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Abstract

-413 -

Linear partition Arihant (LPA) codes have been introduced by the author in [3] and a
study of error correcting/detecting capabilities of these code was made with respect to the
random block errors [2]. Also, the concept of P-bursts has been formulated by the author
in [5] to study clustered block errors that occur during the process of communication. In
this paper, we take up the problem of simultaneous correction of P-burst errors with the
detection of random block errors in LPA codes and obtain an extended Campopiano’s

type bound for LPA codes.
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1. Introduction

P-burst error correcting/detecting codes [5] are suitable for correcting/detecting
block errors which do not occur independently but are clustered over a particular block
length. These type of errors occur in many situations. One important and practical
situation is in which the transmitted/stored information is disturbed over a particular
block length together with occasional disturbances, thus, creating simultaneously P-
bursts as well as random block errors. Such a situation arise, e.g., in semiconductor
memory systems where the memory is highly vulnerable to clustered block errors due
to bombardment of strong radioactive particles such as cosmic particles on RAM chips
and occasional/random block errors result from decay of RAM chips. However, P-burst
error correcting LPA codes fail to detect even a few random block errors when these are
not within P-bursts of specified block length. Under such type of situations, block codes
capable of correcting P-burst errors and simultaneously detecting random block errors
are very useful. Keeping this in view, in this paper, we obtain a construction upper
bound on the number of parity check digits required for LPA codes correcting weighted
P-burst block errors and simultaneously detecting random block errors of upto a specified
Arihant weight. The bound obtained in this paper is an extended Campopiano’s type
bound [1] for LPA block space.

2. Preliminaries

Let ¢,n be positive integers with ¢ > 1. Let Z4 be the ring of integers modulo g¢.
Let Z7 be the set of all n-tuples over Z,. Then Zj is a module over Z,. For g prime, Z,
becomes a field and Z} becomes a vector space over Zq. A partition P of the positive
integer n is defined as

P : n=ni+ng - +ng where

1<n; <ng <+ <ng,8 > 1.
The partition P is denoted as

P:n=[n]ns) - [ns).
In the case, when
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we write
P:n=[mi)"[mo)2 - [m,]"r,

where m; < mg < -+ < My

Given a partition P :n = [ni][ng]- - - [ns] of the positive integer n, the module space Zj
over Z, can be viewed as a direct sum

Z; = 170ZLy2 0Ly,
or
V = iehe: -V,

where V = Z{; and V; = Z’,;l foralll <i<s.

Consequently, each vector v € Zj} can be uniquely written as v = (vy,vg,- -+, vs) where
veV,=Zy forall1 <i<s.

Here v;(1 < i < s) is called the it* block of block size n; of the vector v.

Further, we define the modular value |a| of an element a € Z, by

_fa if 0< a<gq/2
laf = g—a if g¢g/2<a<g-1

We note that non-zero modular value |a| can be obtained by two different elements viz.
a and g — a of Z, provided {g is odd} or {q is even and a # [¢/2]} i.e.

q is odd
la| =|¢g —a| if or
q is even and a # q/2.

If ¢ is even and a = [¢/2] or if a = 0, then |a| is obtained in only one way viz. |a| = a.
Thus there may be one or two equivalent values of |a| which we shall refer to as repetitive

equivalent values of a. The number of repetitive equivalent values of a will be denoted
by e, where

_ [ 1 if {g isevenand a=[g/2]} or {a =0}
€@=12 if {qisoddanda##0} or{giseven, a0 anda +# [g/2]}.
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3. Definitions and notations
We begin with the discussion of LPA codes [3]:

Let n, g be positive integers with ¢ > 1. Let P : n = [n4][n2]- - [ns] be a partition
of n. We define Arihant metric on Zj corresponding to the partition P as follows:

Let v = (vi,v2, " +,vs) € 2} =727 @ @ Zy:. The Arihant weight of the
ith block v; € Zy (1 <4 < s) of the vector v corresponding to the partition P of n is
defined as

wh (vi) = il
where

v = (v?),vg),n',vﬁ))eZ;"'.

Thus the Arihant weight of a block is the maximum modular value amongst all its
components. Then the Arihant weight of the vector v = (vi,v2,++,vs) € 3072 o
+++ @ Zy* corresponding to the partition P is defined as the sum of Arihant weights of
all its blocks i.e.

WE@) = S wh(w).
i=1

For any u = (u1,uz,+,us) and v = (v1,ve,++,vs) €27 =ZP ©Z}* @ --- & Ly, we
define the Arihant distance (or Arihant metric) df (u,v) between u and v as

dh(u,v) = wh(u —v).
Then d¥ is a metric on Zy =1y - 0Ly

If the partition P is clear from the context, we shall denote Arihant weight by w4
and Arihant metric by d4 only.

Definition 3.1 [3]. A linear partition Arihant (LPA) code corresponding to the partition
P:n=[n] - [ng] is a Zs-submodule of Z} = Z3* ® Z3? & - -+ ® Zy* equipped with the
Arihant metric and is denoted as [n, k,da; P] or [n, k; P] code where

k = rankz, (V),
and
dg = da(V)
= minimum Arihant distance of V

= min{da(u,v) | w,u' €V, uzu'}.
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Remark 3.2.

1. For P : n = [1]", the linear partition Arihant codes reduce to the classical Lee
weight codes [7-9]. For this partition, the Arihant distance and Arihant weight
reduce to classical Lee distance and Lee weight respectively.

2. For ¢ = 2,3, the linear partition Arihant codes reduce to the linear error-block
codes [1] and the Arihant metric reduces to the m-metric introduced by Feng et al.

(2].
3. In general, we have

m-metric <

INA

or equivalently

m-weight <
<

Arihant metric

Lee metric,

Arihant weight
Lee weight.

We now define P-burst in Z}} = Z7' @ Zy* @ - - - @ Zy* as follows [5].

Definition 3.3 [5]. Let n be a positive integers and P : n = [n4][na] - - - [ng],

1 <n; £ng <+ < ng be a partition of n.
S

is a vector v = (v1,vg,--+,v,) € L = @Z'gd

A P-burst of block length b (1 < b < s)

such that all the non-zero blocks in v are

i=1
confined to some b consecutive block positions, the first and last of which are non-zero.

Definition 3.4 [5]. A P-burst of block length b or less (1 < b < s) is a P-burst of block

length ¢t where 1 <t <b < s.

Throughout this paper, we shall use the

following notations:

1. [@] = The largest integer less than or equal to x.

2. [z] = The smallest integer greater than or equal to z.

3. @;=The sum of repetitive equivalent values up to 1 i.e.,

Qi=ep+e1+ -+e

where e; denotes the repetitive equivalent value of 1.
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4. Extended Campopiano’s type bound for LPA codes correcting
P-burst errors and simultaneously detecting random block
errors

In this section, we obtain an extended Campopiano’s type bound which is infact a
sufficient bound on the number of parity checks required for an LPA code that correct
all random block errors of Arihant weight ¢ or less (¢ > 1) and simultaneously detect all
P burst errors of block length b or less (b > 1) with Arihant weight w or less (w > t).

To prove the result, we need the following.

Let Ag;l M 8) [6] denote the number of all n-vectors corresponding to the parti-
tion P :n = [ni][ng] - [ny] with 1 < ny < ng < -+ < ng having Arihant weight ¢ over
Zy. Then Agfy’""“""’) is given by :

s [a/2]
A 2 (HH (@)™ = (Qs- 1)m)n,> (1)

r=(ry;) “i=17=0
where 7 = (14;)(1 £ 1 < 5,0 < j < [¢/2] satisfies

(i) for a fixed i(1 < 4 < s),m; = 1 for exactly one value of j(0 < j < [¢/2]) and 0
elsewhere; and

(if)
s [a/2]

DD irig=t. (2)

i=1 j=0

Again if th;”’nz’""n’) denote the number of all n-vector corresponding to the partition
P:n=[ni][ng] - [ns),1 <ni <ny <.+ <n, having Arihant weight ¢ or less over Z,.
Then Vt(,g"nz""’n’) is given by

'V;(nbn&y “yTbe) __ ZA(M.M “s) (3)

We now give a definition for linear combination of vectors having
Arihant weight w.

Definition 4.1. A linear combination of vectors uj, ug, -, u, given by

A1y + Agug + -+ Aritty,



-419 -

where \; = (,\gi’,,\g“---xﬁf,?),ui = (ugi),ug),n',u,(fi)) € Zyi forall 1 <4 < rand (.)
denote the usual dot product of vectors, is called a linear combination of Arihant weight
w if
max| 2D + midx + AP + - - + max]A"| = w.
a=1 b=1 =1
The following lemma enumerates the number of Arihant weighted P-bursts in block
coding:

Lemma 4.2. The number of P bursts of block length b or less with Arihant weight
g 2 1 in the space of all (ny + ng 4 -+ 4+ n;_1)-block vectors over the ring Z, is given by

Jj—1 =1 b j—m
Calb,y ming) = Co(1,Y mivg)+ ZZ( Do (@)™ = (@)™ %
t=1 =1

m=2r=1 25}\);1':-;\22159
(( Qg JPrbmnt = (sz_l)”'“‘")Aé’i":ff;’;;""’”*+"*-’>), (4)
where
- Jf((@ = (Qee)™) i g < [a/2]
%ﬂg;mm= v t =

0 if g>g/2],

and A(nr+1,nr+'z,-~-,nr+m-g)

N is given by (1) satisfying (2).

Proof. There are two cases:
Case 1. When b = 1.

In this case, the number of P-bursts of block length 1 with Arihant weight g in the space
of all ny +ng + - + n;_i-tuples over Z, is given by

J=1

ity ni i :
Cq(l,Zni,g) = Z((Qg) - (Qg—l) ) if 9 < [q/2], (5)
i=1

i=1

0 if g>[g/2]-

Case 2. When b > 2.

Consider a P-burst of block length m and Arihant weight g where 2 < m <b < j-1
and g > 1. Such a P-burst can have first (5 — m) block positions as the starting block
positions. Suppose the P-burst starts at the rt" block (1 £r £ j—m) and suppose
that the Arihant weights of the starting and ending blocks are A1(7# 0) and A2(# 0) resp.
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Then the number of choices for the starting r** block and ending (» + m — 1)t* block
together is given by

(@)™ = (@r=1)")(@x)" ™7t = (@xg=1)" 4771, (6)

The remaining (m — 2) blocks viz (r + 1), (r + 2)th, -+ (r + m — 2)t" blocks of the
P-burst should make up a sum of Arihant weight g — A1 — A2 so that the total Arihant
weight of the P-burst becomes equal to g. The number of ways in which these (m — 2)
blocks can be filled is given by

(npi1 Merg2y T dm—2)
AQ—)\l—)\z,q ? (7)

where Ag’l’;\“ B ;""’n"“‘"’"’) is given by (1) satisfying (2).
The total number of P-bursts of Arihant weight g and block length m starting from the
rt block is obtained by multiplying (6) and (7) and then summing the resulting product
for different values of \{s and \ys satisfying A1 > 1,A2 > 1,2 < A\ + A3 < g and is given
by

S (@)™ = (@)™ (@)1 = (@agm1)r+mm1) x

2S5A1+225g
A1z 21

( 2ol ylir Ve m—
AR ®
Since r can take values from 1 to j — m and m can take values from 2 to b, therefore,
summing (8) for different values for m and r gives the number of P-bursts of block length
varying from 2 to b and having Arihant weight g and is given by

b j—m
ZZ( T (@) - (@) %

m=2r=1 “2<A;+A2<g
A,Ag21
(. (Qh_l)n»m—x)Ag?;;z;f;;’“""f+m~2>). ()
The result now follows by adding (5) and (9). a

s

Remark 4.3.(i) The number of all P-bursts in Z = EDZ of block length b or less
i=1
(b < s) with Arihant weight w or less including the pattern of all zeros is given by

s w 8
C;(b, Zni,w) =1+ Zcq(ba Zni,g)'
i=1 g=1 i=1



-421] -

8
(ii) The number of all P-bursts in Zj = @ZQ‘ of block length b or less (b < s) having
1=1
Arihant weight lying between w; and wy is given by

C;(b, zs:ni,wl,wg Z C (b, an;g

i=1 g=w1
We now prove the extended Campopiano’s type bound for LPA codes correcting
P-burst errors and simultaneously detecting random block errors.

Theorem 4.4. Let n be a positive integer and P : n = [ni][ng] - [ng,1 < ny < mg <

- < g be a partition of n. Let t,w and b be positive integers such that 1 <t < 2w <
2b[q/2] and s > 2b. Then a sufficient condition for the existence of an [n, k; P] LPA code
with minium Arihant weight ot least t that correct all P-bursts of block length b or less
having Arihant weight w or less is given by

la/2]
> (Z((Qms —(QH)“’) x D +E, (10)
As=1
where
s—1
D = vl porb-1, Y ni,2 - A2w =)+
i=s—b+1
b—1 min([q/2],w—1)
Z ((Qo)em2+k+1 — (Qpy)e-2b+k+1) x
k=1 =1 710,720,730
Ai?;;2la+k+l,m,n,,_b)Ag:;;b-{-l.-u.ﬂa--b-{ﬂk)Ai:;';b+k+1v"""s—1),
and
2w [g/2] (n i ) s—b
8—b+1,--ng_
E = > Z (@)™ = (@xr=1)"")Ap, Zx g Y Cq(b, > niypa),
P1:P2} = i=1
P1+P2“
subject to

1<0+rpy<Lw—1,

1< +4rp <2w—1-2X)

0 < 4rzg Sw— A

Tog +T3g 2t — A (11)
0+rig+r20 2t

2t =A< O0+1r19+T29+ 739 < 2w — A

0<p1,p2Sw.
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Proof. The existence of such a code is shown by constructing an appropriate (n—k) xn
(where n = ny + ng + -+ - 4+ n,) parity check matrix H for the desired LPA code. The
constructed block matrix H will be of the form

H = [Hl,H2, o8t >HS]’
where H; = (Hl(i), Héi), e ,H,(l?) is the i*" block of H of size n;.
We construct the block matrix H as follows:

Suppose we have chosen the first (5 — 1) blocks suitably. The j** block H; of size n; can
be added to H provided the following two conditions are satisfied:

1. There should not exist a linear dependence relation between blocks of columns of
H of Arihant weight (¢ — 1) or less i.e. every linear combination of Arihant weight
(t — 1) or less of the blocks of columns of H must be linearly independent;

2. Any two linear combinations, each of Arihant weight w or less, of blocks of columns
of H from amongst b or fewer consecutive blocks should be different.

In other words, we can say

AHy + Ao Hy+ -+ Njo1.Hj1 + A Hj #0, (12)
and
(j.Hj + ajy Hjg + -+ @jpr1.Hjpi1) +
(B, -Hiy + Biy-Hiy + -+ + B, -Hi, ) # 0, (13)
where

(i) M-Hi+ Az Hot 4 Xj_1.Hj_y+0.Hy (M € ZM forall 1 < i < j—1,); € Z /{0}
is any linear combination of the j** block H; to be added and the first (j — 1)
previously chosen blocks such that the Arihant weight of the linear combination is
atmost ¢t — 1;

(ii) o Hj+aj_1.Hj_1 + -+ Qj<bip1-Hijspta (a4 € ZZ" forall j—b+1<i1<j-1
and o € Zgq’/{0} is any linear combination of Arihant weight w or less of the
blocks of columns from amongst the j** block H; to be added and the immediately
preceding (b — 1) blocks;

(i) Biy-Hiy+Biy-Hiy+ 483y Hy, (B € Z7 for all iy <1 < ip) is any linear combination
of Arihant weight w or less of the columns from amongst any b (or fewer) consecutive
blocks of columns out of the previously chosen (5 — 1) blocks.
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The number of ways in which the coefficients A; can be chosen is given by
la/2] n )
. 7 ISIN (P
ST UQA™ = (@act)™)V I ™Y, (14)

A=1
where
1< A=wa())) < [a/2)-
Since all possible linear combinations of Arihant weight (¢ — 1) or less are included in
(14), therefore, the coefficients a; (j —b+1 < 4 < j) and By (i1 < I < Ip) should be
chosen so that the sum of their Arihant weights is at least ¢.

To obtain the number of all possible distinct linear combinations, we analyze three dif-
ferent cases:

Case 1. When the blocks H, (i; <[ < ip) are taken from the first (j —b) blocks.

In this case, choose a;(1 < i < j) such that the sum of their Arihant weights is
equal to a number p; and f; (i; < I < ip) having sum of their Arihant weights equal to
po such that p; + py > t. The largest value which p; and p; can attain is w.

Now o (1 <1 < j) with sum of their Arihant weights equal to p; can be chosen in

la/2] Py 1, eamig )
3@ = (@r-1)™) Ay, Ty (15)

A=1
To choose B (i1 <1 < 1) with sum of their Arihant weights equal to ps is equivalent to
evaluating the number of P-bursts of block length b or less with Arihant weight py in a
blcok vector of length ny + ng + + -+ + nj—p. This can be done (by Lemma 4.2) in

j—b
Cy (b, Zni,pz)\) ways. (16)
i=1

Case 2. When the blocks H; (i1 < | < i) are taken from the immediately
prceding (b — 1) blocks.

The additonal number of ways in which the coefficients o; (j —b+1 <1 < j) and
B; (i1 <1 < ip) can be chosen are given by

la/2] =1
Y (@)™ = (Q@a-1)™)Chb =1, > ni2t—X2w= ). (17)
A=1 i=j—b+1

Case 3. When the blocks H; (i; <1 < i) are selected from H;_g. o,
Hj_opt3,+++,H;j—1 such that all are neither taken from H;_oy.3,--+,Hj_; nor
from Hj_pi1, Hj—pt2, -, Hj-1.
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Let us supose that the P-burst starts from the (j —2b+ k + 1)th block position
which may continue upto (j — b+ k)th block position (1 <k <b-—1). Also, let the
Arihant weight of the (j — 2b+ k + 1)** block be 6 where 1 < 6 < min([g/2],w —1). The
total number of choices for selecting the components of (j — 2b+ k + 1)** block is given
by

(Qe)nj—2b+k+l s (Qe_l)nj—zb-e-kﬂ_

Our objective is to select non-zero blcoks from the (j — 2b + k + 1)**,(j — 2b + k +
2)th o (=) (= b+ 1), (G =b+E) (F—b+k+ 1), ... (5 — b)* blocks
having sum of their Arihant weight w or less or this, let us have linear combinations of
Arihant weight 715 of blocks of columns from the (j — 2b+k + 2)t", ... (5 — b)*" blocks;
linear combination of Arihant weight 72 of columns from the (j —b+1)t" ... (j—b+k)t"
blocks and lienar combinations of Arihant weight r3¢ of columns from the (j — b+ k +
1)th, ..., (j=)*" blocks. Then the total number of choices for the coeffcients o; (1 < i < §)
and f; (i1 <1< lp) in Case 3 is given by

la/2]

gl <(Q,\)"j = (Q,\-l)”j)
>,

<b-—1 (min[g/2],w—1)

k=1 9=1 710,720,730
(M= 2b4k41,000my )
nj— 3 Mj—2b4k+1 LT B
((Q)ni=abthtt — (Qg1)™ =24+ ) Apyp X (18)
(Mi—bgp1s s —btk) 4 (MGmbihts s NG—1)
A’f‘z;,q A I Ar3;,q Y )

where

1<0+ry <w-—1;

1< 4rpp<2w—-1-X

0 < +rsp Sw—A

Tog +T3g =t — A

O+7r19+1720 21

2t — A< O+7r19+ 720 + 739 < 2w — A

Thus the total number of linear combinations occuring in all the three cases is given by

p1+p2=2w

(14)+< > (15)x(16)>+(17)+(18)

P1,P2:
P1t+p2=t
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la/2] 3
= D@ = (@a-) )V 4
A=1
<p1+P2=2'w[q/2]

3 - @A
Ae=]

P1,P2!

p1+pa=t
j=b' (a/2]
Cufbr Ymsp))) + - (@) = (@uct)™) %
i=1 A=1
j-1 la/2] ‘ ’
Cab=1, Y my2t=X\2w—=X)+ Y (@)™ = (Qr=1)™) x
©d=j—btl A=1
(b—l (min[q/2],w—1)
k=1 =1 716,720,736
((Qo)=2wi4t — (Qoug)i=2oweit) gy ™HHH1 st
Aﬁ’j;*"“"“’"j-"'“‘)A&’;g-"““""*"J"”),
= L (say).

Hence the j*" block H; of block size n; can be added to the parity check matrix H if the

number of available (n — k)-vectors which is ¢"~* in number is at least as large as L i.e.
if

T (19)

For the existence of an [n, k; P] LPA code where n = ny + ng + - - - + n,, the inequality
(19) must hold for j = s so that it is possible to add upto st* block H, to form an
(n'— k) x n block matrix H and we get (10). O

Corollary 4.5. Taking t = 1 in Theorem 4.4., we get a sufficient bound for weighted
P-burst error correction in LPA codes analogous to classical Campopiano bound [1].

5. Conclusion.

In this paper, we have obtained a sufficient bound which is infact a construction
upper bound for LPA codes correcting weighted P-burst errors and simultaneously de-
tecting random block errors. The bound obtained is an extended Campopiano’s type
bound for LPA codes.

Acknowledgment. The first author would like to thank her spouse Prof.(Dr.) Arihant
Jain for his constant support and encouragement for pursuing research,
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