = Q(y,x, 2)w

which yields Q(z,y,2) = Q(y,z, z). Together with Eq.(5.12d), these imply
that Q(z, y, 2)w is totally symmetric in z, y, z and w. Then Lemma 5.7 shows
that Q(z,y,z)w = 0 if at least one of z,y, 2z and w coincides with the unit
element e. Moreover Egs.(5.12a,b,c), and (5.12d) imply also Q(z,y,2) =
Q(Z,7,%Z) = Q(z,y, 2) to be a derivation of A*.

In order to prove the statement (3) of Theorem 5.6, we write generic
element of S and H as z, and z; respectively, so that g = zo and 77 =
—z;. Then, Q(Z,7,Z) = Q(z,y,2) yield immediately Q(z1,91,21) = 0 =
Q(zo, Yo, 21), provided that the field F' is of charachteristic # 2. Moreover,
we note

Q(z1, Y1, 20)wr = Q(z1,y1,w1)20 = 0,
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and

Q(xl)yl’ZO)wO = Q(xlywOa ZO)yl =0

so that we have also Q(z1,y1,20) = 0. This proves the statement (3) of the
Theorem.

Also, Eq.(1.35) together with Eq.(5.12d) yields immediately the relation
of

3Q(z,y,2) = D(z,y*2) + D(y,z%z) + D(2,T%7).

Therefore, it remains only to prove the final statement (6). To show it, we
note the following;:

Lemma 5.9
Let D be a derivation of A* satisfying D = D, then we have

[D, Q(u, v, w)] = Q(Du, v, w) + Q(u, Dv, w) + Q(u, v, Dw). (5.13)

Proof
Since D is a derivation of A*, we have
D(u*v) = (Du) *v + ux (Dv)
which is equivalent to the validity of
[D,l(w)] = I(Du), [D,r(v)] =r(Dv).

Moreover, D = D implies Dz = D%. Then, these are sufficient to prove
Eq.(5.13). O
Since D = Q(z, y, 2) satisfies the condition of Lemma 5.9, these give

[Q(ma Y, Z), Q(u, v, ’LU)] =
Q(Q(I', Y, z)u, v, ’LU) + Q(ua Q(x’ Y, Z)’U, w) + Q(U’ v, Q(IL’, Y, z)w).

These results complete the proof of Theorem 5.6.
Remark 5.10

If we choose D = D(z,y) in Lemma 5.9, we have

[D(.’E, y)» Q(u,v, w)] =
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Q(D(z,y)u, v, w) + Q(u, D(z, y)v,w) + Q(u, v, D(z, y)w). (5.14a)
Moreover, we have also
[Q(u, v, w), D(x,y)] = D(Q(u, v, w)z,y) + D(z, Q(u, v, w)y) (5.14b)

by the following reason. Since A is a pre-normal triality algebra, we have
Eq.(1.20)i.e.

[dj(u, v), di(2,v)] = dr(dj—(u, V)2, y) + di(, dj—1(u, v)Y).
Letting v — ¥ x W, and then letting u = v = v = w — u, these give
[Q(U, v, ’LU), dk(x’ y)] = dk(Q(u, v, w)x, y) + dk(w’ Q(u9 v, w)y) (515)

when we further sum over j = 0, 1, 2 and note that Q(u, v, w) is totaly sym-
metric in u, v, w. Finally, summing over k,it gives Eq.(5.14b).

Proposition 5.11

Let A* be a pre-structurable algebra over the field F' of charachterictic
# 2,# 3. If A* is power-associative, then A* is structurable.

Proof
For any a € A* satisfying @ = a, (i.e,a € S). we calculate
Q(a,a,a)a = [a,a x a’]* + 3{a* xa® — a*x (a* xa)} (5.16a)

= [a® xa,a]* + 3{a® xa® — (a x a®) xa} (5.16b)

where we have set a? = axa and [z, y]* = zxy—y*z. Note that Eq.(5.16a) fol-
lows immediately from Eq.(5.11) by setting z = y = z = a, while Eq.(5.16b)
results from taking the involution of Eq.(5.16a). Then, if A* is power-associative,
Eq.(5.16) implies Q(a, a,a)a = 0. Therefore, linearizing the relation, we ob-
tain Q(z,y, z)w = 0 for z,y, z, w € S, since we are assuming the field F to be

of charachteristic # 2, # 3. Together with Theorem 5.6, this shows A* to be
structurable. OJ

Proposition 5.12([0.05])

If a pre-sturucturable algebra A* possesses a symmetric bi-linear non-
degenerate form < |- > satisfying

<Tlyxz>=<Flzxz >=< Z|z *y >,
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then A* is structurable.(see Remark 4.16).

Proposition 5.13

Let A* be a pre-structurable algebra and set Ay = {z|z € A*,and Q(u,v,w)z =
0 for any u,v,w € A*}, then A, is a structurable algebra. Moreover A, con-
tains a structurable sub-algebra generated by the unit element e and mem-
bers of H assuming 2 # 0.

Proof
First, we show that A is a sub-algebra of A* since we calculate
Qu, v, w)(zy) = (Q(u, v, w)z)y + z(Q(u,v,w)y) =0
for any z,y € Ap to get zy € Ay, by the derivation property of Q(v, u, w).

Moreover, e € A also by Theorem 1.4. Further, if z € Ap,then T € A, also
since

0= Q(u,v, w)z = Q(u, v, w)T = Q(u, v, w)Z.

Then, these imply d;(z,y) € End Ay, for z,y € Ay, so that A, is pre-structurable.
Since Q(u, v, w) = 0 restricted to Ay, this proves A to be structurable. The
fact that Ay contains a structurable sub-algebra generated by e and H fol-
lows from Theorem 5.6. [

We can prove the converse statement of Theorem 5.6

Theorem 5.14
Let A* be a unital involutive algebra satisfying
(i) Q(z,y, z)w is totally symmetric in z,y, z,w € A*.

(il) Q(z,y, 2) = Oidentically whenever at least one of z, y and z is a element
of H.

(iii) The validity of Eq.(sk).

Then A* is pre-structurable.
In order to prove this Theorem, we note the following

Lemma 5.15
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Under the conditions for A* given in Theorem 5.14, we have

Q(z,y,2) = B(z,y,2) — C(y,z,2) — Clz,z,y) — C (2,9, ). (5.17)
Proof
Eq.(5.11) leads to

Qz,y,2)w =wx{ZxEZ*7)} —{wx(T*x2)}x7
—wk{(y*x2)*z}+(w*y)x (2% x)
—Z*x{(T*T) xw} + (Z*7) * (T*w)
—zx{(yx2z)xw}+ (z*xy) * (zxw).

Taking the involution of this relation, we have
Q(z,y, 2)w = {B(2,%,W) — C(&, 2, @) — C(W,2,%) — C(0,%,2)}y. (5.18)

The left-hand side is rewritten as

Qz,y, 2)w = Q(,7, 2)w = Q(z,w, 2)7 = Q(z,w, 2)y
since Q(z,y — 7, z) = 0. Therefore, Eq.(5.18) is rewritten as
Q(z,w, 2) = B(2,%,®) — C(%, 2,W) — C(W, 2,%) — C (T,T, 2).
Letting  — 7 and w — W, and noting Q(Z, W, 2) = Q(z, w, z) this yields
Q(z,w, 2) = B(z,z,w) — C(z, z,w) — C(w, z,z) — C (w, z, 2).

Changing w — z — = — y, this gives Eq.(5.17).0
Since Q(z,y, 2) is totally symmetric in z,y and z, Eq.(5.17) immediately
gives *
D , /
B(z,y,2) — B(z,2,y) = C (2,y,2) = C (y, 2,2), (5.19)
and ‘
)
B(z,y,2) — B(y,z,2) =

Oy, z,2) +C(2,2,y) ~ C(,y, 2) - C(2,9,2) + O (2,9,2) = C (2, 2,y) (5.20)
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from Q(z,y, 2) = Q(z, 2,y) for Eq.(5.19) and Q(z, v, 2) = Q(y, z, z) for Eq.(5.20).
Moreover, letting z <+ z in Eq.(5.19) and adding it to Eq.(5.20), we obtain
{B(x,y,z) - B(y,x>z) + B(z7y,x) - B(Z,:L‘,'y)}w
= “{C(CE,y, 2) - C’(y,x,z) + C’(z,y,a:) - C(Z, x>y)}w
+{Cl(ma Y, z) - Cl(?/) z, Z) + C’(Z,y,.’lf) - Cl (Z, fll'y)}'w
= —'{C(.’B,'y, 2) - C(yax’z) + C(IL", y,Z) - C(z»x’ y)}(w - w) (521)
since C'(z,y, 2)w = C(z, y, 2)W.
Further, if Eq.(sk) holds, we have (see,[A-F93])
C(z,y,z)(w — W) = B(z,y,2)(w — ) (5.22)
when we calculate (with s = w — W),

Clz,y,z)s={z*x(T*x3)}x2— (x*x7) (3% 2)

=—{zx(Txs)}xz+ (xxY) *x(sx2)
={[z,7,8] - (z*xG) x s} xz+ (zxTJ) x (s % 2)
=[z,7,8| %z —[z%7,s,2] =[s,2,P| x2 + [s,2 % T, 2]
={(sxz)*xT—s*x(@*xY}*xz+ {sx(z*xP}xz2—s*x{(z*x7) % 2}
= {(sxz) xT}x2z — s*x {(z %) x 2} = B(z,y, 2)s.
Then, Eq.(5.21) is rewritten as

= —{B(xay)z) - B(y,x)z) + B(Z,y,(l)) - B(z’ Z, y)}(w - w) (523)
However, Eq.(5.19) for (z > 2), gives also
{B(2,9,2) = B(2,2,9)}(w = @) = {C(2,,2) = O (3,2, 2) }(w ~ D)

= ~{B(z,,2) - B(3,,2)}(w - D)
or
{B(:B,y, z) - B(y,x’ z) + B(z’y,x) - B(z,m)y)}(w - w) =0



which yields Eq.(B)i.e. !
B(z,y,2) — B(y,z,2) + B(z,y,z) — B(z,z,y) =0 (B)
in view of Eq.(5.23).
We next set z = e in Eq.(5.19) to obtaion
{B(e,y,2) = Ble,z,y)}w = {C(z,y,¢) = C'(y,2, )}

or equivalently
[w,7,2] — [, Z,9] = [y, %, w] - [2,7, 0]
which is one of Eq.(A.1), if we change variables suitably. Then together with
Eq.(5.9), we find the validity of Eq.(5.6a)i.e.
A(z,y,2) — Ay, 2,2) = Az, 2,9) — A2y, ). (4)

Since Eq.(5.6b) is nothing but Eq.(5.19), then Lemma 5.3 show that the A*
is an almost pre-structurable algebra. But A* is unital by assumption and

these prove A* to be pre-structurable, This completes the proof of Theorem
5.14.0

The special case of Q(z,y, z) = 0 identically in Lemma 5.15 immediately
reproduces (iii) of Theorem 5.5 of [A-F,93] by giving

B(z,y,2) = C(y,z,2) + C(z,2,y) + C (2,9, 2). (X)

Theorem 5.16

A necessary and sufficient condition that a unitary involutive algebra
A* being structurable is the vahdlly of Eq.(sk) and Eq.(X) (or equivalently
Q(z,y,2) = 0).

Remark 5.17

Many interesting unital involution algebra containing Jordan and alter-
native algebras are structurable. It is rather hard to find examples of a sim-
ple pre-structurable but not structurable algebra.

6. Kantor Triple System and A-ternary Algebra
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Let V be a vector space over a field F, equipped with a tri-linear map

VevVeV -V

TQRY®z— xY2. (6.1)
If the triple product zyz satisfies

wv(2yz) = (wvz)yz — z(vuy)z + zy(uvz) (6.2)

for any u,v,x,y,2 € V, then (V,zyz) is called a generalized Jordan triple
system. Moreover, if it satisfies

xYyz = 2y, (6.3)

then (V, zyz) defines a Jordan triple system [J.68]. It is often more convenient
to introduce a multiplication operator L(z,y) € End V by

L(z,y)z := zyz. (6.4)
Then, Eq.(6.2) is equivalent to a Lie algebra relation of
[L(u,v), L(z,y)] = L(uwvz,y) — L(z, vuy). (6.5)
Moreover, suppose that K (z,y) € End V given by
K(z,y)z = 22y — yzz (6.6)

satisfies
K(K(uv)z,y) = L(y, 2) K (uv,v) + K (uv,v) L(z, y). (6.7)
Then (V, zyz) is called a Kantor triple system ([Kan.73]). Note that the Jor-

dan triple system is a Kantor triple system with K (z,y) = 0.
Also it is known (see Eq.(7.6)) that the condition Eq.(6.7) is equivalent to

K(zyz,w) — K(zyw, 2) = —K(z, K(z,w)y), (6.8)

if Eq.(6.5) holds valid.
A main purpose of this section is to note that a structurable algebra is

intimately related to the Kantor triple system as is indicated in the following
Theorem (see [F.94],[K-O.10]):
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Theorem 6.1

Let A* be a structurable algeba over a field F of charachteristic # 2. If we
define a triple product zyz in the vector space of A* by

zyz = (2xY)*xx— (2% T) xy + (T *7) % 2, (6.9)
then (A*, zyz) is a Kantor triple system such that it satisfies
eex = z, and exe + 2zee = 3z (6.10)

for the unit element e of A*. Conversely if (A*, zyz) is a Kantor triple system
over a field F' of charachteristic # 2,# 3, satisfying Eq.(6.10) for a privi-
leged element e of A*, and if we introduce a mapping = — T and a bi-linear
product z xy in A* by

T = 2z — zee, (6.11a)

T xy = Tey — Ie + yex, (6.11d)

then (A*, z x y) is a structurable algebra with the unit element e and the
involution map z — 7.
First, we shall prove here a slightly weaker theorem in the following.

Theorem 6.2([0.05])

Let A* be normal Lie-related triality algebra (see Def.1.6). Then, the triple
product in A* defined by

zyz = k{l(zxg+y*Z) — do(z,y) — d2(Z,9) }2 (6.12)

for k € F, (k # 0), leads to a generalized Jordan triple system (A4*, zyz).
For a proof of this Theorem, we need the following Lemma.

Lemma 6.3
Let A* be a pre-normal Lie related triality algebra. If we set
Do(x,y) = dO(m’y) + d2(1_:’ g)’ (613a)
then it satisfies

[Do(u,v), Do(z,y)] = Do(Do(u,v)x,y) + Do(z, Do(u,v)y)- (6.13b)
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We also have

[d3—j(§:, g) + dj+2(33’ y)’ l(z)} = l((dj-i-l(xv y) + d2—j(§;’ g))z)’ (6'140’)

and

{d3—.7'(j’37) - dj+2('73’ Y), l(z)}(+) = l((dj-t-l("r’y) - d2—j(a-:a ﬂ))z) (6.14b)

where we have set
[X,Y]=XY -YX,
{X,Y},=XY+YX

for X,Y, € End A*.
Proof
By Eq.(1.20), we calculate
[Do(u, ’U), DO(x, y)]
= {dO(u’ 'U) + dg(ﬂ, ﬂ)a do(il?, y) + d2(:f’ y)]
= dO((dO(u, U) + d2(ﬂ> -1')')).'13, y) + d()(l‘, (dO(ua ’U) + dZ(E’ 6))’9)
+d2((d1(u, v) + do(T, 0))Z, Y) + da(z, (di(u,v) + do(T, ))7).
Also, we note
Do(Do(u,v)z,y) = do(Do(u,v)z,y) + d2(Do(u, v)z,7)

= dO((dO(u’ ’U) + d2(a7 6))3:, y) + dZ((dO(a, .ﬁ) + dl(u’ ’U))E, 27)

and
Do(z, Do(u,v)y) = do(z, Do(u, v)y) + da(Z, Do(u,v)y)

= do(z, (do(u,v) + da(T, 0))y) + da(T, (do(T, D) + d1(u,v))7)

where we noted Eq.(1.23). These prove Egs.(6.13b).
We next rewrite the triality relation Eq.(1.41d) as

d3—3(Z,7) (2 * w) = (dj41(2, ¥)2) *w + 2 % (djy2(u, v)w)
which yield

d3—;(T, P)U(2) = U(dj-1(z,y)2) + U(2)d;+2(T, 7)- (6.15)
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Letting z — Z and y — § with j — 1 — j, this is rewritten as
dj+2(x) y)l(Z) = l(d2—j(ia @)Z) + l(Z)dg_j(x, y)

Adding or sub-tracting both relations, we obtain Eqs.(6.14).00
After these preparations, we will now proceed to the proof of Theorem
6.2. First, choosing j = 0 in Eq.(6.14a) and letting  — 7 and y — 7, it yields

[Do(,9),1(2)] = U(d1(Z,7) + da(,v))2). (6.16)
For simplicity, we set
S=UXxT+VUxU, t=T*Y+Y*T (6.17)
so that we can write
L(u,v) = k{l(s) — Do(u,v)}

L(z,y) = k{I(t) — Do(z,y)}, (6.18)
and calculate

[L(u,v), L(w, y)] = k*[(s) — Do(v, v), 1(t) — Do(z,y)]

= E*{[i(s), 1(t)] = [Do(u,v), {(t)] + [Do(z, v), (s)] + [Do(w, v), Do(, )]}
= k*{[i(s), 1(®)] = U((d2(T, D) + da(u, v))t) + U((da(Z,T) + da(z,1))s)
+D0(D0(u’ ’L’)(L‘, y) + Dg(l‘, DO(u> U)y)}' (619)

Also
L(L(u,v)z,y)

= k*{I( ((s) = Do(u,v))z* T +y * (((s) — Do(u,v))z))
—Do((U(s) = Do(u,v))z,y)}
=k {l((sxz) *T+y* (Tx8)) — I(Do(u,v)z xT + y* Do(u,v)x)
—Dy(sxz,y) + Do(Do(u,v)z,y)}

and
L(z, L(v,u)y)

= k(l(z * L(v, w)y + L(v,u)y xZ} — Do(z, L(v,u)y)} =
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k*{l{zx((1(s) + Do(u,v))y)+(1(s) + Do(u, v))y*Z} = Do(, (I(s)+ Do(u, v))y)}
= k*{l(z * (T 8) + (s xy) *T) + {(z * Do(u, v)y) + {(Do(u, v)y * %)
"'DO(:U> S % Q) - Do(;b’, DO(U’ U)y)}

where we noted 3 = s an L(v,u) = I(s) — Do(v,u) = I(s) + Do(u,v). Then
setting

R= [L(u"v)’ L(:L‘, y)] - L(L(u’ v):v,y) + L(:I:, L(v,u)y),
we can rewrite it as
R = K*{[I(s),l(t)] + l(w) + Do(s x z,y) — Do(z,5xy)}, (6.20)

with
w= - (d1(ﬁ, 5) + d;(u, 'U))t + (d1(f, :17) -+ dz(x, y))s
—(8*T)*xT—y*(Txs)+xx(T*xs)+ (s*xy) *T + J, (6.21)

where we have set further

J = (Do(u,v)z) * G + y * Do(u,v)z + 2 *x Do(u, v)y + (Do(u,v)y) * Z.
We calculate J to be

J = (do(u,v) + do(T, 7))z *xy + y * (do(T, D) + d1(u,v))Z
+T * (do(ﬂ) 6) + dl(u’ ’U))Z] + (dO(u) ’U) + d2(ﬂ’ 6))y *Z
= da(u, v)(z *x7) + d1(T, D) (z x y) + d2(u, v)(y x z) + d1(T, D) (y x T)
= (dl(ﬂ, 75) -+ dz(’u, ’U))(IL' *Y+y *f) = (dl(ﬂ, E) -+ dg(u, ’U))t

by the triality relation Eq.(1.39¢c) and Eq.(1.39g). This then leads to w = 0
since we calculate

w = —(dl(ﬂa 77) + dZ(ua 'U))t + (dl(f’ y) + dz(ﬂ?, y))s
+H=r@r(z) = YUT) + U(z)l(G) +r(@)r(y)}s
+(dy(T@, D) + da(u,v))t = 0.
Moreover, we note

Do(s*x,y) — Do(z, s%xy) = do(sx,y) +da (35, 7) —do(, sxy) —da(T,5%7) =

—do(y,Z*8) — do(Z, g x 8) — do(z,T* 8) — da(§,5%Z) =
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—{Qv:2,5) - di(s,y*7)} - {Q(,7,5) — di(s,2*7)} =
di(s,zx Q) +di(s,y*Z) =di(s,zxG+y*Z) = di(s,t) = = —[I(s), (t)]

where we used Q(z,y,2) = 0 together with 3 = s and ¢ = ¢. Therefore we
have R = 0 by Eq.(6.20), completing the proof of Theorem 6.2.C]

Remark 6.4
If we rewrite Eq.(6.12) as
zyz=k{(zxg+yxZ)xz+ (2% §) *xz — (2% T) xy — do(z,y)2},
and note Eq.(1.39d)i.e.
do(z,y)2 + do(y, 2)z + do(2,2)y = 0,
this gives
K(z,y) = k{r@)r(@) - r@)r(@ + e+ - yx2) - do(z,0)}.  (6.22)

Hereafter in this section, we assume A* to be structurable over the field F
of charachterictic # 2. Then choosing k£ = ; and noting

do(z,y) = r(¥)r(2) — r(@)r(@) - Uz *x§—y* ),

Eq.(6.22) gives
K(z,y) =l(z*§—y*ZI) (6.23)

while Eq.(6.12) reproduces Eq.(6.9). We can then prove the validity of Eq.(6.7)
as follows: Setting now

S=uxT—v*xU=w—7T, (W=u*D), (6.24)
we have K(u,v) = [(s) so that Eq.(6.7) becomes
K(s*xx,y)z = yz(sx 2) + s x (xyz)

or

{(s*xz)*xFT—yx(skx)}x2=

{(sx2)xZ}xy—{(sk2)x G} *z+(y*Z)*x(sx2) +sx{(2xF) %z — (2% T) %y + (z%xF) * 2 }
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by Eq.(6.9) and (6.23). This relation is rewriten as

{B(z,y,2) — B(2,z,y) + B(2,y,2) — C(y,z,2)}s =0

which is satisfied in view of Eqs.(B) and (5.22). This proves that (A*, zyz) is
a Kantor triple system.

Moreover,Eq.(6.10) holds valid by Eq.(6.9). However, the converse state-
ment that any Kantor triple system (A*, zyz) satisfying Eq.(6.10) will give a
structurable algebra requires more calculations. See [F.94] or [K-O.10] for its
proof.

Remark 6.5

The structurable algebra has been originally defined by Allison ([A.78])
in terms of the Kantor triple system as in Theorem 6.1. We redefined it in
this note as in [K-O.14]. It is often more appropriate to consider a triple
(A*, z % y, zy2) by defining:

Def.6.6

A triple (A*, z x y, zyz) with a bi-linear product z x y and a triple product
zyz in a vector space A* is called an Allison ternary algebra or simply A-
ternary algebra, provided that we have

(1) (A*, z*y)is a structurable algebra
(2) (A* zyz)is a Kantor triple system
(8) The triple product zyz is expressed in terms of the bi-linear product by

zyz = (z*xG)*x2+ (2%x§) xz — (2% ) * .

Note that both the bi-linear product = x y and the tri-linear one zyz
are intimately related to each other as in Theorem 6.1. Other example of
such triple are (o, 3, ) ternary algebra ([K-O.10]) based upon unital (e, 5,7)
ternary system as well as some balanced (1, —1)FKTS (see [E-K-O.03 and
05]).

For the A-ternary algebra, we note that we have

K(‘T’y) = d2(i‘, g) - dO(CL" y) = l(w*g - y*j’:)
L(z,y) + L(y,z) = l(z G+ y * T) (6.25)
L(x’y) - L(ya .’17) = -—do(.’IJ, y) - d2(j’g)
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which determine K (z,y) and L(z, y) in terms of d;(z,y) and I(z).
Conversly, we can express

{z+2Z) = L(e,z) + L(z,e)

(z—Z) = K(z,e)

dO(xa y) = l{L(y’ .’L‘) - L(CL‘, y) - K(x’y)}

dy(z,y) = 3{K(%,9) - L(z,9) + L(7,2)}

di(z,y) — di(2,9) = -K(2,9) + K(z,v) (6.26)
dl(xa y) + dl(i) g) = L(y’ Z) - L(Z,y) + L(e’i*y) - L(j*y, 6).

These relations will be used to prove some results in the next section.

7. Lie algebras and superalgebras associated with (¢,4) Freuden-
thal -Kantor Triple System (FKTS)

In this section, we first note that the Kantor triple system is a special case
of a more general (¢, §) Freudenthal-Kantor triple system [Y-O.84], (see also
[Kam.87] for many earlier references on the subject) and second that we can
construct Lie or Lie superalgebra out of these triple systems.

Let V' be a vector space over a field F with a triple product zyz. Let the
multiplication operators L(z,y), and K(z,y) € End V be given by

L(z,y)z := zyz, K(z,y)z := zzy — dyzz. (7.1)
If they satisfy
[L(u,v), L(z,y)] = L(uvz,y) + eL(z, vuy) (7.2)
and
K(K(u,v)z,y) = L(y, ) K (u,v) — eK(u,v)L(z,y) (7.3)

for any u,v,z,y,€ V, then, we call the triple system (V,zyz) be a (¢,0)
Freudenthal-Kantor triple system [Y-O.84], where ¢ and J are constants with
values either 1 or —1. Then, comparing these with Eq.(6.5),(6.6), and (6.7),
we see that the Kantor triple system is precisely (—1, 1) FKTS. Before going
into further details, we note that Eq.(7.1) implies

K(y,z) = —6K(z,y) (7:4)
while Eq.(7.2) is equivalent to the validity of

wv(zyz) = (uvz)yz + ex(vuy)z + zy(uvz). (7.5)
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First, we note that Eq.(7.3) can be replaced by
K(K(u,v)z,y) = K(yzu,v) + K(u,yzv)
under the validity of Eq.(7.2) when we note
Lemma 7.1

If Eq.(7.2) holds, we then have

L(y, ) K (u,v) — eK(u,v)L(z,y) = K(yzu,v) + K(u, yzv).

Proof
We calculate

Ly, z)K (u,v)z — eK(u,v)L(z,y)z
= yz(uzv — dvzu) — e{u(zyz)v — dv(zyz)u}.

Moreover, we note
yz(uzv) = (yru)zv + eu(zyz)v + uz(yzv)
by Eq.(7.5) so that

L(y,z)K(u,v)z — eK (u,v)L(z,y)z
= (yzu)zv + eu(zyz)v + uz(yzv)
—0(yzv)zu — edv(zyz)u — dvz(yzu)
—eu(zyz)v + edv(zyz)u
= (yzu)2zv + uz(yzv) — 6(yzv)2u — dvz(yzu)
= {(yzu)zv — dvz(yzu)} + {uz(yzv) — 6(yzv)zu)}
= K(yzu,v)z + K(u, yzv)z,

which yields Eq.(7.7). O

Proposition 7.2

Let (V, zyz) be a (¢, §) FKTS. We then have
K(u,v)K(z,y)

= 55L(K(u, ’U)y, 1’) — gL(K(U, 'U)IE, y)

(7.6)

(7.7)

(7.8a)
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= L(v, K(z,y)u) — 0L(u, K(z, y)v) (7.8b)
for any u,v,z,y € V.
Proof
First, let us define
K(V,V) :=span{K(z,y),V,z,y € V}. (7.9)

Then, for any o € K(V,V), Eq.(7.3) gives
K(U.'.E, y) = L(y,x)a - SO'L(.’E, ',l,/) (710)

so that
(0z)zy — dyz(oz) = yz(02) — eo(zyz)

which is rewritten as
o(zyz) = —e(ox)2y + eyx(oz) + edyz(ox) (7.11)
since €2 = 1. We then calculate
oK (z,2)y = o(zyz) — do(2yzx)
= —¢(ox)zy + eyz(02) + edyz(ox) + £6(02)zy — edyz(oz) — e6*yx(0o2)

= —¢(ox)2y + ed(02)zy = —eL(oz, 2)y + €6 L(oz, z)y

which gives
oK(z,2) = —eL(oz,2) +edL(oz,x).

Letting z — y and choosing o = K (u,v), this leads to Eq.(7.8a).
In order to prove Eq.(7.8b), we note
(L(u,v), L(z, y)] = L(uvz, y) + eL(z, vuy)
= "‘[L(xa y)a L(u’ 'U)] = -L(a:yu, ’U) - €L(u, yxv)
so that ,
L(uvz,y) + eL(z,vuy) + L(zyu,v) + eL(u, yzv) = 0. (7.12)

Letting = <> u, it also gives

L(zvu,y) + eL(u, vzy) + L(uyz,v) + eL(z, yuv) = 0.
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Multiplying 0 and subtracting it from Eq.(7.12), we find

L(wvz — dzvu,y) + eL(z, vuy — dyuv)+
eL(u,yzv — dvzy) + L(zyu — duyz,v) = 0,
or
L(K(u,z)v,y) +eL(z, K(v,y)u) + eL(u, K(y,v)x) + L(K(z,u)y,v) = 0.
Changing = <> v and noting K (y, z) = —0K(z,y), this is rewritten as
L(K(u,v)z,y) — 0L(K (u,v)y, z) = €6 L(u, K (z,y)v) — eL(v, K (z,y)u)

which proves Eq.(7.8b)(J
We can then prove the following (see [K-M-O.10]).

Corollary 7.3
K (z,y)’s satisfy

(1
: K(z,2w)K(z,y) K (u,v) + K(u,v)K(z,y) K (2, w)
= K(K(z,w)K(z,y)u,v) + K(u, K(z,w)K(z,y)v) (7.13a)
= 0K (K (z,w)z, K(u,v)y) + edK (K (u,v)z, K(z,w)y)
(2)

[K (2, w), K(u, 'U)]’ K(z, y)] =
—eK(z, [K(z,w), K(u,v)]y) — eK([K(2,w), K (u,v)]z,y)  (7.13D)

for any u,v, z,¥, 2,w € V. Especially, if we introduce two triple products in
K(V,V)by

(a) |
{Kl,Kg,Kg,} = K1K2K3+K3K2K1 (7140)

(b)
[Kl,Kg,K;;] = [[Kl,KQ],Kg,] (714b)



-73-
then they define a Jordan triple system for { Ky, K>, K3} and a Lie triple sys-
tem for [K, K,, K3), respectivaly for Ky, Ky, K3 € K(V,V).

Remark 7.4

Let V = A* be a structurable algebra over the field F' of charachteristic
# 2. Then Eq.(6.23) implies K (A*, A*) = I(H) sincexx€—exT = (z—7) € H
where H = {T = —z, € A*}. Then Corollary 7.3 implies that /(H) admitts
both Jordan triple system and Lie triple system for K; € I(H) by Eqs.(7.14)
with (¢,6) = (-1,1).

Egs.(7.8) enables us to prove the following theorem:

Theorem 7.5
Let T'(e, 6) := (V, zyz) be a (g, §)FKTS. Suppose that J € End V satisfies

1)
J(zyz) = (Jz)(Jy)(J2) (7.15b)

(2) |
J? = —edid (7.15b)

then a new triple product defined by

[z,y, 2] := z(Jy)z — dy(Jz)z + 6z(J2)y — y(J2)z (7.10)
satisfies
(1)
[z,y,2] = —0[y, z, 2] (7.17a)
(2)
(2,9, 2] + [y, 2, 2] + [2,2,4] = 0 (7.170)
(3)

[u,v, [z,y, 2]] = [[u, v, 2], 9, 2] + [z, [w, v, 9], 2] + [2, 9, [u, v, 2], (7.17¢c)

In other words, [z, y, z] is a Lie triple system for § = 1 and an anti-Lie triple
system for § = —1.
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For a proof of this Theorem, the readers are reffered to [K-O.00] or [K-M-
0.10]. We note that for the case of the Kantor triple system (¢ = —1,4 = +1),
we can chose J = id. However, a more interesting case is to consider a larger
vector space:

W=V€BV,orW=<1‘;>, (7.18)

and intorduce a triple product in W by

(D)) () o

(1 Y2 Ys Y1Y2Y3
Then W = ( “i ) =V @& Visalsoa (¢,0) FKTS, if V is a (¢, §)FKTS. More-
over J € End W given by
0, 1
J = ( a5 0 ) (7.20)

satisfies the conditions of Eqs.(7.15) in W.
Then, the resulting Lie or anti-Lie triple system in W is rewritten as

(3)-G)-Go)

_ ( L(w,y) = 6L(z,v), 6K(u,z) z (7.21)
—eK(v,y), eL(y,u) — edL(v,x) w ) '
Further, we define a multiplication operator L(X1, X;) € End W by
L(X1, X2) X3 := (X, X3, X3] (7.22)
and set
L(W, W) = span{L(X1, Xz), VX1, Xs € W}. (7.23)
Then, for any z,y, z,u,v and w € V, D given by
_( L(z,y), 0K (z,w)
b= ( —eK(u,v), eL(y,z) ) ST (7.24)

is a derivation of the triple product [X;, X5, X;], by the analogue of Eq.(7.17¢)
when we replace z — X, y = Y, z = Z then, i.e. we have

D[X1, Xa, X3] = [DX1, X2, X3] + [X1, D X2, X3) + [X1, X2, DX5].  (7.25)
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Further, we set

LT=W={X=<z>lx,yEV}

Lz = {D|D is a derivation of [ X1, X2, X3]}. (7.26)

Then
L=Lz® Ly (7.27)

is a Lie algebra for § = 1, but a Lie superalgebra for § = —1 with Ly and Lz
being its even and odd part, respectively. Here, we define the commutator
by (see [Y-O.84])

[D1 @ X1, D2 @ X3] = ([D1, Do) + [X1, X2]) @ (D1 X2 — D2.X4) (7.28)
for Di,Dy € Lyand X, X, € W = Ly by

{Dl, Dg] = D1Dy — DyD, € L6 (729)

¢ I T2 N
‘X ’ = 9 ES L )i ,‘X =
[X1 2] [( n ) ( Ya )] (X1, X5)
L($13y2) - 5L(932,y1), 5K(.’L‘1,CE2) )
Ls. 2
( —eK (11, 92), eL(ya, z1) — €6 L(y1, 22) € Ly (7.29¢)

However, we will restrict ourselves for a choice of the derivation to be those
given by Eq.(7.24) and write Eq.(7.27) as

and

L=LW,W)eW. (7.30)

Then, L is 5-graded Lie algebra or Lie superalgebra:

L= L.fz SL DLy L, DLy (731)
where we have set
0, 0
L_,= span{(-K(x W), 0 ) |z,y € V} (7.32a)

L= span{< 2 ) |z e V} (7.32b)
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L(z,y), 0
Ly = span{( (xo,y) eL(y, ) > |z,y € V} (7.32¢)
L= span{( :(]): ) |z eV} (7.32d)
Ly = span{< 8’ K(g,y) ) |z,y € V}. (7.32¢)
Note
L'6 = L_g &b L() 5% Lg, (733(1)
Ly=L_ & L. (7.33b)

If we introduce operators 6 and o () for A € F, A # 0 in End(L) by
z\ [ —ey
o(2)=(5) -

o(X) < z ) = ( y’\/”; ) , (7.34b)

it is easy to see that they are automorphysm of [W, W, W],i.e. we have for
example

6([){1, Xz, Xg]) = [9X1, 6X2, 9X3]

Extending these actions to the whole of L in a natural way, we find also
that they are also automorphysm of the Lie algebra or Lie superalgebra L.
Moreover, they satisfy

(1) ¢4 =1id, o(1) =id
(2) 6* = —edid for Ly and 62 = id for L
(8) o(u)o(v) =o(uv), (u,v € F,uv #0)
(4) o(A)0o(A) =6, forany A € F, A # 0.
Conversely, for any 5-graded Lie algebra or Lie super-algebra L satisfy-
ing these conditions, A = L1 with a triple product given by

{X,Y,2} .= [[X,6Y], Z]
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forany X,Y,Z € A = Lz, essentially define a (¢, §)FKTS (see [E-K-O.13]).

After these preparations, we shall now restrict ourselves to the case of
Kantor triple system derived from a structurable algebra A*. Then, we can
construct Lie algebras in the two defferent ways: one as in the present-
section, and the second one from the structurable algebra as in section 3.
A question will arise for relationship between these two Lie algebras. We
will show next that we can construct a Lie algebra given in section 3 from
that of the present section for a A-ternary algebra (A*, z x y, xyz).

Theorem?7.6

Let (A*, zxy, xyz) be a A-ternary algebra. Regarding (A*, zyz) as a Kantor
triple system, we contruct a Lie algebra

L=LW,W)eW (7.35)

as in Eqs(7.28), and (7.29).
For any non-zero constant o, 8,k € F, we introduce rational numbers
v1/vs and v2/7vs for y; € F by

(1)
Yo/v3 = —2ap (7.36)

(2)
(’)’3)2/’)’1’72 = —k?,

and introduce p;(z) and Tj(z,y) (j = 0,1,2) by

pi(z) = ( gz ) , pa(z) = ( f,fgf ) , (7.37a)
po(z) = (%) < i%lz(l?x+_f)5’), izgz(; f.)@-) ) (7.370)

and

s [ @B(djsi(z,y) + dij(Z, 7)), X (djsi(z,y) — d1-4(Z, 7))
e < B2 (dj(z,y) — di-4(Z, 7)), a,@(ci:l(x, y) + dl_Jj(f’ 7)) ) (7.37¢)

forj=0,1,2.
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We then can show that both p;(z) and T}(z, y) are elements of L(W, W) @
W, and satisfy the Lie algebra relations given in section 3. Moreover, they
satisfy Eq.(3.12b), i.e.

To(z,y*2) + T1(2,7%9) + T2(y,z*z) = 0.

Since the proof of this Theorem is lengthy, we will not go into it, (see
[K-O.13]). Here,we simply mention that we utilized Eqs.(6.14), (6.25) and
(6.26) for the purpose.

We also note that the choice of 4o = v1 = 742 = 1 requires k* = —1 and
aff = —1 by Eq.(7.36). Then the underlying field F must contain the square
root of —1.

Let A be the normal triality algebra associated with a A-ternary algebra
(A*,z x y,zyz) (or a Kantor triple system (A* zyz) ). Then from results of
this section ( the case of vy = v, = 7, = 1), we have an isomorphism of Lie
algebras

L = po(A) & p1(A) ® p2(A) ®T(A, A) = LW, W) & W, (7.38)

where W = A* @ A*.

According to [Kam.87], we recall the definition of Killing form ~(z, y) of

A*;
(2,y) = 5Tr(2R(z, ) + 2R(y, 2) — L(z,y) — L(y, ),

where L(z,y)z = zyz, R(z,y)z = zzy, forany z,y and z € A*.
Then from straight forward calculations by using 28 = —1, we obtain
the following.

Proposition 7.7
Under the assumosion as in Eq.(7.38), for the Killing form «(z,y), we
have

V(z,y) = —Tr (adps(z) adp1(y)),
v(Z,9) = —Tr (adpa(x) adp2(y))-
8. B(C,-graded Lie Algebra of Type B;

As we noted in the previous sections, any A-ternary algebra admitts two
constructions of Lie algebras: The one given in section 3 exhibits the triality,
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but not the 5-graded structure, while the other one based upon the stan-
dard construction for (¢, §)FKTS in section 7 manifests the explicit 5-graded
nature but not the triality.

Here in this section, we will show that the second method can be used
to prove that its associated Lie algebra L is a BCi-graded Lie algebra of
type B, ([Be-5.03)), i.e., there exists a sub-Lie algebra si(2) of L such that L
regarded as the sl(2) module is a direct sum of trivial, 3-dimensional, and
5-dimensional modules of si(2).

Let (A*, z xy, zyz) be an A-ternary algebra with the unit element e for
the structurable algebra (A*, z % y) so that it satisfies '

eex = x, 2zee + exe = 3z. (8.1)
Following [K-O.10] or [E-K-O,13], let R, M € End A* be defined by
Rz = xee, Mz = eze (8.2)

so that Eq.(8.1) gives
M + 2R = 3id. (8.3)

We then have, (assuming 2 # 0, hereafter.)

Lemma 8.1

(1)
L(zye,e) = L(e, yze) (8.4a)

(2)
L(Rz,e) = L(e, Mx) (8.4b)

(3)
- L(Mz,e) = L(e, Rx) (8.4¢)

(4)
M?* = R? (8.4d)

(5)

K(z,e)e=(R-1)z (8.4e)
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(6) X
K(z,y) = sK(K(z,y)e,e). (84f)

(7)
(R-1)(R-3)=0 (8.49)
Proof
Setting z = y = e we have
[L(u,v), L(e, e)] = L(uve,e) — L(e, vue).
Moreover, eex = x implies
Lie,e) =id (= 1)

so that it yields Eq.(8.4a) by changing v — z and v — y. Then Egs.(8.4b) and
(8.4c) are special cases of Eq.(8.4a) for eitherz = eory =e.
In order to prove Eq.(8.4d),Eq.(6.2) gives

ze(eee) = (zee)ee — e(exe)e + ee(zee)

which is rewritten as
Rz = R*t — M*z+ Rz
i.e.R? = M?. Moreover, Eq.(6.6) leads to K (z,e)e = zee — eex = (R — 1)z i.e.
Eq.(8.4e). Similarly, we find
K(K(u,v)e,e) = L(e,e)K (u,v) + K(u,v)L(e, e) = 2K (u,v)

from Eq.(6.7) to give Eq.(8.4d). Finally, from Eqs.(8.4e) and (8.4d), we calcu-
late
(R-1)z=K(z,e)e =

-12-K(K(:z:, ele,e)e = -;—(R - 1)K(z,e)e = %(R - 1)23”

sothat R—1 = 3(R—1)? or (R—1)(R— 3) = 0 as in Eq.(8.4e). Note that this
relation is consistent with M? = R? in Eq.(8.3). O
In view of Eq.(8.4g), (R — 1)(R — 3) = 0, we can decompose A* as in

A'=VieV, (8.5)
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where we have set .
Vi ={z|Rz =z, z € A*} (8.6a)

Vs = {z|Rz = 3z, z € A*}. (8.6b)

For the details of this decomposition, see also ([K-K.03]). Moreover by
Eq.(6.11a), we have
Z = (2 - R)z, (8.7)

so that we can rewrite Eqs.(8.6) also as
Vi = {z|T = z,z € A*}, (8.8a)

Vs = {2|T = —z,2 € A*}.

h= ( L(%’,e), —L(Qe,e) > - ( (1) —01 ) (8.90)

f=(§), g=<2>. (8.9b)

We see then f,g € W and h € L(W, W) so that they are elements of the Lie
algebra L(W, W) @ W. Moreover, they satisfy the s/(2) Lie relations of

[h" f] = f) [hag] ==-9 [f7g] =h (810)

since we calculate

mn=(5 %)
mal=(y 5 )(
na=1(5 ) (

L(e,e) — L(e,0), K(e,0 1 0
=<K((60,ee)), (0 —fge(e,)e)uz(o,e)):(o —1>="’

by Egs.(7.28) and (7.29).

We next set

and

o O
N——
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We note moreover that we have

K(z,e) =0, ifzeV, (8.11)
since we calculate
K(z,e) =l(zx€—e*xI) = l(x — 7).

Then, Eq.(8.4) implies
K(A* A*) = K(V3,e). (8.12)

We can now construct 5-dimentional modules M5 and 3-dimensional M; of
the si(2) by .
Mgy = span

(e 0)(2) (5% %y ).
(5)(0¢®?)> (813)

for x € V; satisfying T = —z, and

M; =

e (2).(59 2 ) (5)>

for z € W, satisfying T = z. (Note K(z,e) =0 for z € V1.)
We further note that

(1) If Z = z, then Rz = z, Mz = z, and L(z,e) = L(e, z)
(2) T = —=z, then Rz = 3z, Mz = —3z,and L(z,e) = —L(e, z)

by Egs.(8.4b) and (8.4c), assﬁming the underlying field F' to be of charach-
teristic # 3 in addition, Especially, we need not consider elements of L of

form _
( L(%’,x)’ —L(Ox, e) ) '

Finally, the trivial modules can be constructed as follows.
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For any z,y € A*, we set

1
u=5(R-1)(zye) € V3

- —%(R — 3)(zye) € Vh. (8.15)
We then have L(u,e) 0
U, e),
X = ( 0, —L(e, u) ) € Ms (8160,)
and : L(v,e) 0
L.(v,e), , o
Y = ( 0. —Lie,w) ) € M. (8.16b)
Then L(z,y) 0 1
L z,y), R
£ = ( 0. _Lp.a) ) 3X =Y (8.17)

can be verified to be elements of the trivial modules of the si/(2). Then rewrit-
ing

O> —L(y’x)
together with K (A*, A*) = K(V3,e), we have

1
(L(:c,y), 0 >=§+§X+Y€M1€BM3€BM5

0 / ! * *
M= (9 )10 =8()=0, 8,6 eL(ar,4))
and we obtain
L=LW,W)®W = M; & M; & Ms;.
Therefore, we have found:
Proposition 8.2

Let (A*, zxy, Tyz) be an A-ternary algebra over the field F of charachter-
istic # 2, # 3. Then, its associated Lie algebra is a BC;-graded Lie algebra
of type B. -

If we assume for simplicity the field F to be an algebraically closed field
of charachteristic zero, then we can show conversely that any BC;-graded
Lie algebra of type B, can be constructed from some A-ternary algebra. For
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this purpose, it is convenient to use the terminology familiar in the angular
momentum algebra in Quantum Mechanics (e.g.[C-D-L.77]) by setting

Js=h, J, =V2f, J.=V2g (8.18)
which satisfy
[Ja, Ji] = +Jx, [y, J-] = 2J5. (8.19)

We write the generic irreducible state as
(G, m; @) = |j,m; o > (8.20)

forj = 0, 1, 2, corresponding to the trivial, 3-dimensional, and 5-dimensional
modules, while the sub-quantum number m can assume 2; + 1 values of
5i—=1,-++,=(j —1),—J. Also, @ in Eq.(8.20) simply designates other labels.
For example, we may identify a = z, satisfying T = —z or T = +x for mod-
ules M5 and Mj; in Eqs.(8.13) and (8.14). We note the commutation relations
of

[J3, @(4, m; @)] = m®(4, m; ),

[Tz, (4, m; @) = £/(F Fm)(§ £m + 1)®(j, m £ 1; a). (8.21)
Now, the BC)-graded Lie algebra of type B, is then 5-graded as in

L=g 2891990009 (8.22)
when we set
gm = {z|Jsz =mz, (m=0,%£1,+2), z€ L}. (8.23)
Moreover, § given by
6: ®(j,m;a) = (=1)I"™®(j, —m, c) (8.24)

is an automorphism of L of order 2, letting g,, > g_m. Especially, we note
6:h——h, feg (8.25)

Then, by Theorem 4.1 of [E-K-O.13], A = g; becomes a Kantor triple system
with respect to the triple product

zyz = ([z,6(y)), 2] (8.26)
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for z,y, z € g,. Noting f = L. J, € g1, we calculate then
8/ =

ffr=zff=fzf =z, forx=®(1,1,;0) € ¢

and
ffr=z zff =—fzf =3z forz = ®(2,1;0) € g1,

so that they satisfy the condition of Eq.(6.10) for e = f. Therefore, by Theo-
rem 6.1, g; = A becomes a A-ternary algebra.

Remark 8.3

We can relax the condition in Proposition 8.2 and others as in [E-K-O.13],
although we will not go into its detail. Also, an analogous theorem on Lie
superalgebra associated with (-1, —1) Freudenthal-Kantor triple system is
given there. Similarly, some class of (1,1)FKTS lead to BC;-graded Lie al-
gebra of type C; as well to a ternary system called a J-ternary algebra (see
[E-O.11], and [A-B-G.02]).

In the previous sections and this section, we have studied relationship
between the structurable algebra and the Kantor triple system. Since other
(¢,6) FKTS do not appear to have a direct connection to the triality relation,
we did not discuss other (¢, §) FKTS. Here, we simply mention that some
(—1,-1) FKTS have been used to construct exceptional Lie superalgebra
D(2,1;a), G(3), and F(4) (see [K-O.03], [E-K-O.03] and [E-K-0O.05]). Also,
some connections exist between (1,1) and (-1, 1)FKTS ([E-K-O.13]).

For other applications to mathematical physics with respect to triple

systems and nonassociative algebras, we refer (for example, to see [0.95],
[Sa.78]).

9 Triality group
The triality relations discussed in this note are of a local type. If o; €
Epi(A) for j = 0,1, 2 satisfy

oj(zy) = (0j+12)(0)+29), (9.1)

in contrast to Eq.(1.1), it is called a global triality relation, and

G = {ojl0i(zy) = (0j412)(0j42y), Vi =0,1,2, V,z,y € A} (9.2)
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is a group (in general a Lie group) instead of a Lie algebra, which may be
called triality group. Here, the indices over j are defined modulo 3. Its
general structure is harder to analyze, and has not been studied much. Here,

we will give a example based upon the symmetric composition algebra (see
Example 2.2) satisfying

2(yz) = (zy)z =< zlo > ¥ (9.3)

where < |- > is a symmetric bi-linear non-degenerate form in A. For any
two elements a,b € A satisfying < ala >=< blb >= 1, we set a = a;, and
b = ap and define a3 by a3 = a;a2. We then find

4@ = ajp2, < ajla; >=1 (9.4)

for j = 1,2, 3, where the indices over j is defined again modulo 3, i.e. ;43 =
a;. Introducing the multiplication operators L(z) and R(z) again by

Lz)y=2y, Rz)y=yz (9.5)
we set ‘
oj(a) = R(aj+1)R(aj+2) (9.6a)
0j(a) = L(aj+2)L(aj+1), (9.6b)
for j = 1, 2,3. We can then show the validity of
(i)
oj(a)(zy) = (0j+1(a)z)(0j+2(a)y) (9.7a)
(ii)
0;(a)(zy) = (8j+1(a)x)(0;12(a)y) (9.70)
(i) |
o;(a)f;(a) = 0;(a)o;(a) = 1 (9.7¢)
(iv)
0;(a);+1(a)8;+1(a) = 0j42(a)oss1(a)o(a) =1 (9.7d)
(v)

< oj(a)zly >=< z|0;(a)y > (9.7¢)
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(vi)
< gj(a)zloj(a)y >=<0;(a)z|0;(a)y >=<z|y > . (9.7£)

Especially, both ¢;(a) and 6;(a) satisfy the global triality relation. The
details will be given elsewhere.
In final comments of this section, let

D= (D]_, D2, .D3) €so L’I"t(A), ?:.6.,

Dj(zy) = (Djr12)y + 2(Djs2y). (7 =1,2,3). (98)
Moreover, suppose that the exponential map is well-defined, i.e.,

&;(t) = exp(tD;), (tisindeterminate variable andt € F) (9.9)

to be well-defined satisfying the Stone’s theorem

d
a;fj(t) = D;&;(t) = &(t)D;. (9.10)
Then we have

Theorem 9.1
If D € so Lrt(A), i.e., D; satisfies Eq.(9.8), then §;(¢) satisfies

&) (zy) = (§+1(t)x) (E42(t)y) (2,9 € A). (9.11)

Conversely, the validity of Eq.(9.11) with Eq.(9.9) implies that of the local
triality relation Eq.(9.8), i.e., we have the correspondence;

local triality «> global triality.

Proof.
Set

F(t) = &(=H{(E1()2) E()0) }- (9.12)

Then, we calcultate

94 P) = §(-0){~Dy1(E(02) & 2(00)]

+(Dj41€5+1()2) (§i42(t)y) + (€5+1(8))(Dj+2€i+2(t)y)) }- (9.13)
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Thereofre, if Eq.(9.8) holds for any = € A, then we have

d
—F(t)=0 (9.14)

by replacing §;11(t)z — = and §;42(t)y — y. Then, F(t) is independent for
the value of ¢, so that '
F(t)=F(0) =zy

by Eq.(9.12). Noting &;(t) £;(—t) =identity, we have the fact that Eq.(9.12)
gives Eq.(9.11).

Conversely if Eq.(9.11) holds, then Eq.(9.12) implies F(t) = xy, since
&;(—t)&;(t) = 1. Then Egs.(9.13) and (9.14) for t = 0 yields.

Dj(zy) = (Djs17)y + z(Dj42y). i.e. Eq.(9.8).
This completes the proof. O
Remark 9.2

The well definedness of the exponential map is 0.k, if A is a finite-dimensional
algebra over the real or complex field F, since

o]

cxp(tDy) =)

n=0

1
nl

(tDy)"

is convergent in some suitably chosen topology.
For the details of triality groups, we will discuss in forcecoming paper.
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Appendux (N.Kamiya and S.Okubo)

L(A) =

p1(A)

Fig.1 Graphical Representation of the Lie Algebra L(A).

92

Fig.3 Graphical Representation of V.
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1 Introduction and motivation

Using Padé approximants, equivalents to continued fraction approximants of
the matrix exponential, Varga [10] studied and analyzed certain discrete ap-
proximations to solutions of self-adjoint parabolic differential equations. The
matrix continued fraction used by Varga is an example of noncommutative
continued fractions about which not much is known. Thus, the theory of
continued fractions whose elements are operators have many applications in
various areas of mathematics and allow an acceleration of the convergence
of a number of approximations. In this direction, and generally in a Banach
space, few convergence results on non-commutative continued fractions are
known. Two theorems are cited by Wynn [11], where he gives some aspects
for the theory of continued fractions which the elements do not commute. In
Banach spaces, generalizations of some results of real cases are published by
Haydan [2] and Negoescu [8]. In [9], note that we gave a criterion provides a
necessary condition for the convergence of the noncommutative matrix con-
tinued fraction of the form K (I/A,), that we have generalized to the case
of K(B,/A,). We also expressed a sufficient condition for the convergence of
K(Bn/A).

In this work, we quote some early results that link the elements, the
numerators and denominators of convergent continued fractions matrices.
Then, We recall some fundamental relations of these fractions we will need
later. Towards the end, we give the continued fractions expansions of certain
Bessel functions Jy (A) and J; (A) of a matrix A after proving the convergence
of these developments.

2 Definitions and notations

2.1 Generalities

Throughout, we denote by M,, the set of m x m real (complex) matrices

endowed with the classical norm defined by

Ax
VAE M, Al = sup#o{”ﬂx,—,”} = sup{ll Azl lell = 1}. (1)

This norm satisfies the inequality ||AB|| < ||A]| ||B]| .
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Let A € M,,, A is said to be positive semidefinite (resp. positive definite)
if A is symmetric and

Vr € R™, < Az,z > >0 (resp. Vx € R™, z#0, < Az,x >> 0)

where < .,. > denotes the standard scalar product of R™ defined by
X=(X1, .1y Tm) € B™, y = (Y1, ..,¥m) € R™ :< 2,y >= 112, T

We observe that positive semidefiniteness induces a partial ordering on
the space of symmetric matrices: if A and B are two symmetrics, we write
A < B if B — A is positive semidefinite. Henceforth, whenever we say that
A € M,, is positive semidefinite (or positivedefinite), it wille be assumed
that A is symmetric. It is easy to see that if A < B then CAC < CBC for
all symmetric matrix C. _

For any A, B € M,, with B invertible, we write % = B~ !A. In particular,
if A = I, where I is the m** order identity matrix, then we write é = B,
It is clear that for any invertible matrix C, we have

CA A 6 AC

CB-B” BC @
Definition 2.1 Let (An)n30, (Bn)n>1 be two nonzero sequences of My,. The
continued fraction of (Ay) and (B,,) denoted by K(B,/A,) is the quantity

B, B; B,
tor B BB )
0 A1+Af+... 0 A Ay

Sometimes, we use briefly the notation
Bk +00
] 3)

Ao 3

k=1

The fractions §2 and 2o = [AO; %:] :_1 are called, respectively, the nt* partial

quotient and the nt* convergent of the continued fraction K (B,/A,).
When B, = I for all n > 1, then K(I/A,) is called an ordinary continued
fraction.

Proposition 2.2 The elements (P,),,5_; and (@Qn),>_,0f the n'* convergent
of K(B,/An) are given by the relationships

n>1

Qn = AnQn—l + BnQn—2 , = (4)

P,=1 PF=A4 and P, =A,P,_1+ B,P,
R-1=0, Qo=
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Proof. We prove it by induction. The proof of the next proposition is ele-
mentary and we left it to the reader.

Proposition 2.3 For any two matrices C and D with C invertible, we
have

. BiD B,C7!' Bil" )
TAICTY Ay T A k=3'

5, [Ao,-l?ﬁ] D= [CAOD
Apli=1

2.2 Definition of convergent matrix continued fraction

The continued fractionK (B, /A,) converges in M,, if the sequence (F,) =
(é—;f: = (Q;'P,) converges in M,, in the sense that there exists a matrix
F € My, such that lim,_, 1 ||F» — F|| = 0. In the other case, we say that
K(B,/A,) is divergent. It is clear that

P PP
o.Mt Xlg o) (6)

From (5), we see that the continued fraction K (B,/A,) converges in M,,

if and only if the series Z,"{i‘i(% - g:—j) converge in My,

3 Convergence of continued fraction of the
form K(B,/A,)

3.1 Equivalent continued fractions

Definition 3.4 Let (A,), (Bn) (Cn) and (D) be four sequences of matri-
ces. We say that the continued fractions K(B,/A,) and K(D,/C,) are equiv-
alent if we have F,, = G, for allm > 1 >, where F, and G, are the nt®
convergent of K(B,/A,) and K(D,/C,) respectively.

Now, we will present two lemmas concerning the real continued fractions
which are importants in the sequel.
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Lemma 3.5 ([4]) Let (rn) be a non-zero sequence of real numbers. The
continued fractions

[ by by b3 } [ rib1 roriby T3T2bs
ao; .| and : .

(7)

0y — s Ty T Qo; — ’ ) >
a; az as 141 T2G2  T343

are equivalent.

In the following lemma, from the development of a function given by the
Taylor series, we give the development in continued fractions of the series
that was established by Euler.

Lemma 3.6 ([5]) Let f be a function with the Taylor serie development is
f(z) = S}F% cpz™ in D C R. Then, the development in continued fraction of

f(a) is
i@ = Yot

n=0
Co; a1z —C2T —C1C3% —Cp—2CnT
"1+’ o+ ez’ epmr Fopx’

[ —az  —ceer —cicsz —Cp—2CnX
1'co+ciz’ cp+cox’ co+csz’  eport+cnr’ |

Remark 3.7 Let (A,) and (By,) be two sequences of My,, we notice that we
can write the first convergents of the continued K (B, /A,) by:
F1 = Ao-l—A;lBl = A0+(B1—1A1)—1,

-1
F2 = AO + (A1 + A;lBQ) Bl

= Ao+ (Bi'Ai+ (B 4B ™)
If we put, A% = BT A, and A5 = By A, B;, we have

I I I
F=Ay+—, Fo=A+ ——.
1 o+ 2 o+ A

T ®

Generally, we prove by a recurrence that if we put for all k > 1,

A;k = (B2k...B2)_1 Agk B?k—ln-Bl and A;k+1 = (sz+1...Bl)—l A2k+1 ng...Bg,
(9)
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then the continued fractions Ag+K(Bp/An) and Ao+K (I /A}) are equivalent.

11 follows that the convergence of one of these continued fractions implies the
convergence of the other continued fraction.

3.2 Convergence criteria of K(B,/A,)

Theorem 3.8 (/9]) Let (An)n>0 be a sequence of My,. If the continued frac-
tion K(I/A,) converges in M,,, then the series Yoo, ||An|| diverges.

n=0

From theorem 3.7, we deduce the following corollary.

Corollary 3.9 If the series Y50, ||Anl| converges absolutely in M,,, then
the ordinary continued fraction K(I/A,) diverges in My,.

We recall here a criteria that gives a sufficient condition for the conver-
gence of continued fraction in M,,.

Theorem 3.10 (/9]) Let (A,), (By) be two sequences of My,. If

”(ng._g...Bz)—l A2_kl_1 B2k—1'°‘B1” <a and ||(B2]¢_1~-.Bl)—1 A;kl BZIcB2)“ < /8
(10)

forallk > 1, where0 < a<1,0< B <1 and af < 1/4, then the continued
fraction K(B,/A,) converges in M,,.

4 Main results

4.1 Some reminders about Bessel functions

Bessel functions occupy a very important place in the problems solutions with
cylindrical symmetry. We can say that they are important in the hierarchy of
functions which are necessaries to tabulate. Bessel functions come immedi-
ately after the trigonometric functions, logarithm and exponential function
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but it is customary to fit them in the class of so-called special functions.
There are many books deal with remarkable properties of these functions.
Our goal is to show how to write the development of continued fraction of
Bessel functions Jp (z) and J; (z) and to study the convergence of these func-
tions.

The following differential equation

a:zfl—}:(:c) +xédz(a:) + (x - ) F(z) =0

is called Bessel differential equation of order v where v is a real number. The
solution of this equation can be written by

F(z) = CiJy () + Y, (z)

where J, and Y, are Bessel functions of order v of the first and second kinds
respectively which are given by:

N (_1)k (£)2k
_(z 2
Jv(a:)—~(2) k;)k!l"('u+k+1)’ largz| <7, veC

where I' is gamma function and

Jy (2) cos (mv) — J_y (z)

sin (7v)

Y, (z) = , largz| <m, veC\Z

Let n € N, we define the Bessel function J, of index n. The power series of

Jy, 18
n +00 k 2k
x
In(2) = <>Zk'n+k (2) '

4.2 Continued fractions expansions of J, (4) and J; (A)
4.2.1 Convergence of J; (A)

Let us consider z € R, the power series of Jy (z) can be written by
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( )2Ic
Jo(2) = ’a( 1) (k1)

We search the development of continued fraction of Jp (z) which is in the
form K (b,/an).

Lemma 4.11 The continued fraction ezpansion of Jo (z) s given by

2 _o (et

Jo (z) = |1; 1042 — z2° 4n=2((n — 2)!)2 (4n2 - z?)

n=3
Proof. We use Lemma 3. 62for the function:

Jo(z) = T2, (—-1)F %&— pIyad ;@(Lk,%?— z* by putting C, ({l})%;m”.
For n > 3, we get that :

(__1)n—2 n-2 ( 1)
Cn-2:C (n -2 42" (nl)? ol
(_1)2n—2 z2n—2

(nl)? ((n = D)7 =2

Furthermore, we have

(_l)n—l 1 (_1)"1 gntl

Crs Gz = ((n—1)N%4r-1 ~ (n))%4n
()" 2 [4(nl)? — ((n - 1)!)* 2
- (n - 1)lnl)?4n
(=D"n?-2?) .,
o
As a result,
Cpn—2Cn (=1)""2 g2n-2 4n (n!)?
Ot Gz~ (al(n D3 (L) (2 — o) g1’ 20

(=" gt

4n=2 ((n — 2)1)? (4n? — 22)’



In particular, we have

-z 1, Coz z?

Cy = —1x°, = .
2 x Ci+Cx 22—-42

Co=1, Cl=Ta B

Therefore, the development of continued fraction of Jy () is

T x? —z2 (=1)"zn1 *®
1 F— 22 T (43 — 22)’ %((n — 2)1)2 (4 — 22)

%m=h

n=4
Now, we treat the matrix case of Jy (z).

Theorem 4.12 Let A be a matriz of M, such that ||A]| = a where « € R
and a < 1. The continued fraction

i A (=1 A ]*“
P12 — AP 4n=2 ((n - 2)1)? (4n2T — A?)

n=3

converges in My,. Furthermore, the previous continued fraction is the con-
tinued fraction of Jo (A) so

=4 2 _ 1)\ gn-1 +00
0d) = |1 Cia ]

P42] — A2’ 4n-2 ((n — 2)1)? (4n2] — A2)

n=3
Before proving this theorem we need to present the following proposition:

Proposition 4.13 ([7]) Let C € M,, such that ||C|| < 1, then the matriz
I — C is invertible and we have

-1 1
|- < =7

Proof of theorem 4.12 We study the convergence of the continued fraction
Ao + K (Bk/Ak) with '

Ao I, Ai=1, Ay=4°21- A%
By

—A/4, B, = A?
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B (_1)k: Ak:—l
and { A: = 4k-2 ((k _ 2)])2 (4]{:2[— A2)

Check that the conditions of theorem 3.10 are satisfied. We have

sz_.g...Bg = iA(2k-‘3)+(2k-—5)+...+3+2’

for k> 3.

1

-1 _
A1 = iy ((2k — 3)!)?

(4(2k —1)*I — A»)™! and

Bok—1Bok—3...B1 = %A(2k—2)+(2k—4)+-~2+1'

Then,

1
42k—3 ((2](7 - 3)')2 X
1
—1)2] — A2)-11 4@k-2)+(2k—4)+-2+1
(4(2k—-1)"I - A% 4.A
< L
422 ((2k — 3)!)
(4 (2k — 1)2 I - A2)"1A(2k—2)+...+2+1” '

| (Bat-z.-Bo) ™ Azt 1 Bayr.. B = “(A‘”“‘”*‘”“‘“*“'*"’“)‘1

” A—-[(2k—3)+(2k—5)+..‘+3+2] X

Now, the matrices (4 (2k — 1)2 I — A2)~! and A®k-2+Ck—0+.+2+1 commute,
so the above inequality becomes
1 1 1 N
42k=1 ((2k — 3))? (2k — 1)?
A2 \TH A% 424
( 4(2%k - 1)2> A3 A3 A2

”(32’“-2 ' 'BZ’)‘I A;kl—lek—1 . 'Bln <

According to proposition (4.13) and the fact that ||A]| < 1, we obtain
1
;<1

() |y

It implies that for £ large enough, we get

|(Basz.-B2) ™ Azl Buis By < I All = @ < %
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To prove the second inequality of theorem (3.10), we have
o _ (A@k=2)+.241)-1 2y o\t
(Bor-B1) ™" AR BowBy = 47— D (16k1 — A%) ™ x
A@k=1)+...+3+2

A@k=2)+..2+1) 7! o\ —1
+ ( )2 I- (—A—> X
42-1 ((2k — 2)1)% k2 16k

A@k=1)+... 4342

Again using the fact that the matrices (16k2] — A2)™", A@k=D+-43+2 com.
mute, the proposition (4.13) and passing to the norm, we get

1
421 ((2k — 2))% .k

H(B2lc—1-uB1)—1 Ay sz---B2H < SIAll << !

2
which completes the proof.

4.2.2 Convergence of J; (A)

Let x be a real number, the power series expansion of J; (z) is
0o . ( % )2k+1
Ji(z) =) (1) 3=
Z:% k! (k + 1)!
In the next lemma, we give its continued fraction expansion.

Lemma 4.14 The continued fraction expansion of Ji (z) is given by

. =2 72 (=1)" zn+! +oo

@A) P (-2 (- D (n(nt 1) —aP)|

hi@) =3

Proof. We have

= k (%)2k+1 e (—1)k$k+1 k
Ji(z) = ,;)("1) K+ ,g)z%ﬂk!(m e



-104 -

taking C, = (-=1)" 2—2%3#:), for n > 1,we find

$2n+1

Cnaln® = e = D) (= Dl (n + 1]

for all n > 3.

Furthermore, we obtain

(=)™ 'z dn(n+1)—2?

Cr1+Crz = 2:=1(n —1)In!" 22n(n+1)

As a result,

CoaCoz (—=1)7L gt
Cror+ Coz 2273 (n—2)l (n— 1) (4n (n + 1) — 22)

In particular case, we have

—_xf o, = z® —Cox z2
200 72T 2631 Oy +Chr  (22.31 —x?)

X
CO'—'Q', Cl“

Hence, the continued fraction expansion of J; (z) is

REE: z? (=1)"z™*! -~
J1 (CE) = ['2“; 21 ) (223| _ $2)’ 922n-3 (n — 2)| (n - ]_)' (4n (n + 1) - 1‘2):|n=3

Then, we treat the matrix case.

Theorem 4.15 Let A be a matriz of M, such that ||A|| = o where o € R
and o < % The continued fraction

s - (=1)" A+ -~
92° 71 (22311 — A2)’ 22038 (1 — )l (n — 1)! (4n (n + 1) I — A2)

n=3

converge in M,,. Furthermore, the previous continued fraction is the con-
tinued fraction expansion of J1 (A). Hence,

L= |AFE 4 (<1)" AnHt .
P21 (2231 - A2 203 (n — 2)l (n— 1) (dn (n + 1) T — A2) .
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Proof. We study the convergence of the continued fraction Ao+ K (By/Ax)

with :
Ao
B,

and for k > 3,

I, Ai=1, Ay=24(223II - A?),
'—A2/4, B2=A2,

{ By = (=1)Ft Ak
A = 2%-3 (k= 2)1(k—1) (4k (k+ 1)) I — A?)

By the same manipulation as in Jy(A), we show that the condition of
Theorem 3.10 are satisfied.

ng_z.m.Bz — :I:A(Zk—l)+(2kt—3)+ ...... +5+2’

A5, = ! <I - -—-—iz———>—l
%=1 9%—4 (2k — 3)! (2k — 2)!12k (8k — 4) 2k (8k —4) )
then
A—(@k=1)+....+5+2)
9%~4 (2k — 31 (2k — 2)12k (3k — 4)

A2 11
I - _A2k+(2k—2)+ ...... +4+2|
2k (8k—4)) 4

“ ((sz—z.--Bz)_l) AZ—kzl—lBZk—l"-Bl“

It follows that
< 1 X
= 2%-3(2k — 3)! (2k — 2)12k (8k — 4)
A2 -1 A%k A2k-2 A4 42
(I 2k (8k — 4)) A2k=1A2%~3 A5 A2||°

|(Bov-a-B)™) Aty Boees By

Since ||A|| <1, we get

A2kA2k—2....A4A2
A2k-—1A2k-—3“”A5A2

<[l < nartt < i
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On the other side, when k is large, we have

1
234 (2 — ) (2k — D)2k (k= 4) ~

By proposition 3.14, we finally obtain

(- waa)

Which implies that

s <L

<
1- ” 4
/2k(8k—4)

|((Bat—2...B2)™) A5l Bax1.. By < |A| = @ < %

The proof of the second inequality of Theorem 3.10 is similar to the first
one.
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1. Introduction
Numerous integral transforms, namely, Fourier, Laplace, etc. are used to
solve the differential and integral equations. Elzaki transform is introduced,
see Elzaki [4]. Elzaki, et al. [5, 6, 7] describe the Elzaki transform as rivals
of the Sumudu transform in solving problems related to telegraph equation,

and integral and differential equations. More of its properties are proved in
5, 6, 7, 8, 9]

Elzaki transform is extended to-distribution spaces and Boehmian spaces
[1, 2] , and the same is proved for distribution spaces and to obtain solution
of Abel integral equation [15]. Fractional Natural transform using Mittag -
Leffler function, is obtained and its properties are discussed in [14]. In this
paper, we introduce the Elzaki transform of fractional order using Mittag -
LefHler function and study its properties.

In what follows, are the definition of the Elzaki transform and its proper-
ties. Consider a set A of function f(¢) of exponential order, which is defined
by

A= {f(t):3IM, k1, ks > 0,|f(t)] < MelV*i;t € (=1)7 x [0,00)},

where M is a constant of finite number and k; and k; may be finite or infinite.

Elzaki transform is given by

E(f(t)] =T() = v/oo e~ f(t)dt , t20ki<v<k (1)
0

The duality relation between the Elzaki transform and the Laplace
transform is suggested by

T)=vL(lfs) ; L(s)=sT(1/s) @
where L denotes the Laplace transform and T is the Elzaki transform.

The properties of Elzaki transform may be enumerated as

1. The Elzaki transform of derivative of f (t) and nth order derivative of
f(t) are, respectively, defined by

Bl () = T0) = ~2 (0 @

and
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E[f(n)(t)] T(n) T('l) Z 2-—n+kf(k) ) (4)
2. When f(t) = t",the Elzaki transform reduces to
E[tn] — n!vn+2 (5)
= T(n+1)v"*?. (6)

3. If F(v) and G(v) are Elzaki transforms of the functions f(t) and g(t),
then the convolution is given by

E[(/ * 9)(0)] = = FR)G() - 7

Theorem 1 [Inversion formula of Elzaki transform] [21] : Let E(v) be
the Elzaki transform of f(t) such that

(i) sE(1/s) is a meromorphic function, with singulartities having Re(s) <
o, and

(ii) there exists a circular region I' with radius R , positive constants M
and K, with

|sE(1/s)| < M/RX (8)
and
f(t) = 2i7m Tm e*tsl(1/s)ds
ie.
= ZRes [e*sE(1/s)] . (9)

Further, using (2), Equation (11) can also be written as

t) - ZRes [%et/”lE(v)] . (10)

The Mittag — Leffler function (17] is a function, which is a direct general-
ization of the exponential function, and has an affinity for fractional calculus.

One parameter representation of the Mittag — Leffler function is given by
[16]
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) o
EQ(Z) = k2=0-(-a-k—+—1) , 06> 0 (11)

Whereas two parameter Mittag — Lefller function (3] is represented as

bt k
Bopl2) =S —2—  a,8,2€C,Re(a, 8) >0 (12)
. .,;3:0 (ak + B)

with C being the set of complex numbers.
Special cases of the Mittag — Leffler function are
() Balz) =1 ,lel<1
(11) Ey (Z) = e*
(iii) Es(2) = cosh(y/2),z€ C
o0

. 2k X Gk .
(iv) Bra(z) = Z Th+1) Z =€

E gk R N
(v) Eip(2) = Z—:o Tk+2) 2 I;O Te) — 2

Following relations related to the Mittag — Leffler function may be useful.
(i) ;z_mmEm(zm) = En(2™)

(il) Eap(2) = 2EBaa+p(2) + f\%

(if) £ B (2) = Sl ueld

Different techniques are employed to solve fractional differential equations
[2, 16, 17, 18, 19, 20]. Using the Mittag — Leffler function and its properties,
different types of integral transforms and some functions are defined and
studied by the researchers (12, 13, 14, 15, 16, 17, 18].

In the following section, we give a brief introduction to fractional
derivative that is employed, which is followed by the Elzaki transform of
fractional order via the Mittag — Leffler function, and prove derivation of the

- properties. In Section 3, we obtain the inversion formula.

2. Preliminaries on Fractional Derivatives
2.1 Fractional derivative via fractional difference

Definition 1 : Let there be a continuous function f: R — R, t — f(t)
(but not necessarily differentiable). Let A > 0 be a constant discretization
span. The forward operator FW (h) is given by

FW(h)f(t) = f(t+h). (13)
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With regard to (13), the fractional difference of order ¢;,0 < @ < 1
, of the function f(¢) is given by

= e
82 1(6) = (W = 1)7 = S (=1%(§ ) 1l + (o = W)
k=0
and the fractional derivative of order « is defined by the limit
. Af(t)
(@) (4) = —J\
7O = im =L (14)

2.2 Modified Riemann — Liouville fractional derivative

To overcome with some drawback with the Riemann — Liouville fractional
derivative, the modified version is devised [10, 11].

Definition 2 : Let f: R — R,t — f(t) is a continuous function.
(i) When f(t) is constant K, its fractional derivative of order « , is
given by

1 1
o - — - >
DY K KI‘(l—-a) ta,a_O
= 0 , a>0

(i)  For f(¢) being not a constant, we have

F(&) = f(0) + (£(2) - £(0))

and its fractional derivative is defined by

f@(t) = Dgf(0) + DE(f(2) = £(0)) (15)

which when oo < 0, is given by

D) - £O)) = gy [ =07 F(@de, a<0 (19
0

whereas for o > 0, we have

D (f(t) = £(0)) = DE(f(t)) = D(FV(2)) (17)

and

fO1) = (FeMeE)™ n<a<n+l. (18)
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2.3 Taylor series of fractional order

Definition 3 : The continuous function f : R — R,t — f(t) has a
fractional derivative of order ko« . For any positive integer k and for any a,
0 < a <1, we have

s hak

ft+h) =Z(ak)'f(°"°)(t) ,0<a<l, (19)

k=0

where I'(1 + ak) = (ak)!.
2.4 Integration with respect to (dt)®

The integral with respect to is defined as the solution of the fractional
differential equation
dy = f(t)(dt)* , ¢>0,y(0)=0 (20)

Lemma 1 [10, 11] : Let f(¢)be a continuous function. Then the solution
y(t),y(0) =0, is given by

S
I

/0 £(6)(de)”
o /t<t~§>(“*>f(5>ds, O<a<l ., (21)
0

I

3. Elzaki Transform of Fractional Order and the Mittag —
Leffler Function

In this section Elzaki transform of fractional order is defined by using
the Mittag — Leffler function, which is the generalization of the exponential
function. Properties and convolution theorem are proved using the Elzaki
transform of fractional order.

By virtue of terminologies used in the preceding sections and recalling
those described for Fourier and the Lapalce transforms, respectively , through
the Mittag — Leffler function [10, 11], following definition results.

Definition 4 : Let f(t) be a function that vanishes for negative values
of t . Then the Elzaki transform of order «, for finite f(t), is defined by
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Balf(0) = )= [ En (—%)af(t)(dt)“ (22)

_ /:U?f(m)za(-t)“(dt)a (23)
M
= Jim [ V0B (=) (@) (24)

where E,, is the Mittag — Leffler function, given by (11).

Theorem 1 (Elzaki Laplace Duality of Fractional order) : If the
Laplace transform of fractional order of a function f(t) is Lo{f(t)} = Fa(s)
and the Elzaki transform E,[f(t)] = To(v) is of order ¢, then

T(v) = vF (1> (25)

v

Proof : Invoking the definition of Elzaki transform of fractional order
(22), we write

Ealf(t)] = Tulv)= /Ooovf(t)Ea«—%)a) (dt)”

= Jma /0 Y o - i ), (<—%)a> dt.  (26)

By using the change of variable wv — ¢, we get the right hand side

= limoz/M(M — vw)* % f(vw) By (—w)* dw .
0

M1oo

By using the change of variable vw — ¢, futher we get

M AN Y]
= limo / (M —t"* W2 f(tE, (—t—> at

v v
tl

Teo 0
o0 «
v / f(tYE, (—;) dt' | using Laplace transform
0

I

Hence,
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proves the theorem.

Theorem 2 (Change of Scale Property) : Let f(at) be a function in
the set A , where a is non — zero constant. Then

Eo[f(at)] = -C;l;;Ta (g) : (28)

Conditions are as mentioned above.
Proof : Using (22), we have

[ s, <(—%)) (d)"

— lima /0 Y M = 0o fat)E, (—3>adt (29)

M1too (]

Eo[f (at))

By using the change of variable at — t/, we get

Ma ! /I \ @ g
- lima/ (M - L1y 1(#)E, (J—) at
0

Moo a av a
_ Ma (]\4-01 _ t/)a—-l , ¥ o )
_/0 Sy ()R (‘EE) dt
ie.
Balf(at)] = Ta (2) - (30)

Theorem is proved.

Theorem 3 : Let f(t — b) is a function of fractional Elzaki transform.

Then b &
Balf(t =) = £a ((-2) ) o) - (3)
Proof : By (22) of Definition 4, we have.

Balre-0) = [ o g0 ((-1) ) @
t

= I}}%an /O‘MV(M — 1)y f(t - b)E, (—a)adt . (32)

Considering t — b = z, we have the right hand side

~ lma /OM-QM — b= 2)5"ly f(2)En <—(b + ‘”)a d

Mtoo
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= /OM—b(M ~b=2)*" f(2)Ea (-2)" B <—9>adm

ie.

Balf(t -8 = Ba (~1) Ta) . (53

which is due to E,(A(z + y)®) = Eq(Az®) Eq(Ay®).

Theorem 4 : If f(t) is Eo(a®t®)f(t), then the Elzaki transform is given

by BalEa(a*t) 1) = (1= )T( ) (39)

1—-av 1—av

Proof : Using (22) again of Definition 4, we have

[ e (<)) @

- lima /0 M -t () B (a) B <~%>adt

M1oo

Eo[Ea(a®t%) £ (2)]

ie.

= gme [ -0 s (- (22))

Setting (1—av)t = w, we have the right hand side, reduced to

M=av w \* w w\® dw
= li M - Ey{——
13%200‘/0 <[ 1—cw> Uf(l—av) ( v) (1-av)

B /oM—M (1 —lav>a (M - av? mw)Tf <1 anv) B (~%>adw ’

ie.

EalEa(a*t%) ) = (1= )T( ) (35)

1—av 1—-av
Hence, the theorem is proved.
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Theorem 5 : Let the convolution of two functions f(¢) and g(t) of order
o is given by

= [ 1= ogte)agr (36)
Then the convolution of Elzaki traanorm of order « is
Bal(/() % 9(0))a) = T Ma(0)Nalv) (37)
Proof : The convolution of Laplace transform of order « is given by
La[(f(t) * 9(t))a] = La{f (1)} La{g(t)} (38)

Now using Elzaki — Laplace duality (Theorem 1, (25)), we have
Eo[(f(t) % 9(t)a] = vLa{f(t)}La{9(t)}

A A

i.e.

Bal(f(2) * 9(1)a] = ~Ma(o) Na(v) (39)
The theorem is proved.

Theorem 6 : The inversion formula of the Elzaki transform of fractional
order o that is given by (22), is

= ERes [%et/”Ea(v)] : (40)

According to the fractional Elzaki — Laplace duality (Theorem 1), the inver-
sion formula can easily be proved.
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