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Abstract

Let % be aring and D = {dp, } men a family of mapsd,, : £ -+ £
satisfying do = I (the identity map on %) and dm(an o (--- (a2 o
01) ) = Syt g o (an) © -+ (dpa(02) 0y (@) --- ), for all

aj, *,an, € Z and for each m € IN, where a o b = ab + ba is the
Jordan product of @ and b in #. We prove that if Z contain a non-
trivial idempotent satisfying some conditions, then dy, is additive for
each m € IN. In particular, if # is a standard operator algebra, then
d,, is additive for each m € IN.
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1 Introduction

A ring Z is called k-torsion free if kx = 0 implies = 0, for any = € Z,
where £ is a positive integer. We define the Jordan product a o b of elements
a,bin Z as aob = ab + ba.

Let Z be aring and § : Z — Z be a map. We call § a derivable map or
multiplicative derivation if 6(ab) = §(a)b + ad(b) for all a,b € Z, a Jordan
derivable map or multiplicative Jordan derivationif §(aob) = §(a)ob+aod(b)
for all a,b € Z and a Jordan n-tuple derivable map or multiplicative Jordan
n-tuple derivation if

5(a710('--(a20a1)---))=Zan0(~-(5(ak)0(~-(a20a1)---))---)

for all ay,--- ,a, € Z.

Let Z be a ring and D = {dpn}men & family of maps d,,, : Z — £, for
allm € N ={0,1,2,--.}, such that dy = Iy (the identity map on #Z). We
call D a Jordan n-tuple higher derivable map if

dnfano (++(a0a) )
= Y dolan) o (e ([Gma) o dpy (@) ), (1)

P1to.t+pa=m

for all aj, -+ ,a, € Z and for each m € IN.

We say that a Jordan n-tuple higher derivable map D = {d,,}men is
additive if d, is additive, for each m € IN.

The authors in [3] studied the additivity of Jordan 2-tuple derivable
maps, defined on rings having at least one non-trivial idempotent, and the
authors in [2] extended their results to the Jordan n-tuple derivable maps,
for all integers n > 3 and similar classes of rings. Recently, the authors in
[1] studied the additivity of Jordan 2-tuple higher derivable maps for the
same class of rings in [3]. They proved the following main theorem:

Theorem 1.1. [1] Let Z be a ring containing a nontrivial idempotent and
satisfying the following conditions for 1,3,k € {1,2}.

(P1) If ai; ik = 0 for all z;, € Ry, then a; = 0;
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(PQ) If TijQjk = 0 for all T € %z'j; then Ajk = 0;
(P3) If ayzy + zyay; = 0 for all zi; € Ry then ay; = 0.
If the family D = {d,;,}men of mappings dm : Z — £ such that dy = I

satisfies

dm(ab+ba) = Y dp(a)dy(b) + dp(b)dy(a)

ptg=m

for all a,b € Z and for each m € N, then D = {dm}men 15 additive.
In addition, if Z is 2-torsion free, then D = {dm}men 1S a Jordan higher
derivation.

The aim of this paper is to extend the Theorem 1.1 to the class of Jordan
n-tuple higher derivable maps, for all integer n > 3 and similar classes of
rings in [2].

2 The main result

Our main result reads as follows.

Theorem 2.1. Let Z be a ring 2 and (2" — 1)-torsion free containing a
non-trivial idempotent e; and satisfying the following conditions:

(i) e;ae;Rer =0 or exZeiae; = 0 implies e;ae; =0 (1 < 4,5,k < 2);
(11) Tog 0 (- (agg 0 7g) - -+ ) = 0 for all rog € A2, implies azy = 0.
Then every Jordan n-tuple higher derivable map D = {dm}men is additive.

Following the ideas and techniques used by Ashraf et al. [1] and Ferreira
et al. [2] we shall organize the proof of Theorem 2.1 in a series of lemmas.
We note that for m = 1, the identity (1) reduces to

dl(ano(“‘(azoal>"'>):Zano(“‘(dl(a’i)O("‘(a2°a1>"'))‘")

for all aj, -+ ,a, € Z. Thus, from the [2, Theorem 2.1.] d; is an additive
map. We use this result throughout the paper without further reference.
We begin with the following lemma:
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Lemma 2.1. d,(0) = 0 for each m € IN.

Proof. We prove the lemma based on second principle of mathematical in-
duction for m. Let’s assume that d(0) = 0 for every non-negative integer
k with k < m for any non-negative integer m. It follows that

dm(0) = dm(00 (---(000)--))

S

- Z dp, (0) 0 (++ + (dpy (0) 0 dp, (0)) -+ )

= 00 (- (dm(0)00)--)
+ S dp(0) 0 (- (dpy(0) 0 dy (0)) ---) = 0.

P1t..+pn=m
paFEmM

Therefore, we can conclude that d,,(0) = 0, for each nonnegative integer
m. (]

In what follows, we assume the assumption that dj is an additive map
for each non-negative integer k£ < m for any non-negative integer m.

The following lemma will be used throughout this paper, whose proof is
elementary and therefore omitted.

Lemma 2.2. For any elements a1, € %11, bios € P2, co1 € Koy and
dog € Hoa the following holds

dm(Tz;lljn_l o (- ((a11 + bz +co1 +dap) 0 7‘1-113-1) o))
= Z dp,, (7’31__11%_1) B e e (dpk(rfkjk)

pP1t+..+pn=m
o(- - (dpy(@r1 + b1z + o1 + dag) 0 dpy (r5,5,)) ) -++)

1171
T ines © (o (dm(a11 + biz + co1 +dag) o1 ,) )
» k
+ Z dpn (T;7‘;1—~11j11—1) & (. . (dpk (rikjk

P1+.FpPn=m
p2FEmM

o+ (dpy(an1) © dpy (Tigyy)) ) )
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+ Z dp, (7’3:_11]'"_1) o (- (dp, (Tfk]'k)
P1+...+pPn=m
paFEmM

o+ ++ (dpy(b12) © dpy (Tiy5,)) =) -+ )
+ Z dp"(r’z:-]ijn—l) o (- (dp (Tikkjk)

p2Fm

o(-++ (dp(Ca1) © dpy (Th5,)) - ++)) )
3 (7L ) 0 (o (dpy ()

p1totpa=m
p2FEm
o(- - (dpy (daz) © dpy (3,5,)) *++)) ) (2)
for all rik]k € ‘%‘ikjk (’ik,jk =1,2k=1---n— 1)

Lemma 2.3. For any elements ay1 € %1, bis € %2, ¢ E Ky and
d22 e %22 the following hold (Z) d ((111 + b12) = dm(an) (blg) (’LZ)
dm(a11 + c21) = dm(a11) + dm(ca1); (1) dm(brz + daz) = dpy(b12) + din(da2)
and (Z'U) dm(021 +dy) = dm(621) +d (dzz)

Proof. For any elements rf ;€ Z;,;, (k=1,--+,n—1), with (i1, 1) = (1,1)
and (Zkajk:) (2 2) (k = Qa e ,Tl'—].), or (Zky.jk) = (2’ 2) (k = 1’ e ,n_l)a
or (i1,71) = (1,2) and (i, jk) = (2,2) (k=2,-++ ,n — 1), we have
dm( ?«n—l.?n 1 © ( ((a’ll + b12) 11‘71) o ))
= dm(r}, T mn 1 o (allorﬁm) )
+d ( 2n 1Jn h o( (b12OT@IJI) ))
= z dpn(T?n 11.7n 1) e ( v (dpk (Tfkjk)

P1t.Fpp=m
( (dm(all)odpl( zlgl)) )))
+ Z p, (T3, 111n~1) o+ (dp(r fkjk)

P1+..+pa=m

O(' ' (dpz(b12) O dm( 21]1)) ' )) e )
= T 0 (o (dm(an) omi) )
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Y B 0 (o ()
P1+...4pn=m
p2FEM

o(+ -+ (dpy(a11) 0 dpy (i 3,)) - +)) -+ +)
+7 s © (- (dm(biz) 07 ) )

in—ljn—l
o Z dpn(rz-:_]ijn_1> © (' v <dpk (Tfkjk)
P1+.A+pr=m
paFEmM
o+ ++ (dpy (br2) © dpy (Tiy5,)) <)) ++). (3)

Considering ¢ = dy; = 0 in (2) and subtracting (2) from (3), we obtain

T iines © (0 (dm(aas + b12) = d(anr) = dm(bra)) 07 ;) -+ ) = 0. (4)
This implies that, if (41,71) = (1,1) and (%,5x) = (2,2) (k=2,--- ,n—1),
then we obtain

711 (dm(a11 + b12) = dm(a11) — dm(b12))15p - - 735t
+ 7'32_1 see T§2(dm(all -+ blz) = dm(au) - dm(blz))T%l = O,

by (4), which yields

7”%1(dm(0»11 + b12) — dm(all) - dm(b12))rg2 T ng_l
= oyt riy(dm(ann + bi2) — dm(ay;) — den{bra))r3, = 0.
It follows that (dm(a1; + b12) — dm(a11) = dm(b12))12 = (dm(ayy + b)) —
dm(au) — dm<b12))21 = 0, by [2, Lemma 21(1)] If (ik,jk) = (2,2) for all
(k=1,---,n—1), then by (4), we obtain
ro5 0 (- ((dm(a11 + b1a) = dm(a1) = dim(biz)) 0 7) -+ ) =0

which yields (din(a11+b12) = dim(a11) —dim(b12))22 = 0, by [2, Lemma 2.1.(ii)].
If (il’jl) = (1’ 2) and (ikajk) = (2’2) (k =2, y = 2)a then by (4) a'ga'in
and the previous cases, we obtain

(dm(a11 + bia) = din(a11) — dm(b12))71o75e -+ T3 L = 0

which shows that (dm(a11 4 b12) — dm(a11) — dim(b12))11 = 0, by [2, Lemma
2.1.(1)]. Consequently, dn, (a1 + b12) — dm(a11) — dm(byz) = 0.
Similarly, we prove (ii), (iii) and (iv). O
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Lemma 2.4. For any elements ayg,b1a € %12, bo1, Co1 € Xo1 and toy € Koy
the fOllO’UJ'L’I’Lg hold: (Z) dm(dlztgg + b12t22) = dm,(almtgz) + dm(blgtzg); (ZZ)
dm(t22ba1 + t2aCo1) = din(taoba1) + din(to2ca1).

Proof. First, we observe that the following identity holds

a1atag + biotay = ey 0 (- -+ (e1 o((a12 + ta2) © (bia +t22))) - -+ ).
N, i

(n—2)—times
As a result, we have by Lemma 2.3(iii) that

dm(a1atag + bigtos)

dm(e1 0 (- (e10((a12 + ta2) 0 (b12 +t22))) -+ +))
| S .

(n—2)—times

= e 0+ (e10((ar2 +taz) 0 dm(bi2 +122))) -+ +)
N, sttt

(n—2)—times

+e10 (- (ero(dm(arz + taz) © (b1a +t22))) - )

N, et

(n—2)—times

+ Y dpa(er) o (dnler)

P1t...+pn=m o s
p1#EmM, p2FEmM (n—2)—times

o(dp, (a12 + tag) 0 dp, (b12 +t22))) - *)
= eo((e10(apod m(b12))) )

fe10(-++(e10 (a1z 0 dm(ta))) )
+er o (- (e1 0 (taz 0 dn(b12))) -+ +)
+e1 0 (- (e10 (t2 0 dm(tr))) ++)
+ero (- (e10 (dm(aiz) 0 b12)) )
+e10 (- (e10 (dm(arz) o tan)) - +)
+e10 (- (e10 (dm(taz) 0b12)) )
+e1 0 (- (e1 0 (dn(taz) o tas)) )
+ Y dpy(er) o (- (dp(er) 0 (- (dpy(a12) 0 dpy (brz)) ) +++)

pL#EM, p2FEM
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+ Y dp(er) o (o (dpler) o (- (dpy(ar2) 0 dpy (t22)) ) )

p1t+...+pn=m
p1#m, p2#m

+ > dp(er) o (- (dnler) © (- (dpy(t22) © dpy (Br2)) - ++)) )

p1+...+pn=m
p1#m, p2#EmM

+ 3" dpy(er) o (- (dplen) © (- (dpy(t22) © dpy (t22)) +++)) ++)

P11t App=m
p1Fm, p2#EmM

= dm(e1o(--(e10(arp0b1)) ) +dmlero(---(ex0(arz0tp)) )
+dm(ero (- (610 (taa0bi2)) ) +dm(ero (- (er0 (a2 0tag)) )
= dp(a12t) + din(biates).

Using a similar argument to the previous case we prove that d,,(tazba1 +
toaco1) = dim(taobo1) + dim(taaco1), from the identity

togbor + toacor = €1 0 (-« (e1 o((ca1 + ta2) © (o1 + t22))) - - ).
(2=t
n—z)—1lmes

O

Lemma 2.5. For any elements ai12,b12 € %12 and bay,co1 € Xy the fol-
lowing hold: (i) dm(ays + b1a) = dm(a12) + dm(b12); (1) dm(bar + c21) =
dm<b21) s dm(c21)-

Proof. For any elements ), € %y, (k=1,-++,n—1) with (41,51) = (1,1)
and(zk,jk) (2 2) (k=2,---,n—l),or(ik,jk)=( )(k:l,---,n——l),
or (i1,71) = (1,2) and (i, jx) = (2,2) (k= 2, ,n— 1) we have by Lemma
2.4(i) that

(7 Z lun o (o (a2t bi) o))
= (7, 1],1_ o (- (a120755) )
(T3, 0 (o (Brz0m55) )
= 10 0 G (dm(arg) omyy) )

T Z dpn(an v Ll (S (dp (T;ijk)
Pit..tpn=m
paF#Em
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o(++ + (dpy (@12) © dpy (T35,)) - +)) -+ )
+7‘Zl_—11jn—1 2 ( o (dm(b12) °© 7'2'113'1) e )
+ Z dpn (TZ:_]ijn_l) o (' v (dpk (Irfkjk)

P1t+...+pn=m
p2F#mM

o+ (dpy (Br2) © dpy (rE 1)) <)) <), (5)

Considering a11 = cy1 = dgg = 0 and replacing b1z by a1z + by, in (2), and
subtracting (2) from (5), it results

Tivino © (0 (dm(arz + biz) — dm(ar2) = dm(br2)) 0 7ij,) -++) = 0. (6)

As a consequence, if (i1,71) = (1,1) and (i, Jx) = (2,2) (k=2,--- ,n—1)
we get

i (dm(a12 + b12) — dim(a12) — din(b12))73y -+ 755
+ 7'7212_1 s e 7‘§z(dm(412 + b12) - dm(a12) - dm(blz))Th =0,

by (6), which results that

71y (dm (@12 + b12) — dm(a12) — dim(b12))73y -+ 755"
n—1

et -ng(dm(au + b12) — dm(a12) — dm(blZ))T%l = 0,

It implies that (dmy(aiz + bi2) — dm(a12) — dm(b12))12 = (dm(a12 + b1z) —
dm<a'12) - dm(bIZ))Ql =0. If (ik,jk) = (27 2) for all (k = 17 e yn— 1)) then
by (6), we obtain

| o5t o (o ((dm(arg + big) — dm(@12) — dm(b12)) 0735) -+ ) = 0.

which results (dm(a12+b12) —dm(a12) — dm(b12))22 = 0, by [2, Lema 2.1.(ii)].
If (41,71) = (1,2) and (4k,Jk) = (2,2) (k =2,--+ ,n— 1), then by (6) and
the previous cases, we conclude that

(dm(ar2 + b1z) — dm(a12) — dm(b12))1o755 - - 755 - = 0.

It therefore follows that (d,(a12 + b12) — dm(@12) — dm(b12))11 = 0. Conse-
quently, dm(aiz + big) — dm(aia) — dn(bi2) = 0.
Similarly, we prove (ii). O

=7
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Lemma 2.6. For any elements ay1,bi1 € %11 and coo, dog € Hoy the fol-
lowing hold: (i) dm(a11 + bi1) = dm(a11) + dn(b11); (it) dm(cor + dog) =
dm(C22) + dm(da2).

Proof. For any elements ry,;, € Zi,j, (k=1,---,n—1) with (i,51) = (1,1)
and (i, jx) = (2,2) (k= 2,--- ,n—1), 0r (4, Jk) = (2,2) (k=1,--+ ,n—1),
or (i1,71) = (1,2) and (ig, jx) = (2,2) (k =2,-++ ,n—1), we have by Lemma
2.5(i) that

d (,n o (o ((an +ba) orly) )
= dm(rP7h, 0 (- (aoriy) )

+dm, u ey © (- (Brrom ;) )
= leunl (- (dm(all) zm) )

+ Dy (rETh) 0 (o (day (T,

P1+...+pn=m
p2FEM

o(- - (dpy(a11) 0 dpy (riy3,)) -+ +)) -+
1y © (- (dm(bu) 0 miyy) - )
+ Z dp, (7‘31_—111}1—1) of (dpk (Tfkjk)

P1+...Apn=m
p2FEM

o+ + (dpa (b11) 0 dpy (1iy1,)) +++)) - ) (7)

Considering by = cp; = dgp = 0 and replacing ai; by ai1 + by, in (2), and
subtracting (2) from (7), we get

rE i © (o ((dm(a1r + b11) = dm(a11) = dm(b1)) 0 755,) -++) = 0. (8)
As a consequence, if (i1,71) = (1,1) and (i, jx) = (2,2) (k=2,--- ,n—1),
by (8) we obtain

11 (dm(a11 4 b11) = dm(a11) = din (b11))755 - - 755

=155 Thy(dm(an + bun) = dm(a11) = dm(bi1))r1; = 0.

which shows that (d,(a11 + b11) — dm(a11) — dm(b11))12 = (dm(a1y + b11) —
dm(an) - dm(bll))gl =), If (ik,jk) = (2, 2) for all (k = ]., s g == 1), then



-339 -
by (8), we obtain

755+ 0 (++ ((dm(aa1 + b11) — dm(a11) = dm(b11)) 0735) -+ ) =0

resulting in (dp(a11 + b11) — dm(a11) — dm(b1 )) op = 0, by [2, Lema 2.1.(ii)].
If (i1,71) = (1,2) and (i, Ji) = (2,2) (k = — 1), then by (8) yet
and the previous cases, we obtain

(dm(an + bu) - d-m(au) - dm(bll))rizrgz Ty =0

which results that (d,,(a1; +b11) — dm(a11) — dm(b11))11 = 0. Consequently,
dm(a11 + b11) — dm(a11) — dm(b11) = 0.
Similarly, we prove (ii). O

Lemma 2.7. For any elements biy € %12 and ¢y € Ho1 the following holds
Am(b12 + c21) = din(b12) + dm(ca1).

Proof. For any elements 7! € %y, (k = 1,--- . n — 1) with
1

it = (3) (47 = 1 D L1 mm ), of (s ) =
(2,1) and (i, Jx) = ( ) k = ,n —2), or (i1,51) = (1,2) and
(%5s Ji) = (1,1} (k= 2, . —1), we have

A (T3~ un co (e ((brz+ea)oriy) )
= dm(ry 1.7n- o (- (b12OT1131) )
(P o (e (enori) )
= b o (o (dm(bi2) o) )
+ > Ay, (P 0 (o (dp ()

P1+...+pn=m
p2#EM

o+ (dpg (Br2) 0 dpy () ++)) )
+r07L o (e (dm(car) 0Ty )
+ ST A 0 ) 0 (o (dp (E )

P1+...+pn=m
p2F#EmM

o(:++ (dpy(car) 0 dpy (iyz,)) - ++)) ). (9)
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Considering a;; = dgy = 0 in (2) and subtracting (2) from (9) we get

Pl o (+++ ((dm(b1a + 1) — dm(b12) — dm(ca1)) © 7”111]'1) ) =0. (10)

in-ljn—l

As a consequence, if (4,1, jn—1) = (1,2) and (44, jk) = (1,1) (k= 1,--+ ,n—
2) we obtain

iyt o (rf2 o (- ((dm(bia + c21) = dim(b12) — dm(ca1)) o 7p) - ++))
—0, (11)

by (10). Multiplying (11) from right by ¢;1, then
715 ((dm(biz + ca1) = dm(biz) — dm(c2))rly + 17 2t = 0

which results that d,,(b12 + c21) — dm(b12) — dm(c21))21 = 0. If (41, Jn_1) =
(2,1) and (ix, jx) = (2,2) (k=1,--+ ,n —2) we obtain

iyt o (rg5 2 o (- ((dm(brz + ca1) — dm(b12) — dm(ca1)) 0 73) -+ +))
—0, (12)

by (10) again. Multiplying (12) from right by ¢z, then
757 ((dm(b12 + co1) = dm(b12) — din(C1))7hy 55 2oz = 0

which yields that (d,, (b2 4+ ¢21) — dm(b12) — din(c21))12 = 0. Now, let us
prove that (dm(bi2 + ¢o1) — dim(b12) — dim(c1))11 = 0. First, we observe that
the following identity holds bip + co1 = €10 (-+-((biz +ca1) 0oey) -+). As

n—;i(mes
consequence, we have
dm(biz +c1) = = dm(ero (- ((b12 +can)oer)--+))
n—;irmes

= elo(---(dm(b12+021)061)"')

+ > dp(er) o (- (dp(er)
pi1t...+ppn=m
paFEmM

of+++ (dpy (brz + ca1) 0 dpy (€1)) - +)) -+ )
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= 61O('--(dm(b12+c21)°el)"')
= Z dp,(€1) o (++ (dp,(e1)

P14 APpn=m
p2FEM

o+ ++ (dpy (b12) 0 dp, (€1)) -+ )) -+ )
+ Y dp(er) o (- (dp(er)

P1t..+pPp=m
paFEmM

of- -+ (dpy(€a1) 0 dp, (€1)) -+ +)) +++).  (13)

Also, we observe that the identity holds bio = ey 0 (-+-(biz0e1)--+) which

-
n—times

results in,

dm(bi2) = dm(flo("'(bwoeg)“'))

-
n—times

= e10(-+ (dm(biz)oer) )
+ > dpe) o (dpler)

P1+..+pn=m
p2FEmM

o(-++ (dp, (brz) 0 dp, (€1)) -+ +)) - -+).  (14)

Similarly, we have cy; = €, 0 (++- (o1 0 €1) - -+ ) which yields

~
n—times

dm(c21) = dm(§1 © ( “ Y (021 © 61) e ))

)

N
n—times

— elo(...(dm(Cm)O@l)"')
+ Z dp, (e1) © (- (dp(e1)

p1t+...+pn=m
paFEmM

of-+ (dp;(can) 0 dp, (€1)) -++)) - -+).  (15)

It therefore follows that, subtracting (13) from (14) and (15) we obtain

dm(b12 + ¢21) — dm(b12) — dm(c21)
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= €10 (- ((dm(brz + c21) — dm(b12) — dm(car)) 0 €1)--+).  (16)

which implies that (27! — 1)e;(dm(bi2 + c21) — dm(b12) — dm(ca1))er = 0.
As results, we obtain (dp(bia + c21) — dm(b12) = dm(c21))11 = 0, since Z is
a (27! — 1)-torsion free ring. Finally, if (¢1,71) = (1,2) and (%, Jx) = (1,1)
(k=2,---,n—1), by (10) yet, we have

™1 Yo (i 2o (- ((dpm(b12 + c21) — dm(b12) — dm(ca1)) © 7"%2) .++)) =0.

which shows that
it iy (A (b2 + €21) = dm(b12) — dm(ca1)) = 0. (17)

The identity (17) allows us to conclude that (dm(b1a + co1) — dim(b12) —
dm(ca1))22 = 0. Consequently, dm(b12 + Co1) — dm(b12) — dm(ca1) = 0. O

Lemma 2.8. For any elements a1 € %11, bia € Z12, ¢ € K1 and dog €
Ry the following hold: (i) dm(azy +biz2+c21) = dm(a11) +dm(b12) +dm(ca1);
(1) dpm(b1z + Co1 + dag) = din(b12) + dm(c21) + A (da2).

Proof. For any elements rf , € Zi,;, (k=1,--+,n—1) with (21,]1) (1,1)
and (ix, jx) = (2,2) (k= 2,-++ ,n—1), or (ik,Jk) =(2,2) (k=1 ,n-1),
or (i1,71) = (1,2) and (z'k,jk) =(2,2) (k=2,--+ ,n—1), we have by Lemma
2.7 that

dm (i Un co(+((aun+biz+ca)oriy) )
= dm(r;_ Un Lo (aroriy) )
+dm(7”zn tincs o (- (brzomy) )
(i, o (e (e o) )
= T?n\lljn q o (dm(all) 1,1]1) *)

I+ Z dp,, (7‘21—11%—1) B> (dpk (T”I:ckjk)
P1+...+pn=m
p2FEM

o+ ++ (dpy(a11) 0 dpy (T45,)) =)+ +)
Hrpl o (o (dm(br2) 01y )
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+ Z dp,, (TZ;——-]ijn—l) o (de (Tz}‘i.jk)
P1+...+pn=m
p2FEM

o(- -+ (dp, (br2) © dpl(rilljl)) ws Jloen)
+rp i o (e (dmlean) 01iy) )
+ Z dpn (T:::.]ijn—l) o (. o (dpk (Tfkjk)

Pi+..4+pn=m
paFEM

o(- -+ (dp(car) 0 dpy (15,5,)) -+ )) - ). (18)
Considering do; = 0 in (2) and subtracting (2) from (18), we obtain
"'Z;lljn_l o (- ((dm(a11 + b1z + c21)
= dm(all) == dm(bll) - dm(c21)) © 7','11]’1) o) =0. (19)

As a consequence, if (i1, 751) = (1,1) and (i, jk) = (2,2) (k=2,--- .n—1),
by (19) we get

11 (dm(a11 + b1z + c21) — dm(a11) — dm(bi2) — dm(ca1))ray - - 755
+ 7ot 13 (dm(agy + bia + ca1) — dm(@11) = dim(br2) — dm(ca1))ri; =0

which implies that

711 (dm(a11 + 012) = din(a11) — dm(b12) — dm(c21))75g - 17557
=715 rho(dm(a11 + biz) — dim(a11) = dn(biz) — dm(ca1))ri, = 0.

It therefore follows that

(dm(@11 4 b1z + €21) — din(a11) — dm(b12) — dm(c21))12
= (dm(a11 + b12 + €21) — dn(a11) — dm(b12) — dm(ca1))a1r = 0.

If (¢, Jk) = (2,2) for all (k=1,---,n— 1), then by (19), we get

. 7’;}2—1 o (: (dm(arr + b1 + C21)
— dm(a11) — dm(b12) — dm(c21)) 0 735) -+ +) = 0.
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which shows that (d,(a114b12+C21) —dm(@11) = dm(b12) = dni(21) )22 = 0, by
2, Lema 2.1.(ii)]. If (41,41) = (1,2) and (ik, jk) = (2,2) (k=2,--- ,n - 1),
then by (19) we have

(dm(a11 + b1z + c21) — dm(a11) — dm(b12) — dm(c21))rior5s - 731 =0

which implies that (d,,(a11 +b12 + 21) — dm(a11) — dm(b12) — dim(co1))11 = 0.
Consequently, dm(a1; + b1z + ¢21) — dm(@11) — dim(b12) — dm(co1) = 0.
Similarly, we prove (ii). d

Lemma 2.9. For any elements a;; € %11, big € H1a, o1 € Xy and doy €
Rz holds dm(a11 + bia + a1 + da2) = dm(a11) + dim(b12) + dny(c21) + din(da2).

Proof. For any elements 7 ; € %y, (k=1,-+- ,n—1) with (i1, 51) = (1,1)

and (i, Jx) =1(2,2) (k = 2 -,n—1), or (Zk,jk) =(1,1)(k=1,---,n-1),
or (i, jk) = (2,2) (k=1,--- ,n— 1), we have by Lemma 2.8 that
ln 1Jn p © ((a’u + b12 +ca1 + d22) 2 Thh) ' ))

A (77, (-
= dm(r] fh l]n 10( (a11°731]1)'”))

+dm (zn 1Jn 1 (e (blzormx) +))
+dm(?‘l,n 1jn-1 O( (6210T2131) ‘))
+dm(7zn 1t @ ( (d22 ° rzljl) ) ))
= TZ‘L—]ijn- o (- (dm(a11) o zm) o
+ Z dpn('f?n 11]n 1) & - - (dpk(lré‘;cjk)
.. +pn=m
p2#EM

o(:++ (dpa(an1) 0 dp, (i) - ++)) )
+rits O(" (d (b12)o77}1J1) )

tn-1Jn—1

+ Z dpn(rz:_lljn-l) o (- (dp, (rfkjk)
P1t.t+pa=m
p2FEM

o+ (dpy(bra) 0 dpy (Ti5,)) -+ )) )
*’_7“31__111'”_1 o (- (dmlcar) 0 Tiz) )
+ Z dPn(rz:-lljnﬂ) o (- (dy (rz{ijk)

Pi1t+...+pn=m
paFEM
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o(- -+ (dpg(ca1) 0 dpy (T5,)) ) -+ +)
+1 i © (o (dm(da2) 0 73,5) )
+ Y b (A )0 (o (dpy (7E )

P1t. o +pn=m
PaFEM

O(: ++ (dp(da2) © dpy (r5,5,)) =+ +)) ). (20)
Subtracting (2) from (20) it results that

i o (+ ((dm(a11 + b1z + co1 + da2)

in—ljn—l

- dm(a'll) - dm(bll) - dm(cﬂ) - dm(d22)) ° ’rilljl) o ) = 0. (21)

As a consequence, if (1,71) = (1,1) and (i, Jr) = (2,2) (k=2,--- ,n—1),
we get (dpm(a11+b1a+cor +dog) —dm(a11) = dm(b12) —dm(ca1) — din(da2))12 = 0
and (dpm (@11 +b12 +co1 +da2) — dm(a11) — dm(b12) — din(Ca1) ~ din(daz))21 = 0,
by (21). If (%,4kx) = (1,1) for all (k = 1,--- ,n — 1), then (d,,(ai; + biz +
o1 + daz) = dm(a11) — dp(b12) — dm(c21) — dm(da2))11 = 0, by (21) and [2,
Lemma 2.1.(ii)]. If (ix,jk) = (2,2) for all (k = 1,---,n — 1), we have
(dm(a11 +b12 + ca1 + da2) — dm(a11) — dm(b12) — dm(ca1) — dim(da2))22 = 0, by
(21) and [2, Lemma 2.1.(ii)] again. It therefore follows that d,,(a1; + b1z +
Co1 + da2) — dm(a11) — dm(bi2) — dm(ca1) — dm(d22) = 0. O

Lemma 2.10. For any elements a,b € Z holds dpm(a+b) = dp,(a) + dpn(b).

Proof. The proof is a direct consequence of Lemmas 2.5, 2.6 and 2.9. Thus,
d, is additive. 0

Now we are able to prove the Theorem 2.1.

Proof of Theorem 2.1. The Lemma 2.10 and the second principle of ma-
thematical induction allows us to conclude that d,, is an additive map, for
each non-negative integer m. Consequently, D = {d;}men is a family of
additive maps. The prove is complete. O

We may therefore state the following corollaries.
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Corollary 2.1. Let Z be a ring 2 and (2"~'—1)-torsion free prime ring con-
taining a non-trivial idempotent e; and satisfying the following condition:
eari€3 0 (- (egaey o egriey) -+ ) = 0, for all ry € Z, implies eqaey = 0.
Then every Jordan n-tuple higher derivable map D = {dm}men is additive.

As a direct consequence of the above Corollary 2.1 we have the following
corollary.

Corollary 2.2. Let 2 be a Banach space withdim & > 1 and o C B(Z)
a standard operator algebra. Then every Jordan n-tuple higher derivable
map D = {dm}men is additive.

Proof. Since it is well known that o/ is a prime ring of characteristic zero
and containing a non-trivial idempotent, then it is sufficient to prove that
the condition in Corollary 2.1 is satisfied. Hence, since 7 is dense in Z(2")
under the strong operator topology, let us consider a net {ry}yen C (X))
such that SOT —lim, r)y = 1. The limit in esryeso(- - - (e2aeg0earyes) - -+ ) =
0, for all r), € &7, leads us to conclude that eyae; = 0. |
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