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Abstract

Let k be a field, A and B two algebras over k with B a QF ring.
Let C be an A-coring that is flat as a left A-module. Let Y be a
(B, C)-quasi-finite object of the category pMC of (B, C)-bicomodules.
Assume that the coendomorphism coring D of Y is projective as a
left B-module. We give necessary and sufficient conditions for an
object of the category MP of right D-comodules to be injective in
MP_ If the algebra B is a division ring, then D is projective as a left

B-module and our result can be applied.

Keywords: Coring, coalgebra, comodule over a coring, comodule over a
coalgebra, coendomorphism coring, quasi-finite comodule, injectivity, coflat-

ness.
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1 Introduction

Comodules over a coring were introduced in [1] such that entwined mod-
ules (hence Doi-Hopf modules) are special cases of comodules over a certain
coring. After 2000 the study of comodules over a coring generated an ex-
plosion of interest soon after the monographs (3] and [5] were published.

Let k be a field, A a k-algebra and C an A-coring. The left A-linear
maps C — A have a ring structure. This allows one to define a dual ring *C.
Let A be a right C-comodule. In [8] when C is projective as a left A-module,
we have given necessary and sufficient conditions for an object of MC to be
projective (resp. flat) as a module over the endomorphism ring EndC(A)
of A if A is finitely generated (resp. finitely presented) as a left *C-module.
Let C be flat as a left A-module, B a k-algebra which is a QF ring, Y a
(B,C)-quasi-finite object of the category pMC of (B,C)-bicomodules and
D = ec(Y) the coendomorphism coring of Y. Assume that D is projective
as a left B-module. In the present paper, we give necessary and sufficient
conditions for a right D-comodule to be injective in MP. If the algebra
B is a division ring (for example, B = k), then D is projective as a left
B-module and our result can be applied. If H is a Hopf algebra, C is a
right H-comodule coalgebra and C < H is the smash coproduct, then C
is C >a H-quasi-finite. Hence we get necessary and sufficient conditions for
injectivity over the coendomorphism coring ecpn (C) of C.

2 Preliminary results

Let k be a field and A a k-algebra. An A-coring C is an (A, A)-bimodule
together with two (A, A)-bimodule maps A¢: C - C®4Cande :C— A
such that the usual coassociativity and counit properties hold. For more
details on corings, we refer to [1], [2], [3] and [5]. Let C be an A-coring. A
right C-comodule is a right A-module M together with a right A-linear map
puc: M — M ®4C;m = mo®4m; such that

(idy ®acc)opme =idy, and (idy®aAc)opumc = (prc®aide)opuc.
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A morphism of right C-comodules f : M — N is a right A-linear map such
that

pneo f = (f ®aida)o puc.
We denote the set of comodule morphisms between M and N by
Hom®(M, N).

We know that ppc is an injection of right C-comodules: the C-coaction
on M ®4C is given by idy ®4 Ac. Therefore, every right C-comodule M is
a right C-subcomodule of M ®4C.

Let us denote by M€ the category formed by right C-comodules and
comodule morphisms and by M the category of k-vector spaces. By ([3],
18.8), the category MC has direct sums.

Let M be a right C-comodule with structure map pyc and N a left
C-comodule pc . Then the cotensor product MOeN is the k-vector space
defined by

MON ={m@,neMQQ;N : pM,c(m)‘ ®kn=m & pe,n(n)}.

Let f: M — M’ be a morphism of right C-comodules and g : N —
N’ be a morphism of left C-comodules. The cotensor product of f and
g denoted fOg is the k-linear map defined from MO:N — M'O:N’ by
(f8g)(mBn) = f(m)Og(n) for allm € M and n € N.

Let B be a k-algebra and D a B-coring. A (D,C)-bicomodule M is
a (B, A)-bimodule which is a right C-comodule, a left D-comodule with
coactions ppr : M ®4C and ppa : M — D ®p M such that the diagram

M e, M®aC

PD,M J j pp,M®lc

DM —— DIM®®yC
Ip®pm,c

is commutative, that is, pasc is a left D-comodule morphism, or equivalently,
pp,u is a right C-comodule morphism. We denote by P M€ the category of



-124 -

(D,C)-bicomodules. When D = B is the trivial coring, then PMC is just
the category pMC of (B,C)-bicomodules that are (B, A)-bimodules such
that the coaction map is a (B, A)-bimodule map. Morphisms of g MC are
left B-linear and right C-colinear maps ([3], 39.2). An object Q of MC is
injective in MC if, for any monomorphism M — N in M€, the canonical
map Hom(N,Q) - Hom(M, Q) is surjective.

An object M of MC is termed an A-relative injective comodule or a
(C, A)-injective comodule provided that, for every right C-comodule map
i: N — L that is a coretraction in M4, every diagram

M

/]

N —— L

1

in M€ can be completed commutatively by some g : L — M in MC.
An object Y in gpMC is a (B,C)-injector if the tensor functor

—®BY2MB—)MC

respects injective objects. Let Y be an object of g M€ and W an object of
Mp. Then W ®3 Y is an object of MC.
An object Y in pMC is (B, C)-quasi-finite if the tensor functor

- ®gY : Mg — M

has a left adjoint. This left adjoint is a covariant functor called the Cohom
functor and is denoted

he(Y, =) : M€ — M.

Explicitly, this means that, for all M € M and W € Mg, there exists a
functorial isomorphism

Dprw 2 Homp(he(Y, M), W) — Hom(M,W @5 Y).
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Let Y € PMC be (B, C)-quasi-finite and M € M€. By ([3], 23.5), there

is a unique left D-comodule structure on he(Y, M) and we get a functor
he(Y, =) : ME = MP.

In the remainder of the paper we assume that C is flat as a left
A-module.

By ([3], 18.14), M€ is a Grothendieck category. Therefore it has enough
injectives. Moreover, a right C-comodule @ is injective if and only if the
functor Hom®(—,Q) : M® — M is exact (see [3], page 187). A right C-
comodule @ is coflat if and only if the functor : QO¢(=) : M — M is
exact ([3], 21.6).

By the proof of ([3], 23.6), the functor F' = h¢(Y, —) is a left adjoint to
the functor

G=-0pY : MP — ME.

Then for M € M¢ and W € MP, there exists a functorial isomorphism
Srrw : HomP(he(Y, M), W) — Hom®(M,WOpY).
The unit of the adjunction is given by
uy : N = he(Y,N)OpY for N e M€
while the counit is
e he(Y,MOpY) = M for M e MP.
The adjointness property means that we have
Glem)ougan = idown, cranoF(un) = idpvy; M € MP N € ME (%)

Let Y be a (B, C)-quasi-finite object of pMC Set ec(Y) = he(Y,Y). By
([3], 23.8), ec(Y) is a B-coring. Furthermore, Y is an (ec(Y"),C)-bicomodule
by

Ny Y — ec(Y) ®pY,

and there is a ring anti-isomorphism (the dual of the algebra End®(Y))
By g :ec(Y)* = Homp(ee(Y), B)—End*(Y).



- 126 -

By ([3], 38.21), the functor h¢ (Y, —) commutes with direct sums and is right
exact since it has a right adjoint.

A quasi-Frobenius ring (QF ring) is a left artinian ring with identity for
which the left A-module 44 is injective ([3], 43.6). Recall that QF rings
A are Artinian and injective and cogenerators in the category 4M of left
A-modules and in the category M4 of right A-modules.

3 The main results

Let k be a field, A and B two k-algebras, C an A-coring which is flat
as a left A-module, D a B-coring which is flat as a left B-module, and
Y is a (D, C)-bicomodule which is (B,C)-quasi-finite. By ([3], 23.7), the
functor he(Y, —) is left exact if and only if Y is a (B,C) injector as a right
C-comodule. So if Y is a (B, C)-injector, the functor hc(Y, —) is exact. By
([3], 23.4), if Y is (B,C)-quasi-finite object of 3 MC, then Y is flat a left
B-module. By ([3], 18.18(2)), C is (C, A)-injective, if C is considered as a
right C-comodule via Ac¢. If A is a QF ring, then by ([3], 21.9), a right
comodule is injective if and only if it is coflat.

Assume that B is a QF ring and D is projective as a left B-module. So
D is injective as a left B-module ([3], 43.6). Let M be a right D-comodule.
By ([3], 19.17 (2)), M is a right D-subcomodule of DY) for some index set 1.
From ( (3], 18.18 and 18.19), if a right D-comodule M is (D, B)-injective,
then it is injective in MP. Since D is (D, B)-injective, D is injective in
MP. Since D is a projective left B-module, it is a locally projective left B-
module. So by ([3], 19.2), D satisfies the left a-condition. For the definition
of the left a-condition, we refer to ( [3], 19.2). Since B is a noetherian ring,
from ([3],19.16), we deduce that MP is locally noetherian and direct sums
of injectives in MP are injective. It follows that D) is injective in MP for
every index set [.

We deduce from all this that if the k-algebra B is a QF ring, and if
D is projective as a left B-module, then a right D-comodule is injective in
MP if and only if it is a direct summand of D) for some index set I: it
is a generalization of the well known fact that if D is a coalgebra over a
field, then a right D-comodule is injective in MP if and only if it is a direct
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summand of D) for some index set I. A D-comodule of the form D) is
called a free D-comodule. Division rings are clearly QF rings, and over a
division ring, every module is left and right projective.

Definition 3.1 Let Y be a (B,C)-quasi-finite object of pMC. Set D =
ec(Y). We say thatY is a (B,C)-semi-injector if for any object N in MP,
the functor he(Y, =) : M¢ — M sends an ezact sequence of the form

0 — NOpY — E\0pY — E00pY

to an exact sequence.

Lemma 3.2 LetY be a (B,C)-quasi-finite object of pMC. Set D = ec(Y).
Assume that D is flat as a left B-module. IfY is a (B,C) injector in pMC,
then'Y is a (B, C)-semi-injector.

Proof. Consider in M€ an exact sequence of the form
0 — NOpY — Ej0pY — ExO0pY.
Thus the sequence
0 — (NOpY)Oche(Y,C) — (ELOpY)Oche(Y,C) — (EOpY)Oche(Y,C)

because the functor —O¢he(Y,C) is left exact. Since Y is a (B, C) injector
in pMC and D is flat as a left B-module, by ([3], 23.7 (1)), the functor
he(Y, —) is exact, and there is an isomorphism

he(Y, M) ~ MO¢he(Y,C), for any M € ME.
From the above exact sequence, we get the exact sequence

0 = he(Y, NOpY) = he(Y, EyOpY) = he(Y, ExOpY).
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Lemma 3.3 Let B be a k-algebra which is a QF ring. Let Y be a (B,C)-
quasi-finite object of pMC and let D = ec(Y). Assume that D is projective
as a left B-module. For every index set I,

(1) the natural map & : DD = he(Y,Y)D = he(Y, YD) is an isomor-
phism,

(2) uywy is an isomorphism;

(3) cpuy 1s an isomorphism,

(4) if Y is (B, C)-semi-injector in pMC, then c is a natural isomorphism;
in other words, the coinduction functor G = (=)0pY is fully faithful.

Proof. (1) is easy.

(2) It is straightforward to check that the canonical isomorphism Y ~
DOOpY is nothing else than (k0pidy) o uym. It follows from (1) that
kOpidy is an isomorphism. So uy ) is an isomorphism.

(3) Putting N = Y in (x) and using (1), we find

chc(Y,Y(I)) o hc(}/, Uy(!)) = idhc(Y,Y(’))) 7:.6.,

cpm © he(Y,uym) = idpw.

From (2), he(Y,uym) is an isomorphism, hence cpu) is an isomorphism.
(4) Take an injective resolution 0 — N — FE; — FEj of a right D-
comodule N. Since c is natural, we have a commutative diagram

0 — FG(N) — FG(E)) —— FG(E,)

The top row is exact. Since the functor —pY is left exact, we get the
sequence of right C-comodules

0= NOpY — E,0pY — E,0pY.



- 129 -

The bottom row is exact, since Y is a (B, C)-semi-injector object and F'G =
he(Y,—0pY). By the assumptions, E; is a direct summand of D) in M€
for some index set 1. By (3), cpw is an isomorphism. We deduce that cg,
is an isomorphism. In the same way, cg, is an isomorphism. It follows from
the five lemma that cy is an isomorphism. O

We can now give equivalent conditions for the injectivity of E € MP.

Theorem 3.4 Let B be a k-algebra which is a QF ring. Let Y be a (B,C)-
quasi-finite object of pMC. Set D = ec(Y). Assume that D is projective as
a left B-module. For E € MP, we consider the following statements.

(1) EOpY is injective in MC and cg is surjective;

(2) E is injective as a right D-comodule;

(8) EQpY is a direct summand in MC of some Y and cg is bijective;

(4) there ezists Q € ME such that Q is a direct summand of some YD,
and E 2 he(Y, Q) in MP;

(5) EQpY is a direct summand in MC of some YD,

Then (1) = (2) & (3) & (4) = (5).

IfY is a (B,C)—semi-injector in gMC, then (5) = (8); if Y is a (B,C)-
injector in gpMC, then (2) = (1).

Proof. (1) = (2). Take a monomorphism f : E — DY in MP. Then
G(f) = fOpidy : EOpY — DO,y 2 YX

is also injective, and split in M€ since EOpY is injective. Consider the
commutative diagram

0 — E LN DO

22 )[ Cp(I) T

0 — he(Y,EOpY) 228 ne(y,Y®)
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The bottom row is split exact, since any functor, in particular, he(Y, —)
preserves split exact sequences. By Lemma 3.3(3), cpw) is an isomorphism.
A diagram chasing tells us that cg is injective. By assumption, cg is sur-
jective, so cg is bijective. We deduce that the top row is isomorphic to the
bottom row, and therefore splits. Thus E € M? is injective since DU is
an injective object in MP.

(2) = (3). If E is injective as a right D-comodule, we know that we can
find an index set I and E' € MP such that D) = E @ E’. Then obviously

YD ~pDOOyy = (EOpY) @ (E'OpY).

Since c is a natural transformation, we have a commutative diagram

DO — EoFE

Cp(1) T ‘[ ce®cpr

he(Y,Y®) —— he(Y,EOpY) @ he(Y,EOpY)

From the fact that cpy is an isomorphism, it follows that cg (and cg/) are
isomorphisms.

(3) = (4). Take Q = EOpY.

(4) = (2). Let f: Q = YD be a split monomorphism in MC. Then

he(Y, f) : he(Y,Q) = E — he(Y, YD) = D)

is also split injective, hence E is injective as a right D-comodule since DY)
is an injective in M?P.

(4) = (5). If (4) is true, we know from the proof of (4) = (2) that E is
a direct summand of some D). So EOpY is direct summand of Y, and
we get (5).

Under the assumption that Y is a (B, C)-semi-injector in gpMC, (5) =
(3) follows from Lemma 2.3(4).
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Let us prove (2) = (1) under the assumption that Y is a (B, C)-injector
in M€. By the adjointness isomorphism, we have

Hom®(—, EQpY) = HomP (he(Y, —), E).

Since Y is a (B, C)-injector in pMC, the functor he(Y, —) is exact. By (2),
E is an injective object of MP, so the functor HomP(—, E) is exact. We
deduce that the functor Hom¢(—, EOpY’) is exact. Therefore, EOpY is an
injective object of MC. Since (2) implies (3), cg is bijective. ]

Note that if B is a division ring, then D is projective as a left B-module,
and Theorem 3.4 can be applied. If B = A is a QF ring, in particular, a
division ring, then Theorem 3.4 can be applied in the category 4MC.

We have the following interesting corollaries:

Corollary 3.5 Let A be a k-algebra and C an A-coring. LetY be a (k,C)-
quasi-finite object of MC. Set D = ec(Y). For E € MP, we consider the
following statements.

(1) EQOpY is injective in ME and cp is surjective;

(2) E is injective as a right D-comodule;

(8) EQpY is a direct summand in M of some YD and cg is bijective;

(4) there ezists Q € MC such that Q is a direct summand of some Y1),
and E = he(Y, Q) in MP;

(5) EQpY is a direct summand in M of some YD,

Then (1) = (2) & (3) & (4) = (5).

IfY is a (k,C)—semi-injector in MC, then (5) = (8); if Y is a (k,C)-
injector in MC, then (2) = (1).

In ([3]), A (k, C)-quasi-finite object in MC is called a quasi-finite object,
and a (k, C)-injector in MY is called a C-injector. We will call a (k,C)-
semi-injector in M€ a C-semi-injector.

Corollary 3.6 Let C a coalgebra over k. Let Y be a quasi-finite object of
MC. Set D = ec(Y). For X € MP, we consider the following statements.
(1) XOpY is injective in M and cg is surjective;
(2) X is injective as a right D-comodule;
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(8) XOpY is a direct summand in MC of some YD | and cg is bijective;

(4) there exists Q@ € MC such that Q is a direct summand of some Y1),
and X = he(Y, Q) in MP;

(5) XOpY is a direct summand in MC of some Y.

Then (1) = (2) & (3) < (4) = (5).

IfY is a C-semi-injector in M, then (5) = (38); if Y is an injector in
ME, then (2) = (1).

Let H be a Hopf algebra over k and C a coalgebra over k. We say
that C is a right H-comodule coalgebra if C is a right H-comodule via
pc:C —= C®H, pc(c) = cp) ® cqy, and Ac and e¢ are H-colinear. The
last two conditions mean that

Alc()) ® c1y) = cio) @ 20) ® cryaqry  and  €c(cqo))eq) = €c(c)1m-

If C is a right H-comodule coalgebra, we have the smash coproduct coal-
gebra C <1 H which as a vector space is C ® H, has counit ¢c & ey and
comultiplication as follows:

A(C > h) = (01 B> Cz(l)hz) &® (02(0) >l hl)

Denote by M the category of right C > H-comodules: the morphisms
of MCEH gre the C-colinear and H-colinear maps.

According to [4], a vector space M is a right (C, H)-comodule if it is

e a right C-comodule via m = myg ® my;,

e a right H—comodule via m — mp ® myy,

o for all m € M we have

Mio}{0} @ Mo{1} ® M1} = M{o}o] ® M{1}(0) & M{0}[1]T{1}(1) (*)-

Denote by M(CH) the category of right (C, H) comodules: the mor-
phisms of M(©H) are the C-colinear and H-colinear maps. By ([4] Propo-
sition 1.3), we have M(CH) ~ MC=H  We refer to [9] for the definition of
a left (C, H)-comodule.

Corollary 3.7 Let H be a Hopf algebra over k and C a a right H-
comodule coalgebra over k. Let Y be a quasi-finite object of M“H. Set
D = ecpan(Y). For X € MP, we consider the following statements.
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(1) XOpY is injective in MC™H and cg is surjective;

(2) X is injective as a right D-comodule;

(3) XOpY is a direct summand in M=H of some YD, and cg is
bijective;

(4) there ezists Q@ € ME™H such that Q is a direct summand of some
YD, and X = he(Y, Q) in MP;

(5) XOpY is a direct summand in M= of some YD),

Then (1) = (2) & (3) & (4) = (5).

IfY is a C > H-semi-injector in MH | then (5) = (3); if Y is a
C 1 H- injector in M | then (2) = (1).

Let H be a finite dimensional Hopf algebra, C a right H-comodule coal-
gebra, C 1 H the smash coproduct. We know that C is a left H*-module
coalgebra. We denote by H** the kernel of the counit of H* and we set
(H**)C = H** — C, where “—” denotes the left H*-action on C. Then
(H**)C is a coideal of C and C/(H**)C is a coalgebra with a trivial left
H-module structure. Let C = C/(H**)C be the quotient coalgebra. Then
Cisa(C,CxH )-bicomodule, and as a right C <t H-comodule, it is quasi-
finite. So the cohom functor hcsen(C,—) exists. To every object M in
MEH we can associate a right C-comodule M/(H** — M), and we get a
functor (—) from MEC=H 6 MC . This functor is a left adjoint to the functor
~0sC : M® — MC=H_ By the uniqueness of adjointness, hown (C, —) is
equivalent to (=) (see [9] page 5) for the case of a left C 1 H-comodule).
For further informations on smash coproducts, we refer to [6] et [7].

Corollary 3.8 Let H be a finite dimensional Hopf algebra over k and C a
right H-comodule coalgebra over k. Set D = ecwu(C) = hown (C,C). For
X € MP, we consider the following statements.

(1) XOpC is injective in M™H and cg is surjective;

(2) X is injective as a right D-comodule;

(3) XOpY is a direct summand in MCH of some CcD  and cg is
bijective,

(4) there ezists Q@ € ME™H such that Q is a direct summand of some
C(I), and X = hCMH(C,Q) m MD,'

(5) XOpC is a direct summand in M= of some CD.
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Then (1) = (2) < (3) & (4) = (5).
If C is a semi-injector in MH | then (5) = (3); if C is an injector in
ME=H then (2) = (1).
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Abstract
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1 Standard operator algebra and maps

Let X be a Banach space of dimension > 1 and B(X) the algebra of all linear
bounded operators on X. A subalgebra 2 of *B(X) is called standard operator
algebra if it contain all finite rank operators in B(X%).

Let 2’ be a ring and ¢ : A — 2’ a map. We say that the map ¢ is additive
if ¢(a +b) = ¢(a) + ¢(b) for all a,b € .

Lu in [?] studied the additivity of maps defined on standard operator
algebras preserving sums of double products of type ab + ba for all a,b € 2.
He proved the following theorem.

Theorem 1.1. Let X be a Banach space with dimX > 1, 2 C B(X) a
standard operator algebra and A' a ring. Suppose ¢ : A — A is a bijective
map satisfying

$(ab + ba) = ¢(a)@(b) + ¢(b)¢(a)
for all a,b € A. Then ¢ is additive.

In this paper we investigate the additivity of maps defined on standard
operator algebras preserving sums of triple products of type abc+ acb+ bac+
cab + bca + cba, a,b,c € A.

2 The main result

Our main result is the following theorem.

Theorem 2.1. Let X be a Banach space with dimX > 1, A C B(X) a
standard operator algebra and ' a ring. Suppose ¢ : A — A’ is a bijective
map satisfying

¢(abc + ach + bac + cab + bea + cba)
= ¢(a)p(b)¢(c) + ¢(a)(c)p(b) + B(b)d(a)d(c) + ¢(c)p(a)p(b)
+ ¢(b)p(c)d(a) + ¢(c)¢(b)¢(a)

for all a,b,c € A. Then ¢ is additive.

Based on the techniques used by Lu [?] and Martindale [?], let us fix
a nontrivial idempotent operator e; € 2 and let e; = 1 — e;, where 1 is
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the identity operator on X. Then 2 has a Peirce decomposition A = 2;; @
Ao & Ay @ Ase, where Ay; = eAe; (4,5 = 1,2), satisfying the following
multiplicative relations: (i) ;% € Ay (4,7, = 1,2) and (ii) A A = 0 if
J 76 k (i’jak’l = 1,2)

We shall organize the proof of Theorem 7?7 in a series of lemmas. We
begin with the following lemma.

Lemma 2.1. Let s = 811 + 812 + Sg1 + S22 € A, Then:

(i) If tijsje = 0 for every ti; € Ay (1 < 4,5,k < 2), then sj, = 0. Dually,
if skiti; = 0 for every ti; € ™Uy; (1 < 14,5,k < 2), then sp; = 0;

(i1) If siisbi; + Sibsiis + @i58iibss + bisSiitsi + aiibii Sy + biiagsi = 0 for all
@i b € Wy (1 <4< 2), then sy = 0;

(141) If aijs;5bj; + aiibj;s;; = 0 for every a;; € Uiy (1 < i # j < j) and
bjj € Qljj, then S = 0. Dually, Zf a,-,-s,-ibij + siiaiibz-j = 0 for every
a; € Ui and bz’j € Qlij (1 <1 #j < ]), then s; = 0.

Proof. (i) The proof of this case can be found in [?, Lemma 2(ii)].

(i) If 835043bs + Si3bisGss + Qi3 Si3bsg + i S15 Qs+ Aasbis Sis+bssass sy = 0 for all ag, by €
A (1 < i < 2), then sy(e;ae;)(ebe;) + su(esbe;)(esae;) + (e;ae;)si(esbe;) +
(esbei)sii(esae;) + (e;ae;)(esbe;)sy + (esbe;)(eiae;)sy; = 0 for all a,b € 2.
Since 2 is dense in B(X) under the strong operator topology, let us con-
sider a net {by}aca C B(X) such that SOT — lim, b, = 1. The limit in
sii(€ibaei)(€ibaei) +5ii(eibaei) (eibaei) 4 (eibas) sii(eibaes) +(eibats) sii(ebaei) +
(6¢baei)(6iba6¢)8ﬁ + (eibaei)(eibaei)sﬁ = 0. This leads to Sjj = 0.

(iii) This case is proved similarly to the case (ii). a

Lemma 2.2. ¢(0) = 0.

Proof. From surjectivity of ¢ there is an element a € 2 such that ¢(a) = 0.
This implies that

#(0) = ¢(a00 + a00 + 0a0 + 0a0 + 00a + 00a)
= ¢(a)8(0)8(0) + ¢(a)$(0)¢(0) + ¢(0)(a)$(0)

+¢(0)¢(a)$(0) + #(0)#(0)p(a) + $(0)$(0)¢(a)
= 0.
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Lemma 2.3. Let a,b,c € A such that ¢(c) = ¢(a) + ¢(b). Then

@(cst + cts + sct + tes + ste + tsc)
= ¢(ast + ats + sat + tas + sta + tsa)
+ @(bst + bts + sbt + tbs + stb + tsb)

for all s,t € A.
Proof. For arbitrary elements s,t € 2 we have

$(cst + cts + sct + tes + ste+ tsc)
= ¢(c)d(s)9(t) + p(c)d(t)(s) + d(s)B(c)B(2) + ¢(t)B(c)B(s)
+9()9()9(0) + BD)B(5)(c)
= (6a) + 6(1)B(s)6(t) + (6(a) + #(1) p(B)(s)
+6(s) ($(a) + ¢(b)) #(2) + ¢(2) (6(a) + B(b)) 4(s)
+8(s)(t) (8(a) + (b)) + ¢(£)$(s) (¢(a) + H(b))
= #(a)p(s)e(t) + ¢(a)(t)d(s) + 8(s)p(a)é(t) + 6(t)d(a)d(s)
+¢(s)8(t)d(a) + B(t)p(s)$(a) + (b)¢(s)B(t) + $(b)B(t)b(s)
+¢(s)B(b)¢(t) + B(t)p(b)d(s) + ¢(5)B(£)p(b) + B(t)p(s) ()
= ¢(ast + ats + sat + tas + sta + tsa)
+¢(bst + bts + sbt + tbs + stb + tsb).
O
Lemma 2.4. ¢(ay + bij) = d(ays) + ¢(bi;) for all ay; € Ay and b € Us;
(i # 7).
Proof. From the surjectivity of ¢ there exists ¢ € 2 such that ¢(c) = ¢(ay)+
#(bi;). Hence, for arbitrary elements s; € ; and t;; € 2;; we have
B(csiitij + ctijSii + Siuctij + tijcSi + Sitijc + tijsuc)
= B(ausits; + utijsi + Suuiti; + tijiiSi + Sutijau + tijSiitis)
+@(bigsiits; + bijtijSu + Subijtiy + tijbijsu + sutijbij + tijsubiy)
= ¢(ausitij + Suiti;)-
From injectivity of ¢ we obtain cs;;ti; + siicti; + tijcsi + Suti;c = aiSiti; +
84a4t;; which implies ¢;;84t;; = 0. Thus ¢j;; = 0, by Lemma ?7(i). Next, for

arbitrary elements s;; € ; and t;; € 2;; we have

¢(C$,;¢tjj -+ ctjjsii + sﬁctjj + tjjcsﬁ + s,-itjjc + tjjSﬁC)
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= ¢(ausiti; + auti;Su + Suutjj + tjj0usu + Sutjji + tj;8:u0u)
+¢(bij8,;,;tjj + bi,-tjjsu + Siibijtjj + tjjbz'jsiz‘ + Siitjjbij + tjjsubij)
= P(sibiztss).
From the injectivity of ¢ we obtain s;;ct;; + ;¢ = s4bi5t;; which leads to

8iiCijtj; = Siibiit;;. Therefore ¢;; = by, by Lemma ??(i). Also, for arbitrary
elements s;; € ;; and t;; € 2U;; we have

d(csjitis + tijsis + 8iiCty; + £3iC855 + 8ijtjsC + £5845€)
= B(ausjitj + aiitiss;s + 8550uts; + tij0isi; + 85t + t5585504)
+(bijs55t55 + bigtsi8is + 8isbigtis + tiibigsss + 835t s5bis + t35855045)
= B(bijsjitis + bigtsjsss)-
It follows that c8jitji+Cty;845+ 8¢t +1;5¢855+ 855t5;¢+15585¢ = bi;s;its+
bijt;jsj; which implies ¢;58;5t55 + Cjsti5855 + 845Ciitss + tiiCigSis + 8istiiCis +
t;;8;5i¢i; = 0. Thus ¢;; = 0, by Lemma ?7?(ii). Yet, for arbitrary elements
si; € Ay and t;; € A;; we have

b(csijtss + ctjjsiy + sijcti; + 356845 + Siztiic + t358i5C)
= ¢(aasijtjj + a,-itjisij + 8350455 + 155044845 + Sijtjiau + tjjsijaii)
+¢(bijsity; + bigtijSij + Sigbigtis + tisbissij + Sigtssbig +1558i0i5)

= @(assijts;).
This results in csijtjj + sijctjj + tjjcsij + sijtjjc = aﬁsijtjj which leads to
cﬁsijtjj = aﬁsijtjj. So Cii = Qy4, by Lemma ??(1) O

Similarly, we prove the following lemma:

Lemma 2.5. ¢(az~,~ + qu;) = qb(aﬁ) + ¢(bﬂ) fOT‘ all a; € Qlii and bﬁ € Q[ji
(i # 7).

Lemma 2.6. ¢(a12¢22 + b1adan) = d(a12¢22) + d(biadaz) for all a1z, b1a € Az
and Co, dag € Agg.

Proof. First of all, we note that the following identity is valid

Q12092 + biades = e1(daz + a12)(coz + bi2) + €1(coz + b12)(da2 + a12)
+(dag + a12)e1(caz + bi2) + (22 + bi2)er(dag + a12)
+(da2 + a12)(coz + biz)er + (22 + b12)(da2 + ar2)er.
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Hence, by Lemma ??, we obtain

B(a12c22 + b12das)
= ¢(e1(da + a12)(caz + bra) + e1(coz + b12)(doz + a12)
+(da2 + a12)e1(caz + bia) + (caz + biz)er(das + a12)
+(daz + a12)(co2 + bia)er + (coo + b12)(daz + a12)61)
= ¢(e1)d(daa + a12)d(caz + b12) + P(e1)P(caz + b12)d(doz + a12)
+¢(daz + a12)d(e1)P(coa + b12) + g + biz)d(e1)P(daz + a12)
+¢(d22 + a12)p(caz + bi2)d(e1) + d(caz + b12)P(daz + ar2)d(e1)
= ¢(e1)(d(dz2) + p(a12))P(caz + b12)
+é(e1)d(ca2 + bra) (¢(d22) + ¢(a12))
+(P(da2) + B(ar2))B(e1)p(coz + bro)
+@(caz + biz)d(e1) (#(da2) + Plarz))
+(p(daz) + ¢(a12)) (a2 + b12)(er)
+6(ca2 + b1z) ((da2) + #(a12)) $(e1)
= ¢(e1)p(da2)P(coz + b12) + d(e1)(caz + br2)P(da2)
+¢(daz)p(e1)d(caz + bia) + B(coz + b12)d(e1) p(da2)
+¢(daz)d(caz + bi2)p(e1) + P(caz + b12)d(daz)B(er)
+@(e1)B(ar2)(caz + brz) + pler)p(caz + b12)P(ar2)
+¢(a12)P(e1)P(caz + bra) + d(caz + b12)d(e1)P(a12)
+¢(a12)p(caz + bia)p(e1) + B(caz + b12)d(ar2)P(er)
= ¢(€1d22(022 + b12) + e1(co2 + biz)daz + dazer(co2 + b12)
+(co2 + bia)erdan + dao(Caz + b12)er + (caz + bi2)dnser)
+¢(e1a12(caz + bi2) + €1(caz + b1z)aiz + arze1(caz + bia)
+(cag + br2)erara + arz(can + biz)er + (Caz + br2)arzer)
= ¢(a12¢2) + P(b12da2).
O
Lemma 2.7. ¢(a12 + b12) = ¢(a12) + ¢(b12) for all aia, bia € Uso.

Proof. By the surjectivity of @, there exists ¢ € 2 such that ¢(c) = ¢(ais) +
#(b12). Hence, for arbitrary elements s3; € ;1 and o € Aoz, we have by
Lemma 77

d(cs11tan + Ctansyy + S11¢tae + taecs11 + S11teac + £22811C)
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= @(a12811t22 + G1atas11 + S11812t22 + ta2a12811 + S11t22a12 + t22811012)
+@(b1as11tag + biataasiy + S11biotos + taobiasiy + S11tazbia + tazs11b12)
= P(S11a12t22 + S11b12t22).

It follows that s1jctes + ta2c811 = S11@12t02 + S11b12t22 Which implies s11¢12t22
= 311a12t22+311b12t22 and t22621811 = 0. Therefore, Cig = a12+b12 and Co1 = 0,
by Lemma ??(i). Next, for arbitrary elements sy € zo and top € Aso, we
have

@(csantan + Ctaasaa + S2aCtan + t2aC820 + Saotaac + ta2822C)
= @282t + 1222822 + S2a12tas + t22012522 + S22t22012 + t22522012)
+¢(b12s2ataz + biatazsas + Saobiatan + tazbiasas + Saatabiz + t22822b12)
= @(a12822t20 + G15t22822 + brasaatas + biataes2),

by Lemma ?7 again. We can thus conclude that csqatog + ctaaSas + Saactan +
t20CSa2 + SaataaC + t22892C = G12830tas + G12ta2522 + b12S2ata2 + biataasee which
yields cops20tor + Coataasa + S22Catar + tazCa2822 + S2atazcaa + ta2822¢22 = 0.
Thus, cp2 = 0, by Lemma ?7(ii). Also, for arbitrary elements s;; € 2;; and
t12 € 210, we have

B(cs11tia + cti2s11 + S11¢tia + t126811 + S11t12€ + t12811C)
= ¢(a12811t12 + 012812811 + S11012t12 + 12012811 + S1112012 + t12811012)
+¢(b1as11t12 + bizt12811 + S11b12t12 + t12b12811 + S11t12b12 + t12811012)
= 0.

We can then take csjitia + S11¢tia + t12¢811 + S11t12¢ = 0 which results in
ci1811ti2 + s1cnitiz = 0. So, ¢17 = 0, by Lemma, ??(iii). a

Similarly, we prove the following lemma:
Lemma 2.8. ¢(a21 + b21) = ¢>(a21) + ¢(b21) for all agy, by € Apy.
Lemma 2.9. ¢(a11 + bn) = ¢(a11) + ¢(b11) fOT all ai, b11 € Q[n.

Proof. By surjectivity of ¢ we may choose s = 811 + 812 + 821 + S22 € U such
that ¢(s) = ¢(a11) + ¢(b11). It follows that, for arbitrary elements s1; € Ay;
and ty; € A0, we have

P(cs11ton + ctaasiy + S11ctag + tancs11 + S11ta2C + to2s11C)



- 144 -

= @(a11811ta2 + a11t2e811 + S11811t22 + ta2a11811 + S11ta2a11 + t22511811)
+¢(b11811t22 + br1tassin + s11b1itos + tazbi1811 + S11tabi1 + tazs11b11)
= 0.

This shows that 8116t22 + t226811 = 0 which implies Sllclgtgg = t22021311 = 0.
Therefore ¢;2 = c2; = 0, by Lemma ??(i). Next, for arbitrary elements
Sgg € Ay and 9y € Ayy we have

P(CcSaataz + ClagSan + S2aCton + t2aCS22 + Saataac + t928220)
= ¢(a11822t22 + a11t22822 + Sa2a11ten + ta2@11822 + Saotazai + t22822a11)
+@(b11822to2 + br1tazSae + So2biitas + tazbi1822 + Saotacbii + taaS22bir)
= 0.

This leads to csgatan + ctogsge + Saactag + tzgcséz + Sggtaac+ taoSgec = 0 which
results in cpys30ta2 + C20t22522 + S22Ca0tas + £22C20822 + SaataaCen + ta822cae = 0.
Thus, ¢y = 0. Now, for arbitrary elements s;5 € ;5 and tgo € 3o, we have

P(cs1atan + ctaasia + S12¢tan + taacs1z + S1atasc + tr2812¢)
= @(ansiater + antaesiz + s12a11t02 + taz011812 + S12t22a11 + t22512011)
+¢(b11512t22 + br1taas1s + S12b11822 + tazb11812 + S10t20b11 + t22812b11)
= ¢(a11812t22 + b11512t22).

This shows that csiatos + S1a¢tas + taaCs12 + Siataac = a11812t2s + b11S12ta2
which yields 611812t22 = a11812t22 + b11812t22. So c11 = ai + b11. O

Similarly, we prove the following lemma:
Lemma 2.10. ¢>(a22 + 622) = ¢(a22) + ¢(b22) fOT all agg,bay € Asy.
Lemma 2.11. ¢(CL11 +b22) = ¢(a11) +¢(bgz) fOT‘ all a1 € 9111 and b22 € 2[22.

Proof. Choose s = s11+812+821+822 € ™A such that M(s) = M(a11)+M (ba).
For arbitrary elements s;; € 20;; and 55 € 3o, we have

P(cs1iton + cloasiy + S11Cton + t2acs11 + S11tazc + t22811C)
= ¢(a11811t22 + @11t22811 + S11@11t22 + t22a11811 + S11t22011 + t22811011)
+d(baas11t2e + baotaosiy + S11boatos + toobeasin + S11tasbos + t22811022)
= 0.



- 145 -

It follows that s;;ctey + teacsi; = 0 which implies 811¢iat2e = taaco1811 = 0.
So c12 = ¢1 = 0, by Lemma ?7(i). Next, for arbitrary elements sy2 € oo
and tyy € Ao, we have

P(csaatan + Clagsan + SaaCtan + taaCSaa + SagtanC + t22822C)
= @(a11822t2 + a11t22522 + S32a11t02 + t22011822 + Saota2an1 + t22892011)
+¢(bazsaataz + bastarsar + Sa2baatan + t22bazsas + Saatasboy + tags22b22)
= ¢(bazsaatan + bastarSas + S22b2atan + 2222822 + Saatasbas + t22520b22).
This shows that csggtes + CtaoSos + SgaCtas + toaCSaa + Saotasc + t22822¢ =
bazs2taz + bootazsoe + S22bastan + taob2asaz + Sagtasbaz + ta2820b20 Which yields
(coa — baz)saotar + (Caz — boo)tazsas + S2a(coz — baz)tan + tao(coo — baz)sze +
Soatan(Cog — bag) + tans2a(Cog — bag) = 0. So ¢y = by, by Lemma ?7(ii). Now,
for arbitrary elements s;; € ;1 and t1; € 31, we have
@(cs1itir + ctiisiy + snctin + tiesi + sutnc + tsiuc)
= @(ansnutn + autinsi + suantn + tnansi + sutuan + tnsnaen)
+¢(ba2s11t11 + baat11811 + S11b20t11 + t11b2as11 + S11t11b22 + t11811022)
= ¢(ansutn + antnsn + suanti + ten s + sutnaen + tusnan).
It follows that csy1t11+ct11811+8S11¢t11+t11¢811+ 811t 11C+E11811¢ = Q1181111+

a11t11811 + S11011t11 + t11@11811 + S11t11011 + t11811011 Which results in ¢;; =
aii. O

Lemma 2.12. If ¢ = ¢1; + ¢13 + ¢21 18 such that ¢(c) = ¢(a12) + P(b21), then
c11 =0, c12 = a1z and c3; = ag.

Proof. In fact, for arbitrary elements sp; € o1 and t1; € 21, we have

@(csa1t11 + ct11891 + So1Ct11 + 118891 + Se1t11C + t11821C)
= ¢(a12821t11 + G12t11821 + 2181211 + t11012891 + S21t11012 + £11521012)
+¢(basa1t11 + bart11821 + S21ba1t1y + t11baisar + Sa1tiibar + t11821b21)
= ¢(aizsa1t11 + 111012821 + Sa1t11012).
It follows that csaitin + so1ctin + t116821 + S21t11€ = @12821t11 + t11@12891 +
S91t11012 which implies sgi1t11¢12 = S21t11a12 and Soi¢11t11 + S21t11c11 = 0.
Thus, ¢;; = 0 and ¢j2 = a3z, by Lemma ?7(i) and (iii), respectively. Now,
for arbitrary elements s15 € ;2 and 5y € Az, we have

P(cs1aton + Ctaosia + S12Ctas + t2aCS12 + S12t22C + t22812C)



- 146 -

= ¢(a12812t22 + Q12t22812 + S12a12t22 + t22a12812 + S12t22a12 + t22812a12)
+@(b21512t22 + bartorsia + S12baitor + tazba1S12 + S1ataober + ta2812ba1)
= ¢(ba1S12ta2 + t22ba1S12 + S12t20ba1).

We can then take csiatos + S12Ctag + t92CS12 + S12t20¢ = bo1S12tas + taoba1 812 +
812t22b21 which yields 812t22C21 = 812t22b21. SO, Co1 = b21. O

Lemma 2.13. ¢(a12+b21) = @(ai2) + ¢(b2y) for all a1n € Ayx and by € Ao,

Proof. By surjectivity of ¢ we may choose ¢ = ¢;; + ¢12 + o1 + ¢22 € 2 such
that ¢(c) = @(a12) + ¢(ba1). Hence, for arbitrary elements s;; € A;; and
t11 € Ay;, we have

¢(csiitiy + ctiysi + siictyy + t1acsin + s1itnc + t11811¢)
= @(a2s11t11 + a12t11811 + S11012t11 + t11012811 + S11t11012 + t11811012)
+¢(bars11t11 + bart11811 + S11b2rt + 1121811 + S11ti1boy + t11811b21)
= @(sutnaiz + t11511012) + d(barsiitiy + bart11811).

Since

¢((cr1811t11 + crrtiasn + sucitin + tucnsu + suticn + tisicn)
+(s11t11612 + t1is1ici2) + (cars11t + cartiisi))
= ¢(s1t11012 + t11811a12) + P(ba1s11t1y + bart11811),

then ciisiitiy + cuitisin + sucuitnn + tuucisu + suticn + tusnen = 0,
suiticiz+tiisniciz = sutiaig+t11811012 and ca1811t13+co1t11811 = bar st +
boit11811, by Lemma ??. Therefore, ¢;; = 0, ¢12 = a2 and ¢ = by;, by Lema
??(ii) and (iii), respectively. Next, for arbitrary elements sp; € g and
tu € 2[11, we have

P(csartiy + cti1821 + Sa1ctyy + t116821 + Sa1t1ic + t1182:1€)
= @(a12821t11 + a12t11521 + S21012t11 + 111012821 + Sa1t11012 + £11821012)
+@(b21s21t11 + bart11821 + S21bant1n + t11ba1sa1 + sa1tiibar + t11821b21)
= ¢(a12821t11 + t11012821 + S21t11012).

This shows that csgit11 + S21¢t11 + t11¢821 + S21t11¢ = @12821t11 + t11G12821 +
321t11a12 which implies 022821t11 = 0. SO Cop = 0. O
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Lemma 2.14. Ifd = dy1+d12+ds; is such that ¢(d) = ¢(a11)+¢(b12)+¢(021),
then d11 = a1, d12 = b12 and d21 = Co1.

Proof. Write ¢(d) = ¢(a11 + bi2) + d(ca1), by Lemma ??. Then, for arbitrary
elements s15 € Ay and £15 € Ayo, we have

B(ds11tan + dizgsiy + sudiay + taadsiy + s11tead + ty2511d)
= ¢((a11 + br2)suitee + (@11 + b12)tazs11 + s11(aar + biz)ta
+ta2(a11 + bia)s11 + S11tez(a11 + b12) + taasii(asr + b12))
+d(ca1811t22 + Cartae811 + S11021t02 + ta2C1511 + S11te2Ca1 + t22S11C1)
= P(s11b12t20 + t22C21811).

We can thus conclude that s;i1dtay + toodsi; = S11b1gtos + t22c21811 which
implies s11d19t32 = S11b1atee and tadai 811 = ta2c01811. Thus, dip = b2 and
da; = ¢91. Now, for arbitrary elements s;; € 2;; and £y, € 2As1, we have

@(dsiatar + diaisiy + sudtar + tardsiy + sutad + ta1811d)
= ¢((au + biz)suitar + (a1 + bi2)tarsis + s11(a11 + bia)ten
+ta1(a11 + b12)s11 + s11tar (a1 + biz) + tarsii(an + b12))
+@(cars11ta1 + Cartansn + sucartar + ta1ca1811 + S1itarcor + ta1s11C21)
= @(biatars11 + s11b1atar + t21011811 + tars11011 + ta1811b12).

We can then get dto1811 + s11dto; + t21d511 + ta1511d = biat21511 + S11b12ta1 +
t21@11811 +121811a11 +¥21811b12 Which results in ¢o1dy1811 +t21811d11 = t21011811
+ to1811011. So, di1 = aq1. a

Lemma 2.15. ¢(a11 + b12 + 021) = ¢(a11) + ¢(b12) + ¢(021) fOT all a;; € 2[11,
big € AUy and cyy € Ay

Proof. Choose d = dyj;+dja+da +doz € A such that ¢(d) = @(ay;)+@(b12) +
@(co1) and write ¢(d) = ¢(a; + b12) + ¢(ca1).
For arbitrary elements s;; € 2;; and t;; € 1, we have

B(ds11t11 + dtiisiy + snidtyy + tiadsyy + sutnd + t1ysnd)
= ¢((a11 + biz)siit1s + (@11 + biz)tuisi + s11(a11 + b1a)tn

+t11(a11 + bi2)s11 + sutii(ar + bi2) + trisi(anr + b12))

+¢(da1s11t11 + dortiisn + sndartin + tindaisn + sutnda + tisida)
= ¢(ans1tny + aurt11811 + s11611t11 + taisy + sutuen +tusnan
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+s11t11b12 + t11811b12) + H(dars11t1n + daitiisi)
= ¢(a11s11t11 + a11t11811 + S11@11t11 + 11811811 + S11t11011 + t11811011)
+¢(s11t11012 + t11811012) + P(darS11t11 + dartiisir).

From Lemma 77, we can then get di1811¢11 +d11t11811 + sudniti +tndi s+

sutndin +t1811d1 = a11811t11 + a1t 11 + S11011t11 + 411011811 + Snatna +
t11811011, Sutindia+t11811d12 = $11t11b12+111811012 and da1 81111 +d21ti1811 =
ca1811t11 + ca1t11811. Thus, diy = a11, diz = bz and dg; = c21, by Lemma
??(ii) and (iii), respectively. Next, for arbitrary elements sp; € A2 and
tas € Aso, we have

B(dsaatar + dtagsss + s2adtan + taadsas + soataad + ta2822d)
= @((a11 + biz)sastas + (a11 + bi2)taasas + S22(a11 + bi2)tas
+taa(a11 + b12) S22 + Saatas(a11 + b12) + taasaa(ans + b12))
+@(ca182ataz + Cartazsaz + S2aCantan + tazCa1822 + Sa2t2aCan + t2as22Co1)
= @(brasaatar + biataasas + Saatascar + ta2822Ca1),

by Lemma ?7?. This show that dsystos + dt22822 + S9odtog + toadSag + Sootoad +
t22822d = 12820822 + biotansan + SaotancCa1 + t2aS22C21 Which yields daosaatas +
dootnsae + Saadaotan + taadaeSag + Saotaodas + taasoades = 0. So dye = 0. O

Lemma 2.16. If f = fio+ for+ foo is such that ¢(f) = ¢(br2)+d(ca1)+(d22),
then fi3 = bia, fa1 = co1 and foo = dao.

Proof. Write M(d) = M(b12) + M(co1 + d22). Hence, for arbitrary elements
811 € A1 and tgp € Az, We have

A(fs11toe + ftaasi + s11ftoe + toafs11 + sutoef + t22s11f)

= @(b1as11tan + biatarsiy + s11b1otan + tazb12511 + S11t22b12 + t20511b12)
+¢((ca1 + dag)s11tas + (o1 + da2)taasis + s11(ca1 + da2)tas
+taa(co1 + daz)s11 + S11t2a(Cot + daa) + tazs11(co1 + da2))

= @(snbiatan + tazc1811),

by Lemma ??. It follows that 811ftag + taa fs11 = S11b12t22 + t22C21811 which
implies s13 fiotas = S11b1at2e and topfo1811 = taaca1811. Therefore, fi2 = b2
and fy; = ¢g;. Next, for arbitrary elements sjo € 215 and ¢y € Aso, We have

B(fs1aton + ftaos12 + S12ftos + toafS12 + S12toaf + t22812f)
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P(b12512t22 + bratazsiz + S12b1tan + t2ob12812 + S1atazbia + ta2812b12)
+¢((ca1 + dag)s12tas + (21 + da2)taas1a + s12(Ca1 + daz)tas
+t22(Co1 + dag) 12 + S12taz(car + doa) + ta2812(Co1 + d22))
¢(can812ta2 + S12daatar + ta2Ca1512 + S12tasCar + S1at22d2r)

This leads to fsiaotag + s12ft2 + taafsi2 + s12taaf = carS12te + S12d22t20 +
to2C21812 + S12t22C01 + S12t02dao Which implies 815 faotos + S12t22 f20 = S12d22t22+
812t22d22. SO, f22 = dzg, by Lemma ??(iii). O

Lemma 2.17. ¢(b12 + Co1 + dgg) = ¢(b12) + ¢(621) + ¢(d22) for all byy € ™Uqs,
ca1 € Up1 and dog € Aoy,

Proof. Choose f = fi1+4 fia+ fa1+ fo2 € ™ such that ¢(f) = ¢(b12) +d(ca1) +
@(d2g) and write ¢(f) = @(b12) + P(co1 + do2). Hence, for arbitrary elements
812 € Ayp and toy € Apz, we have

B(fs12toe + ftaasia + s12ftan + taafs12 + S1atosf + t22812f)
@(b12812taz + biatazsiz + S12b1ates + tazbiasiz + S12t22b1z + t22812b12)
+¢((ca1 + daz)s12tas + (Ca1 + daz)tansiz + S12(Co1 + dao)tas

+taa(Ca1 + daz)s12 + S12taz(car + daz) + taos12(cn + da2))
¢(ca1812t22 + S12daatas + tazca1S12 + S12t2aCa1 + S12t2adas).

Hence, fsiatas+ 812 ftas+taafs12+ S10taaf = Co1812t22 + S12d0atos +122C21 812+
812t22021 + 812t22d22 which implies 812t22f21 = 8§12022C21. Therefore, f21 = Co1.
Next, for arbitrary elements sy; € A2 and t1; € 211, we have

B(fsaat11 + ftirses + saaft1y + ta1fsoe + soatar f + ti1s22f)
P(b12522t11 + brat11822 + Sazbiatis + 11012822 + S22t11012 + t11822b12)
+¢((ca1 + daa)saatis + (co1 + doa)t11822 + Sa2(ca1 + da2)tu

+t11(ca1 + daz) Sa2 + Saati1(car + daa) + t11822(co1 + d22))
P(t11b12822 + s22¢21t11),

by Lemma 77. We can thus conclude that ss; ft11 + t11f822 = t11b12822 +
822C21111 which results in t11f12322 = t11b12822. SO, f12 = b12. AlSO, for
arbitrary elements sg € 292 and tgy € ™Azz, we have

@(fsaaton + ftansas + Saaftos + toafSan + Saotoaf + t2as2af)

= @(b1282atan + biotossae + Saobiatan + togb12S2 + Saatosbiz + t22822b12)
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+¢((ca1 + da2)s20tas + (21 + daa2)tnsas + S22(Ca1 + da2)tan
+taz(co1 + daz) a2 + Saataa(Cor + doz) + tags2a(Ca1 + da2))

= @(b1asaatar + biatarsaa) + d(S22ta2Ca1 + taaS22Co1 + da28zatar + doataos2e
+802daatas + ta2daasas + Sa2t2adaz + t22822d32)

= ¢(bi2saatan + biatoasa) + P(S2atascar + tazsazcar) + P(da2S22tan
+daotaS2s + Saadaatas + taadaasay + Saataadas + taas2adss).

From Lemma ?7?, we can get fasatan + faol2aS2s + S22 fastos + too f22522 +
Saataa fa2 + 122822 f2o = daaSaatan + daataasan + S2adastar + taad2as2s + Saotozdas +
ta2822dae which yields fo; = dao, by Lemma ?7?(ii). Yet, for arbitrary elements
812 € Ui and ¢y, € A1, we have

@(fs12tnn + ftinsia + s12ftin + tinfsi2 + st f + tusiaf)

= @(bras1aty + bigt11812 + S19b19t11 + t11b12812 + S12t11b12 + t11812b12)
+¢((ca1 + dao)siatis + (Ca1 + do2)t11812 + S12(co1 + daa2)tn
+t11(co1 + dao)s12 + S1at11(car + daa) + tr1s12(cor + dao))

= ¢(cart11812 + 812Ca1t11 + t11812C + t11812d22).

It follows that fti1812 + S12ft11 + t11f 812 + t11812f = carti1812 + S12621t11 +
t11812C21 + t11812dpe Which implies fi1t11812 + ti1f11812 = 0. So fi1 = 0, by
Lemma ?7(iii). O

Lemma 2.18. ¢(a11 + b12 + co1 + dzz) = ¢(a11) + ¢(b12) + ¢(621) + (ﬁ(dzg) for
all a;; € Ay1, b € Wjo, o1 € A1 and ¢y € Uy,

Proof. Choose f = fi1+ fia+ fa1+ faz € U such that ¢(f) = ¢(a11)+¢(b12) +
¢(C21) + ¢(d22) and write ¢(f) = ¢(a11 + b12) + ¢(021 + dzg). For arbitrary
elements s;; € 2A;; and t1; € A;;, we have

¢(Fsutin + ftusu + suftu +tifsu + sutuf +tusuf)
= ¢((a11 + bi2)s11ts + (a1 + bi2)t11811 + s11(a11 + bi2)tn
+t11(a11 + bi2)s11 + s1itii(a1r + bia) + t11s11(a1r + b12))
+¢((ca1 + daz)s11tss + (ca1 + daz)tais11 + su1(car + dao)tnn
+t11(co1 + daz)s11 + s11t11(cor + dog) + t11811(ca1 + d22))
= ¢(as11tn + antusn + suantn +tnennsn + sutnen
+t11811011 + S11t11b12 + t11811b12) + B(ca1811t11 + Caatiisn)
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= ¢(a11S11t11 + a11ti1811 + S0t + t11@11811 + Sutuan
+t11811011) + D(s11t11b12 + t11811b12) + A(C21811t11 + Co1t11811).

By Lemma 77, we conclude that fi1s11¢11 + fiitias11 + s fuitin +tu fuasu +
sutinfu +tusnfu = asity + et s + st + 1611811 + sutnan +
t11811011, S11t11 fio 1811 fi2 = sutibio+t11811b12 and fars11t11+ fartni s =
ca1811t11 + catiisu. Thus, fiy = a1, fiz = bio and for = c¢31, by Lemma
??(il) and (iii), respectively. Now, for arbitrary elements ss; € s and-
tog € RAge, we have

B(fsaotan + ftagsos + Saaftan + taaf s + soates f + t22822f)

= ¢((a11 + b12)saston + (a11 + b12)taasas + S22(a11 + b12)ta
+taa(a11 + bi2)se2 + Saotaz(a1r + bi2) + taosae(a1 + b12))
+¢((ca1 + daz)s2atas + (a1 + daz)taasaz + s22(car + da2)tas
+ta2(Ca1 + daz) S22 + Saotaa(cor + daa) + tazspa(Car + da2))

= @(bizsastas + b1at2os2a) + P(s2atazcar + t2aS22Co1 + daasatar
+daotarsas + Saadaatas + taodaasae + Soatordan + taz822das)

= @(b128gatan + biatarsaz) + d(Saatazcar + t22822C21) + P(d22820t02
+daotanss2 + saadaatar + taadaasan + Saotaadas + taasaadas).

By Lemma ?7, we can get faoSeotos + footoeSao + Saofoatos + toofaosee +
Soatan faz + 20822 faz = dogSaatas + daotansen + Saadaston +toadasan + Saotaadas +
t22822d22. SO faa = daa. o

Now we are able to prove the Theorem ??. Our proof is similar those
presented by Lu [?] and Martindale [?].

Proof of Theorem. Let a = a1+ a2+ a1 +a2 and b = by +b1g +bg1 +bos
be arbitrary elements of . From lemmas 77, 72, 7?7, 27 and 7?7, we compute

d(a+0b)
¢((a11 + bi1) + (a12 + b12) + (@21 + ba1) + (azz + b22))
= ¢(an + b)) + d(a12 + bi2) + d(ag1 + ba1) + P(aze + baa)
= ¢(a11) + ¢(b11) + d(a12) + d(b12) + (a21) + d(ba1) + P(az2) + $(b22)
= ¢(a11) + #(a12) + d(az) + d(az) + ¢(b11) + (b12) + d(ba1) + P(b22)
¢(a11 + a1z + ag1 + az) + d(bry + bia + bay + ba2)
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= ¢(a) + ¢(b).

This show that the map ¢ is additive. The Theorem is proved.

References

[1] F. Lu, Additivity of Jordan maps on standard operator algebras. Linear
Algebra Appl. 357 (2002), 123-131.

[2] W.S. Martindale III, When are multiplicative mappings additive? Proc.
Amer. Math. Soc. 21 (1969), 695-698.



ALGEBRAS GROUPS AND GEOMETRIES 33 153 - 163 (2016) -153 -

N*C* - SMARANDACHE CURVE OF INVOLUTE-EVOLUTE
CURVE COUPLE ACCORDING TO FRENET FRAME

Siileyman Senyurt*, Selin Sivas and Abdussamet Caliskan
Faculty of Arts and Sciences, Department of Mathematics
Ordu University
52100, Ordu, Turkey
senyurtsuleyman@hotmail.com

Received November 10, 2015

Abstract

In this paper, when the unit Darboux vector of the involute
curve are taken as the position vectors, the curvature and the torsion of
Smarandache curve are calculated. These values are expressed depending
upon the evolute curve. Besides, we illustrate example of our main results.

Mathematics Subject Classification (2010): 53A04.
Keywords: evolute curve, involute curve, Smarandache Curves, Frenet in-
variants

*corresponding author, senyurtsuleyman@hotmail.com

Copyright © 2016 by Hadronic Press Inc., Palm Harbor, FL 34682, U.S A.



1 Introduction

A regular curve in Minkowski space-time, whose position vector is composed
by Frenet frame vectors on another regular curve, is called a Smarandache
curve [13]. Special Smarandache curves have been studied by some authors.
Melih Turgut and Siiha Yilmaz studied a special case of such curves and
called it Smarandache 7'Bj curves in the space F{ [13]. Ahmad T.Ali stud-
ied some special Smarandache curves in the Euclidean space. He studied
Frenet-Serret invariants of a special case, [1]. Senyurt and Caligkan inves-
tigated special Smarandache curves in terms of Sabban frame of spheri-
cal indicatrix curves and they gave some characterization of Smarandache
curves, [5]. Muhammed Cetin, Yilmaz Tuncer and Kemal Karacan investi-
gated special Smarandache curves according to Bishop frame in Euclidean 3-
Space and they gave some differential geometric properties of Smarandache
curves,[8]. Ozcan Bektag and Salim Yiice studied some special Smaran-
dache curves according to Darboux Frame in E3, [3]. Nurten Bayrak, Ozcan
Bektag and Salim Yiice studied some special Smarandache curves in E3, [2].
Kemal Tagkoprii and Murat Tosun studied special Smarandache curves ac-
cording to Sabban frame on S2 [12].

In this paper, special Smarandache curve belonging to a* involute curve
such as N*C* drawn by Frenet frame are defined and some related results
are given.

2 Preliminaries
The Euclidean 3-space E® be inner product given by

(,) =} + a3 +z}

where (z1,73,73) € E3. Let o : I — E® be a unit speed curve denote by
{T, N, B} the moving Frenet frame . For an arbitrary curve oo € E3, with

first and second curvature, x and 7 respectively, the Frenet formulae is given
by (9], [10]

T =N
N' = —-kT + 7B (1)
B' = —rN.

For any unit speed curve o : I — E3, the vector W is called Darboux vector
defined by

W = 7T + kB.
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If we consider the normalization of the Darboux C = mw we have

sinp = cosp =

T K
Wil Wil
and

C =sinyT + cospB

where Z(W, B) = .

Definition 2.1 Let unit speed reqular curve o : I — E3 and o* : [ — E?
be given. For Vs € I, then the curve a* is called the involute of the curve
a, if the tangent at the point a(s) to the curve a passes through the tangent
at the point a*(s) to the curve o* and (T'(s),T*(s)) = 0.

The relations between the Frenet frames {T'(s), N(s), B(s)} and {T*(s), N*(s), B*(s)}

are as follows:

T*=N
N* = —cos T +sinpB (2)
B* = sin ¢T + cos pB.

Theorem 2.1 The distance between corresponding points of the involute
curve in B3 is

d(a(s), a*(s)) = |c — s|,c = sbt,Vs € I,[9).

Theorem 2.2 Let (o, a*) be a involute-evolute curves in E3. For the cur-
vatures and the torsions of the involute-evolute curve (o, &*) we have,

/T
®)

kt' — KT

"= (c — 8)r(K2 + 72)

T
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Theorem 2.3 Let (o, a*) be a involute-evolute curve in E3. For the vector
C* is the direction of the involute curve o* we have

e ¥ N YEET 4)
/ 2 2 / 2 2
o +KrE+T O +K+T

where the vector C s the direction of the Darboux vector W of the evolute
curve o, [4].

3 N*C*-— Smarandache Curve of Involute-Evolute
Curve Couple According to Frenet Frame

Let (o, *) be a involute-evolute curves in E3 and {T*N*B*} be the Frenet
frame of the involute curve o* at a*(s). In this case, N*C* - Smarandache
curve can be defined by

L
V2

Solving the above equation by substitution of N* and C* from (2) and (4),
we obtain

h(s) = —=(N"+C7). (5)

(—cosp + asin )T + bN + (siny + acosp)B
7 (6)

Y(s) =
where

W] @
YA I O S—
Ve + WP N

The derivative of this equation with respect to s is as follows,

P = T"’% = —\;—5[@' sinp + a' sinp + ay’ cosp — kb)T — (W] + V)N

+(¢' cosp + a’ cosp — ay' sinp + 7b) B| (7)

and by substitution, we get
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(¢'sing + a'sinp + ap’ cosp — kb)T — (|W|| + )N

T, = 8
W V(¢ +a)? + (a@ = B[WI)2 + (W] - ) ®
(¢ cosp + a' cos — ay’siny + 7b) B
V(¢ +a)? + (a@ = B[W)2 + (W] - &)
where

dsy _ [(¢'+a)?+ (ap’ = bW|)? + (W] = ¥')?
_d_;/: - \/ 2 ' %)

In order to determine the first curvature and the principal normal of the
curve 1(s), we formalize

V2(&T + &N + &3 B)

T!(s) =
+ (¢ + )2 + (ag = BIWI2 + (|W] - b)2)3

(10)

where
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(&) = (¢"sing + ¢'* cos p + a” sin o + 2a'¢ cos @ + ap” cos p — ay'* sinp — K'b

=26t + K| W) /(¢ + @)? + (a@’ = BIIW[)? + (IW] - ¥)? — (¢'sing

+d'sing + ayp’ cos p — kb) (1/(¢' + @) + (ap’ — b|W]))2 + (W] - v)?)’

Gy = (ag W] = b|WI* ~ W' + 5")/ (¢’ + @) + (a¢’ = b W])2 + (W] - &)?

{ +(IW| +8) (V@ + &) + (ag = S[WIZ + (W] =)’

@3 = (¢" cosp — @ sinp + a’ cos p — 2d'¢ sinp — ag” sin — ap’ cosp + 7'b

+218 = 7|WINV/ (¢ + )2 + (a¢’ = bIW])? + (W] = ¥)? — (¢ cos

+a’ cosp — ay’sinp + 70) (v/ (¢’ + )2 + (ay’ — b[W])?2 + (W] - b’)"’)’-

\

The first curvature is

Ky 1Tyl

V2(Vr? + p? + ws?) .
(¢ +a)2 + (ag’ = BIWI)? + (W] — )]

The principal normal vector field and the binormal vector field are respec-
tively given by

K,¢ =

_ &T +wN +wB

Ny =
VEEETAET

(11)
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[@3(=||W|| +b) — 2(¢’ cos p + a’ cosp — ay'sinp + 7b)] T + [wi (¢’ cos ¢
+a’ cosp — ay' sinp + 7b) — Wa3(¢' sing + o' sin + ay’ cos p — kb)| N
+[w3(y' sinp + @' sin g + a’ cos p — kb) — i (—||W|| + V)] B

V@? +w? +ws?)[(¢ + ) + (a = bW + (W] —(bl’g‘;]

By =

In order to calculate the torsion of the curve 1, we differentiate

¢'=T¢% = %[(cp’sin<p+a’sin<p+ago’coszp—f-cb)T-(||W||+b’)N

+(¢' cosp + d cosp — ay’ sing + 7b) B)

1
Vo= 7 ([(cp’ sing + a’sing + ay’ cosp — kb)' + w(||W|| + )] T + [r(¢'sinp + d’sing
+ay cosp — kb) — (||[W|| + ') + 7(¢' cosp + @’ cosp — ay'sinp + 7b)| N
[—7(IW] +¥) + (¢ cosp + a’ cos p — ag/ sinp + Tb)’]B).
and thus

W = (=2cosp +msing)T + N + (fsing + 73 cos p) B
V2

where
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(

M = (¢"sin @ + ¢'* cos  + a” sin ¢ + 2a' ¢’ cos @ + ay” cos p — ap’* sinp — K'b
—2cb + k||W|)) — kag'|W|| + sb||W|? + &||W]' — xb"

= G*W| +2d¢ W + ag [WI| = b(rs’ + 77) = 26/ [W|* + [W|°

A

s = (" cosp — ¢'* sinp + a” cos p — 2a'¢' sinp — a” sin — ay’ cos + b

{ 218 — T|W|) + rag/ W] = rO|W|]? — || W' + 7
The torsion is then given by

o det(¢’,¢”,¢”’)
= TAPT
Ty = V2(n + Rt + 73s)

vV 1712 + 172E + 1737

where
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(7, = (¢" cosp — ¢ sin ¢ + a” cos p — 24/ sinp — a” sinp — ay’ cosp + 7'b

+210 = r|[WI) (=W +b") = (a" W] = bW || = W] +b")(¢' cosp
+a’ cosp — ay'sinp + 7b)

Uy = (¢"sinp + ¢/ cos o + a’ sin g + 2a'¢ cos p + ap cos p — ap*sinp — K'b
—26b + &||[W|)) (¢’ cos p + a’ cos p — ay’ sin g + 7b) — (" cos p — ¢ sin
+a" cos p — 2a'¢' sin  — ay” sinp — ay'® cos p + 7'b + 27¥ — 7||W||)
(¢'sing + a’sin ¢ + ay’ cos p — kb)

73 = (a@”||W|| = b|W |2 = |W]|' + b")(¢' sin ¢ + a sin ¢ + a¢’ cos p — «b)

—(¢"sin + @ cos p + a’ sin @ + 2a'¢ cos ¢ + ay’ cos p — ay'* sinp — K'b

[ 20+ w[WID IV + 0.



-162 -
References

[1] Ali, A. T., 2010. Special Smarandache Curves in the Euclidean Space,
Intenational Journal of Mathematical Combinatorics,Vol.2, pp.30-36.

[2] Bayrak, N., Bektag, O. and Yiice, S., 2012. Special Smarandache
Curves in E3, International Conference on Applied Analysis and Alge-
bra, 20-24 June 2012, Yildiz Techinical University, pp. 209, Istanbul.

[3] Bektag, O. and Yiice, S., 2013. Special Smarandache Curves Ac-
cording to Dardoux Frame in Euclidean 3-Space, Romanian Journal of
Mathematics and Computer science, vol:3, issue:1. pp: 48-59.

[4] Bilici, M., 1999. The Curvatures and the natural lifts of the spherical
indicator curves of the involute-evolute curve, Master’s thesis. Institute
of science, Ondokuz Mays University, Samsun, 49p., 1999.

[5] Caligkan, A., Senyurt, S., 2013. Smarandache Curves In terms of
Sabban Frame of, Spherical Indicatrix Curves, XI. Geometry Sympo-
sium, 01-05 July 2013, Ordu University, Ordu.

[6] Caligkan, M., Bilici, M., 2002. Some Characterizations for The Pair
of involute-evolute Curves in Euclidean Space E? , Bulletin of Pure and
Applied Sciences. Vol. 21E (No:2), 289-294.

[7] Caligkan, M., Bilici, M., 2006. On The involutes of Timelike Curves
in R3, IV. International Geometry Symposium, Zonguldak Karaelmas
University 17-21 July.

[8] Cetin, M., Tuncer, Y. and Karacan M.K., 2011. Smarandache
Curves According to Bishop Frame in Euclidean 3-Space, Gen. Math.
Notes, Vol. 20, pp.50-66, 2014.

[9] Hacisalihoglu, H.H., 1983. Differential Geometry, Inénii University,
Malatya, Mat. no.7.

[10] Sabuncuoglu, A., 2006. “Differential Geometry”, Nobel Publica-
tions, Ankara.



- 163 -

[11] Senyurt, S. and Sivas, S., 2013. Smarandache Egrilerine Ait Bir
Uygulama, Ordu Univ. Bilim ve Teknoloji Dergisi, Cilt:3, Say:1, pp.
46-60. ‘

[12] Tagkoprii, K. and Tosun, M., 2014. Smarandache Curves Accord-
ing to Sabban Frame on S?, Boletim da Sociedade parananse de Math-
emtica 3 srie. vol:32, no:1, pp.51-59 ssn-0037-8712.

[13] Turgut, M., Yilmaz, S., 2008. Smarandache Curves in Minkowski
space-time, International Journal of Mathematical Combinatorics,
Vol.3, pp.51-55.



- 164 -



ALGEBRAS GROUPS AND GEOMETRIES 33 165 - 180 (2016) - 165 -

3-DIMENSIONAL LEIBNIZ ALGEBRAS

Kadir Emir, Selim Cetin* and Omer Uges
Department of Mathematics and Computer Science
Eskigehir Osmangazi University, Turkey
kadiremir86@ gmail.com
selimc@ogu.edu.tr*
omeruces@gmail.com

Received March 11, 2016
Revised March 27, 2016

Abstract

In this paper, we introduce the notion of 2-crossed modules of
Leibniz algebras. Furthermore, we discover the relations between
various 3-dimensional structures such as 2-crossed modules, crossed
squares, cat2-objects and simplicial objects, in the category of Leibniz

algebras.

AMS 2010 Classification: 18D05, 17A32, 55U10.
Keywords: 2-crossed module, Leibniz algebras, simplicial object.

*Corresponding author.

Copyright © 2016 by Hadronic Press Inc., Palm Harbor, FL 34682, U.S.A.



- 166 -
Introduction

Leibniz algebras are non-associative algebras which generalizes Lie algebras.
This close relationship gives rise to the adjoint functors between the category
of Lie algebras and of Leibniz algebras: the inclusion functor : Lie — Lbn
and conversely, the Liezation functor [8, 10] Liey: Lbn — Lie.

One of the main 2-dimensional structures are crossed modules, which
introduced by Whitehead [22] for the case of groups. He defined crossed
modules as an algebraic model for homotopy 2-types; with a group homo-
morphism 9: G — G’ and a group action of G’ on G satisfying certain
conditions. One step further, as an algebraic models for homotopy 3-types,
2-crossed modules are introduced by Conduché in [13] again for groups. Af-
terwards, similar notions were defined for different algebraic structures such
as (commutative) algebras, Lie algebras, Leibniz algebras, etc. For instance,
as we interest in, crossed modules of Leibniz algebras are defined by Casas
in [9].

The relation between crossed modules and other 2-dimensional struc-
tures in the category of Leibniz algebras can be derived directly from [4, 5, 6]
under the modified category of interest perspective. However there is no re-
lation explained between modified category of interest and 2-crossed mod-
ules (or other structures we will work on) so far.

The major issue of this paper is to define 2-crossed modules of Leibniz
algebras. To get this notion, we follow the similar way to [13] which uses the
relation between simplicial groups and (2)-crossed modules. The advantages
of this notion are; to have a new algebraic model for (connected) homotopy
3-types and also giving some light to the future studies on 2-crossed modules
and other 3-dimensional structures in the category of Leibniz algebras.

We also prove the natural equivalences between the category of 2-crossed
modules of Leibniz algebras and some other structures such as crossed
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squares and cat?-Leibniz algebras, ending with the diagram:

/ CTz\
X,Lbn — Simp_, - - - - Cat?

1 Preliminaries

Throughout this paper, k will be a fixed commutative ring with the identity.

1.1 Crossed Modules
We follow the notions from [12, 17, 18].

Definition 1 A Leibniz algebra g is a k-module equipped with o bilinear
map (called Leibniz bracket):

[, liaxg—g
such that (for all z,y,z € g):

['7"7 (v, z]] = [[CL’, 'y]>z] - [[.’L‘, z]>y]'

Remark that if [z,y] = —[y,z] then we obtain a Lie algebra structure.
Conversely, any Lie algebra is a Leibniz algebra. Therefore the category of
Lie algebras is the full subcategory of Leibniz algebras.

Example 2 Let A be an associative algebra. If we define a map D: A — A
such that (for alla,be€ A):

D(a (Db)) = D(a) D(b) = D(D(a)b)
then A forms a Leibniz algebra structure [18] with [z,y] = z D(y) — D(y) =.

Remark that if D = ida then A is a Lie algebra. Moreover if D is
idempotent or if it satisfies D(ab) = D(a)b + aD(b) and D*(a) = 0 for all
a,b € A, then A forms a Leibniz algebra structure again, with the operation
given above.
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Definition 3 If there exists a Leibniz action of h on g then we have semi-
direct product Leibniz algebra g x b with the form (I,I' € b and r,7’ € g):

Ory+ ', rYy=(U+1U,r+7)
@, (ll’rl)] = (00 [rr] + ' =]

Definition 4 A crossed module of Leibniz algebras [11] is given by a Leibniz
algebra homomorphism 0: L — R together with the Leibniz action of R on
L such that the following Peiffer relations hold:

XM1) 0("l) =[r,0(1)] and 9(")=[0(l),7]
XM2) ¥yl = p80") = [ 1]
forallr,v” € R andl € L.

Therefore we have the category of crossed modules of Leibniz algebras,
denoted by XLbn. Morphisms and compositions of this category can be
defined in a similar sense of Lie algebras.

Example 5 Let g be a Leibniz algebra and b is an ideal of g. By using the
conjugate action.

gxbh — b hxg — b
(g:h) = [g,h] (hyg) = [hg]

the inclusion map i: h — g defines a crossed module.

Example 6 Let Ly be a Leibniz algebra and ¢ : Ly — L be an Ly-module
homomorphism There exists an action of L} x Ly on Ly defined by:

(LIIX!L())XLl — L1 L1X(LI1>4L0) - Ll
(1, lo), 1) = [lo,la] (i, (1, 10) = [l o)

Then:
0: Ly — LixL

h = (¥(l),0)

s a crossed module of Leibniz algebras.
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1.2 Simplicial Leibniz Algebras

We recall some simplicial data from [19].

Definition 7 A simplicial Leibniz algebra £ is a collection of Leibniz al-
gebras {L,: n € N} together with Leibniz algebra morphisms (called faces
and degenarices):

&t : Lpn—L,; , 0<i<n-1

8 ¢ Ly—Lny , 0<j<n
These homomorphisms are to satisfy the simplicial identities:
(Z) didj = dj_ldi Zf 1<J
(ZZ) 885 = Sj+18¢ Zf ) < ]
(ZZZ) di.S‘j = sj——ldi Zf ) <jJ (1)
djs; = dj18; = id
disj = de»i_.l Zf t1>7+1

We have thus defined the category of simplicial Leibniz algebras Simp.

Definition 8 The category of k-truncated simplicial Leibniz algebras is the
full subcategory of Simp defined with the finite number of Leibniz algebras
L; (i < k), denoted by TrySimp.

Definition 9 For a simplicial Leibniz algebra £, the Moore complex (N L, 0)
is the chain complex defined by:

n—1
NL, = OO Ker(d?)
with the morphisms 8,: NL, = NL,_; induced from d~! by restriction.

We call a Moore Complex with length n, iff NL; is equal to {0}, for each
t > n. We denote the category of simplicial objects with Moore Complex of
length n by Stmp (C)<y.

This leads us to define the (co)skeleton functors [7]:
Tr,Simp — Simp +—Tr;Simp (2)
costy sty
Lemma 10 The categories XLbn and Simp.; are naturally equivalent.

Proof. Since the category of crossed modules of Leibniz algebras is modified
category of interest [6], this lemma is just a corollary of [5]. =
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1.3 Cat!-Leibniz Algebras

This notion is defined first in [16] for the case of groups.

Definition 11 Let s,t: g — g be Leibniz algebra homomorphisms. We call
the triple (g, s,t) a cat'-Leibniz algebra [11] if it satisfies:

i) st=tandts=s
i) [kerskert] = 0 = [kert,kers]

Therefore we have the category of cat!-Leibniz algebras, Cat!.
Theorem 12 The categories Cat' and XLbn are naturally equivalent.
Proof. Clear from [4], in the sense of modified category of interest aspect.
Also: Find detailed calculations in [21]. m
2 3-Dimensional Leibniz Algebras

In this section we examine some 3-dimensional structures in Lbn.

2.1 2-Crossed Modules

Definition 13 A 2-crossed module (L, M, N, 0y,0-) of Leibniz algebras, is

defined by a complex of Leibniz algebras L Gy N , together with
actions of N on M and L, such that 0; and Oy are module maps, where N
acts on itself by conjugation. We also have two N-bilinear functions (the

Peiffer liftings):
{,hiMxM—L {,}s:MxM-—L
satisfying the axioms, for allm € N, m,mqg,m; € M and l,ly, 1, € L:
1. 8y {mg,m1}; = (mo)®™) — [mg, m4]

2. 0y {mg,m1}, = %m0 (m;) — [my, m]
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{02(lo) , 02 ()} = — [lo, la), i = 1,2

4 {8, (1), m}, = 1oxm) _ym.
{82 (l) )m}z = ="

5. {m, 62 (l)}l = - ml,
{m, 2 ()}, = 21— ™

Lo

)

{m1,ma}} = {m}, ma}i — {m1," ma}i, i =1,2

=

- ™{my,ma}y = {"mq, ma}1 — {"m2, M1},
"{my, ma}e = {"mi, ma}s — {"mo, m1 }1

{mo,[m1,ma]}; = {[mo,m1],ma}; — {[mo, ma] ,m1},
+ {mg, m}2:™) — {my, mg )2 (™)

{Imo,m1],ma}, = {mo, [m1, me]}; + {[mo, ma] , 71},

9.
— {mo, m}71™ + {mg, mp} 1™
10 {mo, [m1,m2]}, = {[mo, m1], ma}, — {[mo, ma],m1},
' - {mo, mz}g‘(ml) — S1(mo) {ml, mz}z
11 {[mo,m1],ma}, = {mo, [m1, ma)}, + {[mo, mo],m1 }4

+ {m0> m2}§1(m1) + 81(mo) {ml, m2}2
We denote the category of 2-crossed modules by XoLbn.
Remark 14 9, is a crossed module, however 8; is not; see (3).

Lemma 15 Let £ be a simplicial Leibniz algebra with Moore complex of
length 2. Define:

L=NL;, M=NL;,, N=NLy= L,
If we define the actions N on M with:

[s0(n),m] [m,so(n)]
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and N on L with
[s150 (), 1] [m, s180 (1)]
with the Peiffer liftings {, }12: M x M — L, such that:

{mo, m1}, = [s1(mo) , 50 (M) — 81 (M)
{mo, ma}y = [s0 (mo) — 81 (mo) , 81 (m1))]

then (L, M, N, 0y, 0,;) becomes a 2-crossed module where 0; is defined as the
restriction of d;.

Proof. By defining hyper crossed complex pairings (see [7] for groups) we
get the following relations (m, mg,m; € M, 1,1y,1l; € L):

llo, s0d2 (11)] = 0 = [soda (lo) , 1]
llo, s1da (11) — l] = 0 = [s1d5 (lo) — lo, 1]
[8180d1 (M) — 8o (M), 1] =0 = [I, 8180d1 (M) — 8o (M)]
[0 (m) — s1(m),s1d2 (1) = 1] =0 = [s1da (I) — I, 80 (M) — 81 (M)]
[s1(m), soda (1) — s1da (1) + 1] = 0 = [sod2 (1) — s1d2 (I) + 1, 81 (M)]
[s1d2 (L) , s0d2 (1) — s1da (I1)] + [lo, l1] = 0 = [s0d2 (lo) — s1d2 (b)) , $1d2 (11)] + [lo, U]

Therefore the conditions given in Definition 13 are satisfies. We will not give
the clear calculations since the similar ones are already done in (1, 3, 20] for
groups, commutative algebras and Lie algebras. m

As a generalization of the previous lemma we can give the following:
Lemma 16 Let £ be any simplicial Leibniz algebra. Then the complez:
NLy/8(NLs O Ds) 225 NL; 24 NI,

defines a 2-crossed module with Peiffer liftings:

{mo, m1}1 = [31 (mO) » S0 (ml) — 8 (ml)]

{mo, m1}, = [s0 (mo) — 81 (mo) , 51 (m1)]

where the overlines denote the cosets.
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Theorem 17 The categories XoLbn and Simp, are naturally equivalent.

Proof. From Lemma 15 we have the functor: X,: Simp., — X,;Lbn.
Conversely let:

L% M2 N

be a 2-crossed module of Leibniz algebras. If we define the action of M on
L with being:

mp =01 | — {m, 8, (1)},

™ = P — {3, (1), m}, ®

we get the semi-direct product Leibniz algebras L x M and M x N. With a
similar idea to [14] we can define face and degeneracy morphisms satisfying
the simplicial identities (1) which lead us to get a 2-truncated simplicial
Leibniz algebra. Finally, by using the (co)skeleton functors (2) we get a
simplicial Leibniz algebra with Moore complex of length 2; therefore we get
the functor Sp: XoLbn — Simp.,. =

2.2 Crossed Squares

Definition 18 A crossed square of Leibniz algebras:

L N N
A )
M P

6/

consists of four Leibniz algebra homomorphisms such that the diagram above
commutes, moreover with the actions of P on M,N,L (therefore N acts
on L via 6; similarly M on L) and also with k-bilinear functions h,h° :
M x N — L such that satisfying:

1. The morphisms X\, X, 6,8',8'X and 0N are crossed modules,
The morphisms X and X preserve the actions of P on L,
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2. MC(z,y) = Yz, Nh°(z,y) = ¢*
Ah(z,y) = z¥, Nh(z,y) = %y,

3 heA(),y) = ¥, ho(z, N (1) = [°
h(A(1),y) = ¥, h(fr A1) ="°l

4. h([m,m’],n) = (h(m,n))™ + ,’"( (m’,n))
e (fm, ], m) = (he(m, )™ — (°(m, )™,

5. h(m, [n,n')) = (h(m,n)" + (h(m,n))"
B (m, [, n']) = " (h*(m, ) + (h*(m,m))"

6. ? (h°(m,n)) = h°(m,>n) — h(Pm,n)
? (h(m,n)) = h(Pm,n) — h°(m, n),

7. (h°(m,n))’ = h°(m,n?) — h(Pm,n)
(h(m,n))P = h(m?,n) = h(m, n),

forallle Ly mym' e M, n,n’ € N,p€ P and k € k.
We denote the category of crossed squares by Crs?.

Example 19 Let P be a Leibniz algebra and M, N be any two ideals of P.
If we define:

h: (my,n) € M x N+~ [m,n] € L
h°: (m,n) € M x N+~ [n,m] € L

then:
L iy N
A )
M - P

1s a crossed square where L = M NN and A\, N, 9,8" are the inclusion maps.
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Example 20 Let M & P and N % P be two crossed modules of Leibniz
algebras. Consider the non-abelian tensor product M @ N. Here M and N
acts on each other via P [15]. Define the morphisms:

h: MXN — M®N h°: MxN — MQ®N
(myn) —» mQen (myn) > nEmM
There exists an action of P on M ® N with:

P(men)=(me’n), Pln@m)=("ng"m),
(m@n)f =(m’@nf), (n@m)’ =n"@m)

forallm®n, n®@me MQ®N, pe P.

Then we have a crossed square:

M®N—2 N
A )
M P

6/
where A(m®@n) = m", A(n®@m) = "m, N(m®n) = "n and N (n®m) = m",
forallm®n, n®me MQN.

2.3 Cat?-Leibniz Algebras

Definition 21 A cat?-Leibniz algebra (L, 81,11, 53, t2) consists of cat'-Leibniz
algebras (L, s;,t;) such that satisfying the relations: s;s; = 8;8i, tit; = tti,
Sitj = thi, ’L,j = 1,2 fOTl?é]

We denote the category of cat?-Leibniz algebras by Cat?.

Theorem 22 The categories Cat? and Crs? are naturally equivalent.
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Proof. Let (L, s1,t1, 52, t2) be a cat?*-Leibniz algebra. By using the inclusion
maps, we have the crossed square:

Kersi N Kers, Kers,

Kers; P

therefore we have the functor Sgy: Cat? — Crs?. Conversely, let:

L 2 N
A )
M P

6/

be a crossed square. We can construct cat® Leibniz algebras (L x M, s1,t)

and (N x P, sq,t3) by using crossed modules L 2 M and N -5 P. Also
there exist an action of N x P on L x M with:

(NxP)x(LxM) — LxM
((n,p),(lm))  +— ("1 + Pl+h°(m,n), Pm)

and
(NxP)x(LxM) — LxM

((np),(m)) V> (" + 1P + h(m,n),mP)
Thus (L x M) x (N x P) is a Leibniz algebra and finally

((Lx M) x (N x P),s1,t1,8,t2)

is a cat?-Leibniz algebra, obtained from cat!-Leibniz algebras (L x M, s1,t1)
and (N x P, sy,t3). So we get the functor Cy: Crs? — Cat?. =
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Lemma 23 Let

L X N
A )
M P

5
be a crossed square. Then the complex

L2 MxN2 P
defines a 2-crossed module with Peiffer liftings:

{(m,n), (m,n")}y = h°(m/,n)
{(m,n), (m',n)}2 = h(m,n’)
for all (m,n), (m',n') € M x N; where:
6a(1) = (=A(1), N'(D))
O1(m",n") = &' (m") + 6(n")
forallle L, (m",n") € M x N. Here M x N acts on L with:
(mn)] = n, [(min) — n
for all (m,n) € M x N and ! € L.
Therefore we have the functor (=)q: Crs? — XoMod.
Proof. Since
9y {(m,n), (m',n')}; = (=Ar°(m/,n), N'h°(m', n))
= (="m',n™)
and
(m, n)21 ) — [(m,n), (m/, )] = (m, )" ) —[(m, n), (m', )]
= ([m,m] +m™ ,n™ + [n, 7))
— ([m,m] +" m’ +m™, [n,n])

— (_nm/’ nm’)’
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the second condition of Definition 13 is satisfied. The other conditions also
hold by direct checking. m

Lemma 24 We can also adapt the functor M(—,2): Simp — Crs? to Leib-
niz algebras easily, which is defined for commutative algebras in [2].

Finally:

Corollary 25 The functors we defined above, fit in a single diagram:

Crs?
()2 M(,Lg) o 5
|
X,Lbn = Simp,------- Cat?
% <
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Abstract

Let G be a finite group. Then the relative commutativity degree
of a subgroup H of G is the number of pairs (h, g) € H x G such that
hg = gh divided by |H|G|. We define a graph denoted by I'¢ which
is an undirected simple graph whose vertices are all subgroups of G
and two distinct vertices H and K are adjacent if d(H, G) # d(K,G).
We discuss about some basic properties of the graph and state some
conditions for a group G under with the graph I'g is complete 3,4 or
5 partite. Finally, we determine this graph for dihedral group D,,

where n > 3.

Keywords: Relative commutativity degree, diameter, girth, dihe-

dral groups.
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1 Introduction

Let G be a finite group and H be a subgroup of G. The relative commuta-
tivity degree is defined as the ratio

d(H,G) = ﬁl@;{(h,g) € Hx G:hg=gh}|.

The relative commutativity degree was introduced by the second author
in 2007 (see [3]for more details). It is a generalization of commutativity
degree d(G) = d(G,G) which was defined by Miller in 1974 (see [10]).
There are some results on the commutativity degree and related commu-
tativity degree in a series of papers, for instance [1, 3, 4, 7, 9]. Recently,
Barzegar et al (see [1]) considered the structure of all groups G in which
D(G) = {d(H,G) : H < G} has size 3. Later, Farrokhi and the second
author [5] determined groups G such that |[D(G)| = 4.

In this paper, we introduce a graph associated to the above relative com-
mutativity degrees as the following:

Definition 1.1. For a finite group G, the graph I'g is a graph whose vertices
are all subgroups of G and two distinct vertices H and K are adjacent if
d(H,G) # d(K, Q).

In this section, we remind some basic definitions in graphs and groups
which are necessary in the paper. In Section 2, some basic properties of
this graph are discussed. For instance, connectivity, diameter and girth
are determined. Section 3 is devoted to a consideration of group G whose
associated graph I'¢ is complete 3 or 4 or 5 partite. In section 4, this graph
for dihedral group of order 2n wherever n is even or odd are discussed.

Now, we remind some basic definitions in graphs and groups which are
needed. A graph X consists of a vertex set V(X) and an edge set E(X),
where an edge is an unordered pair of distinct vertices of X. We will usually
use zy or x — y to denote an edge. If x — y is an edge, then we say that =
adjacent to y. A simple graph is a graph with no loops and multiple edges.
A complete graph is a graph in which every two vertices are adjacent. The
complete graph with n vertices is denoted by K,. A k-partite graph is a
graph whose vertices can be partitioned into & disjoint sets so that no two
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vertices within the same set are adjacent. The diameter of a graph X is the
longest distance between two vertices in graph. The girth of a graph is the
length of a shortest cycle contained in the graph. Let & > 0 be an integer.
A k-vertex coloring of a graph X is an assignment of k colors to the vertices
of X such that no two adjacent vertices have the same color. The vertex
chromatic number x(X) of a graph, is the minimum & for which X has a
k-vertex coloring. A subset of the vertices of X is called a clique, if the
induced subgraph of vertices of X is a complete graph. The maximum size
of a clique in a graph X is called the clique number of graph and denote
by w(X). A subset of the vertices of X is called an independent set if the
induced subgraph on X has no edges. The independence number of X is
the maximum size of an independent set of vertices and is denoted by a/(X).
A subset D of the vertices of X is said to be a dominating set if for every
vertex outside of D there is a vertex in D and edge between them. The
minimum size of a dominating set is called dominating number and denote
it by 4(X). A planer graph is a graph that can be embedded on the plane in
such a way that its edges intersect only at their endpoints. In other words,
it can be drawn in such a way that no edges cross each other. A 1-planer
graph is a graph that can be drown in the plane in such a way that each
has at most one crossing point, where it crosses a single additional edge.
Two groups GG; and G, are called isoclinic if there are isomorphism «a from
G1/Z(G1) to Go/Z(G2) and B from the derived subgroup G} to G% such that
if CV(III1Z(G1)) = ylZ(Gg) and a(a:zZ(Gl)) = y2Z(G2) with T1,Te € Gl and
Y1, Y2 € G, then B([z1,22]) = [y1,¥2). We say that G; and G are isoclinic,
writing briefly G; ~ G,. A group G is said to be a nilpotent group if there
exists central series of G defined as {1} = Gp < G; £ ... G, = G such that
G; 4G, %fl < Z(-g—) for 0 < 2 < n—1. A group G is called Frobenius
group if there are prc;per subgroup H and K of G such that G = HK and
HNHY=1foreveryge G\ H.

In this paper, we assume that all graphs are simple and all groups are fi-
nite. Moreover all notations and terminologist about the graphs and groups
are standard (for instance see [11, 6]).
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2 Basic properties of ['g

As we mentioned earlier in the previous section, I'g is an undirected simple
graph. First, let us remind the following definition from [1] which plays an
important role in this paper.

Definition 2.1. Let G be a finite group. Then we denote
D(G) ={d(H,G): H < G}.

It is obvious that if H is the identity subgroup or generally if H is a
central subgroup, then d(H,G) = 1. So D(G) always contain an integer 1.
Also, we know that d(G,G) = d(G). Thus 1,d(G) € D(G). We can easily
see that |D(G)| = 1 if and only if G is an abelian group. In this case, the
graph I'¢ consists of some isolated vertices and so is disconnected. One can
cheek that there is not any group G with |D(G)| = 2 and so |D(G)| > 3,
for every non-abelian group G. Now, assume that G is a finite non-abelian
group and D(G) = {1 = dy,ds,d3,...,dy} and V; = {H < G : d(H,G) =
d;}, for i = 1,2,...,n. Then the graph I is complete n-partite graph
with vertex set V =V UV, U...UV,. It is clear that for every i size of
the subset V; is at least one. So, if S(G) is the set of all subgroups of G,
then |D(G)| = n < |S(G)|. In the case that n = |S(G)|, we should have
Vil = 1 for every 1 < 7 < n and so that graph ' is a complete graph
K,. Therefor, diam(I'¢) = 1 in this case. Furthermore, independence,
chromatic and dominating numbers are 1,n and 1, respectively. Thus, from
now on we may consider the case that G is finite non-abelian group and
ID(G)] < |S(G)I.

In the following theorem, we determine diameter of I'g, precisely.
Theorem 2.2. Let G be a non-abelian finite group. Then

1 if |D(G)| = |S(G)I
diam(I‘G) = { ) oih .
erwise

Proof. Since G is non-abelian, |D(G)| > 3 and assume that V(I'g) = V3 U
VaU...UV,, where n = |D(G)| = {1 = di,d2,ds,...,dp}| > 3 and
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Vi={H <G:d(H,G) =d;}. If S(G) ={H : H <G}, and n = |S(G)|,
then as we mentioned before, |Vi| = |Vo] = ...|V,| = 1 and n = |V(T'g)|.
Hence I'¢ is a complete graph K, and so diam(I'¢) = 1. Now, assume
that n < |S(G)|. Then there exists a subset V; of the vertex set such that
|Vi| > 2. If Hy, H, € V; then H; and H; are not adjacent. Take a subgroup
Hj from any subset V}, 3 # j, then we will have a path H; — H;— H, of length
2. On other hand, we always have diam(I'g) < 2. Hence diam(I'g) = 2, in
this case. a

One may note that if G is non- abelian then I'¢ is connected. The
following theorem determines the girth of this graph.

Theorem 2.3. Let G be a non-abelian group. Then girth(I'g) = 3.

Proof. Since G is a non-abelian we have V(I'¢) = ViUV, U... UV, where
n > 3. Thus take three subgroups H,, Hy, H; from Vi, V5, V3, respectively.
Then we will have a triangle H; — H, — H3 — H; and so girth(I'g) =3. O

Now, we are going to find some numerical invariants of graph I'g. First,
assume that G is a non-abelian, D(G) = {1 = dy,ds,ds,...,dn}, V(I'c) =
ViuW,U...UV, and |V;| = m;, where 1 <i < nand n > 3. It is clear that
[V(Tg)| = m1 +ms + ...+ m,. Thus we may state the following results.

Theorem 2.4. Let G be a non-abelian group. Then by the above notations
we have '

(i) a(Tg) = maz{mi,my,...,m,}
(ii) v(I'g) = min{n,mi,my,...,mu}
(iii) w(l'e¢) = x(T'e) =n

Proof.

(i) It is obvious that every subset V; is an independent set and there is no
independent set having elements form at least two subsets V; and V;. Hence
the size of the largest subset V; is an independence number and the result
follows.
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(ii) It is clear that every subset V; is a dominating set. Moreover, if we take
one subgroup H; of V;, for 1 < i < n, then the set D = {H}, Ha,...,H,} is
also dominating set. Hence the dominating number is the minimum size of
subsets V1, V5,...,V, and D.

(iii) It is very straightforward. O

Theorem 2.5. Let G, and G, be two isoclinic groups. Then they have the
same chromatic and clique numbers.

Proof. By Lemma 4.4 in [1], we have D(G;) = D(G:) and so the proof
follows immediately. a

The end of this section deals with planarity and 1-planarity of I'¢ under
with the graph I'g is complete 3,4 or 5 partite.

Theorem 2.6. Suppose that G is a non-abelian, D(G)={1=d;,ds,ds, ... ,dn},
V([g) =ViUuVoU...UV, and |V;| = m;, where 1 <i < n.
(i) If n = 3 then I'g is planar if and only if my > 3, my = m3 = 1 or
my, Ma,m3 < 2.

(ii) If n =4 then g then I'g is planar if and' only if my =1 or2,
Mg =M3 =My = 1.

Proof. It follows by [8] and the fact that when a complete multi partite
graphs are planar. ' O

By the above notations, we can consider 1-planarity as the following
theorem.

Theorem 2.7. Let G be a finite non-abelian group then by the same no-
tations as in Theorem 2.6 we have the following:

(i) If n =3 then ' is 1-planar if and only if 1 <my <6, me=mz=1 or
2< M1 <6, me=2,m3=10r2<m;<4andmy=3mz3=1.
(ii) If n = 4 then I'q is I-planar if and only if 1 < my < 6, my = mg =

mg=1or2<m <3, my=2,mg=my=10rm; =my=mg =2,
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(iii) Ifn =5 then g is I-planar if and only if 1 < m; <2 and my = m3 =
m4=m5=1 orm1=m2=2,m3=m4=m5=1.

(iv) If n = 6 then g is 1-planar if and only if my = my = mg = my =
ms = Mg = 1

(v) If m > 7, then T'c contains K; as a subgraph, hence it cannot be I-
planar.

Proof. 1t follows by [2] and the similar method as the proof of Theorem
2.6. O

Example 2.8. Let D,, be dihedral group of order 2p, where p is a prime
number, then I'p,, is a planar graph. Because I'p,, is complete 3-partite
graph by a result that we will state later in section 4 the number of vertexes
in every part are 1,1 and p+ 1. So I'p,, is a planar graph. We can also
easily see that I'p,, is 1-planner, if p is 2,3 and 5, by Theorem 2.7.

3 Complete 3,4 and 5-partite graphs

In this section, we study the structure of some groups such that their related
graphs are complete 3,4 or 5-partite graphs. As we mentioned earlier in
section 1, it is not possible that I'¢ is complete or complete bipartite graphs,
when G is not abelian.

Theorem 3.1. Let G be a finite non-nilpotent group such that G/Z(G) is
a non-cyclic group of order pq, where p and q are distinct primes p > q.
Then T'c is a complete 3-partite graph.

Proof. Suppose that G is a finite non-nilpotent group such that |G/Z(G)|
pq, p > q. Let H be a non-centeral subgroup of G then d(HZ(G),G) =
d(H,QG) and we may assume that Z(G) C H. Thus H/Z(G) = Z, or Z,.
In the first case, if H/Z(G) & Z, then for h & Z(G), |Ca(h)/Z(G)| = p
therefor |h¢| = ¢q. Thus

1 1 1
d(H,G) = — —
O = 2 w2, B
1 1 1 1 1
= (1Z(O)|+ (p-D|Z(O)) = =4~ — —
|H|(| (G)| + (» — 1)|2( )lq) e
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In the second case, if H/Z(G) & Z, then we have

d(H,G) =
.6) lHl(he;(G, e+ o T 7
1 1 1 1
- 2@+ - DZED) =3

p a9 P9

On the other hand, G = Z(G) is a Frobem'us group with Frobenius kernel,

K= Z(g) = 7, and complement H = ; & Z,. Thus |z¢| = |hC| = p and

Z(G
we have
4 = 1(2 1, 5 1+Z L
=~ 10 TGl G| TGl
Gl 2€Z(G) i zeK\Z(G) [2¢| zeG\K |z¢]
1 1 1
= —(|Z(G)|+ (p — D|Z(G)|- + - 9)|Z(G)|-
|G|(| (@) + (p - 1)|2( )|p (pg — p)|Z( )Ip)
_ 1.1 1
p ¢ pg

Therefore D(G) = {1, + ¢ ~ 7 + 7 — 5z} and so |D(G)| = 3. Hence
the proof is completed O
Theorem 3.2. Let G be a finite group such that |G/Z(G)| = p®

(i) If G has no mazimal abelian subgroup, then I'c is a complete 4-partite
graph.

(ii) If M is a mazimal abelian subgroup of G, then T'¢ is a complete 5-partite
graph.

Proof.

(i) If G has not maximal abelian subgroup, then for every z € G\Z(G),
we have |Cg(X)| = p|Z(G)| and if H is a subgroup of Z(G) such that
[H : Z(G)] = 7, then

d(H,G) = Z |G|+ > |G|

heZ(G) he H\Z(G®)

1 i1
- '—H—|(|Z(G)l+(IH|—IZ(G)I)I§)=;;(H(p 1)-).

p
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Thus D(G) = {1, ”2"'P =1 pr[ 12 +7’2 =11 which implies that I'g is a complete
4-partite graph.

(ii) Assume that M is a maximal abelian subgroup of G. Suppose that H
is a subgroup of Z(G), then we have the following cases:

(a) If H= Z(G) then d(H,G) = 1.

(b) If [H: Z(Q)] = p,H ¢ M then d(H,G) = Pfi;-—l

() lf [H:Z(G) =p,HC M then d(H,G) =

(d) If H = M then d(H,G) = Z4=L,

(e) If [H: Z(@)] = p*, H # M then |H N M| = p|Z(G)|, then

[H|IG| + (1H 0 M| - |2(G))p*|2(G)| + (|H] - |H N M])p|Z(G)]
|H||G|

d(H,G)=
_3p—2
==

(f) If H =G, then

|HIIGI + (1M - 1Z2(G))p*|1Z(G)] + (1G] — [M])plZ(G))]

d(H,G) =

IG]*
2t -1
pt
Therefor we have D(G) = {1, 2’;;1, ”2+p“1, 3’;;2, 2 "1} and so ['¢ is a com-
plete 5-partite graph, as required. O

4 Special case G = Dy,

The last section of the paper is devoted to a consideration of I'g, when G
is a dihedral group of order 2n. First, we remind the following lemma from

[1]

Lemma 4.1. Let G = Ds, be a dihedral group of order 2n, then
27(n) —1 n is an odd number
|D(G)| =

2rr(m) —1 n=2"m, m is an odd number and r > 1
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where 7(n) is the number of the divisor of n.

Theorem 4.2. Let D,, be a dihedral group of order 2n, and k be an odd
prime number. Then I'p, is a complete 2k — 1-partite graph if n is one of
the forms 2%, p*=1 and 2p*~1, for some odd prime p

Proof. Assume that I'p,, is complete 2k — 1-partite graph. Then we should
have |D(Dgy| = 2k — 1. Thus, by Lemma, 4.1 we have the following cases.

(i) |D(Dqy| = 27(n)—1, when n is an odd number. In this case, we must have
27(n) — 1 = 2k — 1 which implies that 7(n) = k. Thus if n = p}'p5? ... p,
then 7(n) = (e1 + 1)(e2 + 1) ... (es + 1). Since k is an odd prime number,
so k= (e;+1)(e; + 1), for some 1 <4 # j < s. Hence n = p~" or pf~" as

required.

(ii) |D(Dzn| = 2r7(m) — 1, where n = 2"m, m is an odd prime and r > 1.
We have 2rt(m) — 1 = 2k — 1 which implies that r7(m) = k. It is clear
that if r = 1, then 7(m) = k, so m = p*~!, for some odd prime p. Therefor,
n = 2p*1. If r = k, then 7(m) = 1, so m = 1. Consequently n = 2* and
the proof is completed. O

The following theorem is a direct consequence of the above theorem
which states that when I'p, is complete m-partite graph, 2 < m < 5 or m
is even number. We omit the proof.

Theorem 4.3. Let D,, be dihedral group of order 2n, and p be an drbitmry
prime number. Then
(i) T'p,, is complete 3-partite graph, if n = p or n = 2p.
(ii) Tp,, is complete 5-partite graph, if n = p? or n = 2p?.
(iii) I'p,, can not be complete k-partite graph if k is an even number.
Finally, we give the following examples which confirm our results. One

can observe that subgroups of D, are as the form < a* >, < a'b > or
< a*,a'b >, where kln and 1 =0,1,..% — 1.
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Example 4.4.

(i) Suppose Dg = (a,b: a* = b*> = 1,a® = a™') and H;, 1 <4 < 10 are
subgroups of Dg as the following, :

H1 = {6},H2 = {1,&2},H3 = {1,(1,0,2,(13},[7[4 = {1,b},H5 = {l,ab},

Hg = {1,a®b}, H; = {1,a%b}, Hg = {1,a%, ab, a®b}, Hy = {1, %, b, a’b},
Hy=G.

Then we can see that d(H:,G) = d(H,,G) = 1, d(H;,G) = 12/16 for
3<14<9,d(Hy,G)=10/16. Then I'p, is a complete 3-partite graph.
(ii) Let Dip = (a,b: a® = b = 1,a® = a™!) be dihedral group of order 10
and H;, 1 <1 < 8 be subgroups of Dy as the following
H, = {e},H; = {1,a,ad? d® a’}, H3 = {1,ab}, H, = {1,a%b}, Hs = {1,a%},
Hg = {1,a*}, H; = {1,b}, Hg = G.
It is clear that d(H1,G) = 1, d(H;,G) = 3/5 for2 < i < 7, d(Hs,G) = 2/5.
Thus I'p,, s a complete 3-partite graph.
(iii) Let Qs = {1,-1,4,—i,4, —j, k, —k} be quaternion group of order 8 then
all subgroups of Qg are
Hl = {6}, H2 = {1a —1’ ia _7:}, H3 = {1) —l)j’ _'j}’ H4 = {1, _1, k’ —'k},
Hy=G. '

Therefor d(Hy,G) = 1, d(H;,G) = 12/16 for 1 < < 5, d(G,G) = 10/16.
Then ', is a complete 3-partite graph.
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Abstract
We define that prime equation

fi(ﬁa"',lz:,)s""./;c(ﬁ"'f})n) (5)

are polynomials (with integer coefficients) irreducible over integers, where
B, P, are all prime. If Jiang’s function J,,,(w)=0 then (5) has finite
prime solutions. If J,, (w)= 0 then there are infinitely many primes A, P,

such that f,-- f, are primes. We obtain a unite prime formula in prime
distribution ’

Ty (Non+1)=[{R,+,P, s N: f,, -, f, are k primes}|

J (@' N
n!¢k+n(w) logkmN

k
= ]"I (deg £)™ x (1+0(1)). €
Jiang’s function is accurate sieve function. Using Jiang’s function we prove
about 600 prime theorems [6]. Jiang’s function provides proofs of the prime
theorems which are simple enough to understand and accurate enough to be
useful,

Mathematicians have tried in vain to discover some order in the
sequence of prime numbers but we have every reason to believe that there are
some mysteries which the human mind will never penetrate.

Leonhard Euler

It will be another million years, at least, before we understand the
primes.

Paul Erdts

Copyright © 2016 by Hadronic Press Inc., Palm Harbor, FL. 34682, U.S.A.
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Suppose that Euler totient function
¢(a))-ZIIP(P-1)-oo as @—>o, 1

where @ = 2IEDP is called primorial.

Suppose that(w, ) =1, where i=1,---,¢(w). We have prime equations

R=wn+l,--, B, =wn+h,, (2>

where n=0,1,2,:--.
(2) is called infinitely many prime equations (IMPE). Every equation has
infinitely many prime solutions. We have

W) (14 0(1))., 3

T TS

1%
Py (mod @)
where 7, denotes the number of primes FsN in B=wn+h n=0,1,2,--,

m(N) the number of primes less than or equalto N .
We replace sets of prime numbers by IMPE. (2) is the fundamental tool for
proving the prime theorems in prime distribution.

Let w=30 and ¢(30)=28. From (2) we have eight prime equations
F=30n+1, P,=30n+7, B, =30n+11, P,=30n+13, P,=30n+17,
B, =30n+19, P, =30n+23, B, =30n+29, n=0,1,2,.- (4)

Every equation has infinitely many prime solutions.
THEOREM. We define that prime equations

ﬁ(Pu‘",R.),“',ﬁ,(R,‘“,R,) (5)

are polynomials (with integer coefficients) irreducible over integers, where
B,.--,P, are primes. If Jiang’s function J,,,(w)=0 then (5) has finite prime
solutions. If J,, (w) =0 then there exist infinitely many primes B,-:-,P,
such that each f, is a prime.

PROOF. Firstly, we have Jiang’s function [1-11]

T (@) = IL((P=1)" - x(P)], (6)
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where x(P) is called sieve constant and denotes the number of solutions for
the following congruence

k
}:Ilfi(ql""’qn)’o (mod P), (7

where ¢ =1,---,P~1,---,q, =1,--+,P-1.

J,.(@) denotes the number of sets of A,-:+,P, prime equations such that
SfiB, By, fi(B,+++,P,) are prime equations. If J,, (w)=0 then (5) has
finite prime solutions. If J,,,(w)= 0 using x(P) we sift out from (2) prime
equations which can not be represented B,:--, P, , then residual prime equations
of (2) are B,:--,P, prime equations such that f(B,:-,P,),:*, fi(B,*,P)
are prime equations. Therefore we prove that there exist infinitely many
primes B,---,P, suchthat f(B,-,P),::, f,(B,++,P) are primes.
Secondly, we have the best asymptotic formula [2,3,4,6]

Ty (N,n+1) =[{B,-+,P, s N: f,,+, f, are k primes})

J, . (0" N"
n!¢k+n(w) logk+nN

k
= H (deg £))" x (1+o(1)). (8
(8) is called a unite prime formula in prime distribution. Let n=1k =0,
J,(w) = ¢(w) . From (8) we have prime number theorem

N
log N

m,(N,2) ={R = N : Bis prime}| = (1+o(1)).. (9)

Number theorists believe that there are infinitely many twin primes, but they do
not have rigorous proof of this old conjecture by any method. All the prime
theorems are conjectures except the prime number theorem, because they do not
prove that prime equations have infinitely many prime solutions. We prove the
following conjectures by this theorem.

Example 1. Twin primes P, P +2(300BC).
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From (6) and (7) we have Jiang’s function

Jy(@) = IL(P-2)#0.

Since J,(w)=0 in (2) exist infinitely many P prime equations such that
P+2 is a prime equation. Therefore we prove that there are infinitely many
primes P suchthatP+2 isa prime.

Let w=30 and J,(30) =3.From (4) we have three P prime equations
P, =30n+11, P =30n+17, F =30n+29.

From (8) we have the best asymptotic formula

J(ww N
#*(w) log* N

1 N
- 23139(% (P-1)2)1og2N(l+o(l»‘

In 1996 we proved twin primes conjecture [1]

(N, 2) =|{P < N': P+2 prime}| =

(1+o(1))

Remark. J,(w) denotes the number of P prime equations,

zi——-]—vi——(Ho(l)) the number of solutions of primes for every P prime
¢ (w) log* N
equation.

Example 2. Even Goldbach’s conjecture N =P +P,. Every even number

N 26 is the sum of two primes.
From (6) and (7) we have Jiang’s function

P-1
S (@)= IL(P-2) T -—

Since J,(w)=0 as N — o in (2) exist infinitely many P prime equations

#0.

such that N-F is a prime equation. Therefore we prove that every even

number N 26 is the sum of two primes.
From (8) we have the best asymptotic formula
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J(ww N
¢'(w) log’ N

1 P-1 N
=21(1- n 1+0(1)).
w( (P—l)Z)PINP—2log2N( o)

m,(N,2) =|{R s N,N - B, prime}{ = (1+o(1)).

In 1996 we proved even Goldbach’s conjecture [1]

Example 3. Prime equations P,P+2,P+6.

From (6) and (7) we have Jiang’s function
Jy(w) = 51'£(P—3) =0,

J,(w) is denotes the number of P prime equations such that P+2 and
P+6 are prime equations. Since J,(w)=0 in (2) exist infinitely many P
prime equations such that P+2 and P+6 are prime equations. Therefore
we prove that there are infinitely many primes P such that P+2 and P+6
are primes. ,

Let w=30, J,(30)=2. From (4) we have two P prime equations

B =30n+11, P, =30n+17.

From (8) we have the best asymptotic formula

J,(@)w* N
¢*(w) log’N

7w,(N,2) = I{P <sN:P+2,P+6are primes}| = (1+0(1)).
Example 4. Odd Goldbach’s conjecture N =B + P, +F,. Every odd number
N 29 isthe sum of three primes.
From (6) and (7) we have Jiang’s function

Jy(@)=TL(P* -3P+3))I [1-o—— =0

3<P PN P*-3P+3

Since J,(w)=0 as N — o in (2) exist infinitely many pairs of A and P,
prime equations such that N -~ F - P, is a prime equation. Therefore we prove
that every odd number N 29 is the sum of three primes.
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From (8) we have the best asymptotic formula

J,(w)w N?
2¢°(w) log’ N

,(N,3) =|{R,B, < N:N -, - P, prime}| = (1+o(1)).

2
5 (USR], { F— N (1+ot).
3sP (P-1y |8\ P°-3P+3)log’' N

Example 5. Prime equation P, = RF, +2.
From (6) and (7) we have Jiang’s function

J,(@) = 3‘HP(Pz ~3P+2)=0

J;(w) denotes the number of pairs of B and P, prime equations such that
B, is a prime equation. Since J,(w)=0 in (2) exist infinitely many pairs of
P, and P, prime equations such that P, is a prime equation. Therefore we
prove that there are infinitely many pairs of primes B and F, such that P,
is a prime.

From (8) we have the best asymptotic formula

J,(@ww N?
4¢*(w) log’ N

m,(N,3)=|{R,B, s N: B, +2 prime}| = (1+o(1)).

Note. deg(RP) =2.

Example 6 [12]. Prime equation P, = P’ +2P;.
From (6) and (7) we have Jiang’s function

(@)= L[P-17 - x(P)] =0,

P-1 P-1

where y(P)=3(P-1) if 2% ml(modP); x(P)=0 if 23 #l(modP) ;
X(P)=P -1 otherwise.

Since J,(w)=0 in (2) there are infinitely many pairs of F, and F, prime
equations such that B, is a prime equation. Therefore we prove that there are
infinitely many pairs of primes B, and P, suchthat P, isa prime.
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From (8) we have the best asymptotic formula
J,(w)w N?
6¢° (w) log® N

,(N3)=[{B,P, s N : B} + 2P prime} = (1+o().

Example 7 [13]. Prime equation P, = P*+(B, +1)°.
From (6) and (7) we have Jiang’s function

Jy(@) = TL[(P=1)" = x(P)] =0

where x(P)=2(P-1) if Pml(mod4); x(P)=2(P-3) if Pw=l(mod8);
X(P)=0 otherwise.

Since J,(w)=0 in (2) there are infinitely many pairs of A and P, prime
equations such that P, is a prime equation. Therefore we prove that there are

infinitely many pairs of primes B and P, suchthat P, isa prime.
From (8) we have the best asymptotic formula

J,(w)w N?

nz(N,3)'=‘{PpPz sN:F prime}|= 8¢°(w) log’ N

(1+0(1)).
Example 8 [14-20]. Arithmetic progressions consisting only of primes. We
define the arithmetic progressions of length %.

B,B,=BR+d,P,=Hh+2d, P, =R +(k-1)d,R,d)=1. (10)
From (8) we have the best asymptotic formula

7y(N,2)=|{P, s N:P,,P, +d,-,P, + (k - 1)d are primes}|

_ L@t N
¢*(w) log‘N

(1+0o(1))..

If J,(w)=0 then (10) has finite prime solutions. If J,(w) =0 then there are

infinitely many primes B suchthat P,---,P, are primes.
To eliminate d from (10) we have

B=2B-B, P =(j-DB-(j-2)B,3=/sk.

From (6) and (7) we have Jiang’s function
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J@)= T (P-DIL(P-1)(P-k+1)=0

Since J,(w)=0 in (2) there are infinitely many pairs of B, and P, prime
equations such that B,.--,F, are prime equations. Therefore we prove that
there are infinitely many pairs of primes B and P, such thath,---,B, are

primes.
From (8) we have the best asymptotic formula

7, s(N,3)=|{B,B, s N:(j-1)B - (j - 2)P, prime,3s j s k|

_J (w)w** N?
2¢*(w) log

7 (o)

1 P P*(Pok+l) N?
== 11 7 11 k-1 3
2 2sP<k (P - 1) ksP (P - 1) log N

(1+0(1)).

Example 9. It is a well-known conjecture that one of P,P+2,P+2* is always
divisible by 3. To generalize above to the k - primes, we prove the following
conjectures. Let n be a square-free even number.

1. P,P+n,P+n?,

where 3|(n+1). .

From (6) and (7) we have J,(3)=0, hence one of P,P+n,P+n’ is always
divisible by 3.

2. P,P+nP+n*.,P+n*,

where 5|(n+b),b=2,3.

From (6) and (7) we have J,(5)=0, hence one of P,P+n,P+n’, - ,P+n*
is always divisible by 5.

3. P,P+n,P+n*, - ,P+nt,

where 7|(n+b),b=2,4.

From (6) and (7) we have J,(7)=0, hence one of P,P+n,P+n’, -+ ,P+n°
is always divisible by 7.

4. P,P+n,P+n*, - ,P+n",
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where 1 1|(n +b),b=3,4,5,9.
From (6) and (7) we have J,(11) =0, hence one of P,P+n,P+n’,.--,P+n"
is always divisible by 11.
5. P,P+n,P+n*, -, P+n?,
where 13|(n+5),b=2,6,7,11.
From (6) and (7) we have J,(13)=0, hence one of P,P+n,P+n’,.-,P+n"
is always divisible by 13.
6. P,P+n,P+n*, -, P+n's,
where 17|(n +b),b=3,5,6,7,10,11,12,14,15.
From (6) and (7) we have J,(17) =0, hence one of P,P+n,P+n*,--,P+n'
is always divisible by 17.
7. P,P+n,P+n*, -, P+n'®,
where 19|(n+b),b =4,5,6,9,16.17.
From (6) and (7) we have J,(19) =0, hence one of P,P+n,P+n*,--,P+n'®
is always divisible by 19.
Example 10. Let n be an even number.
1. P,P+n',i=13,5,,2k+1,
From (6) and (7) we have J,(w)=0. Therefore we prove that there exist
infinitely many primes P suchthat P,P+n' are primes forany k.
2. P,P+n',i=2,4,6,--,2k.
From (6) and (7) we have J,(w)=0. Therefore we prove that there exist
infinitely many primes P suchthat P,P+n' are primes forany k.

Example 11. Prime equation 2P, =B + P,

From (6) and (7) we have Jiang’s function
Jy(w) = 3I'£(P2 -3P+2)=0.

Since J,(w)=0 in (2) there are infinitely many pairs of F, and P, prime
equations such that F, is prime equations. Therefore we prove that there are
infinitely many pairs of primes B and P, suchthat P, isa prime. ‘
From (8) we have the best asymptotic formula
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Jy(w)w N?

7,(N,3) = I{R’Pz sN:K prime}l " 2¢°(w) log' N

(1+o(1)).

In the same way we can prove 2P? =P, +P, which has the same Jiang’s
function.

Jiang’s function is accurate sieve function. Using it we can prove any
irreducible prime equations in prime distribution. There are infinitely many
twin primes but we do not have rigorous proof of this old conjecture by any
method [20]. As strong as the numerical evidence may be, we still do not even
know whether there are infinitely many pairs of twin primes [21]. All the prime
theorems are conjectures except the prime number theorem, because they do not
prove the simplest twin primes. They conjecture that the prime distribution is
randomness [12-25], because they do not understand theory of prime numbers.
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Abstract

R. M. Santilli discovered new realizations of the abstract ax-
ioms of numeric fields with characteristic zero, based on an axiom-
preserving generalization of conventional associative product and
consequential positive-definite generalization of the multiplicative unit,
today known as Santilli isonumbers [1], and the resulting novel nu-
meric fields are known as Santilli isofields. This mathematics is ex-
actly applicable to the Interior Dynamical Systems. Isofields stim-
ulated a corresponding maximum generalization of all of 20th cen-
tury mathematics and its application to mechanics, today known
as Santilli isomathematics and isomechanics, respectively, which is
used for the representation of extended-deformable particles moving
within physical media under Hamiltonian as well as contact non-
Hamiltoian interactions. Second realization of the abstract axioms
of a numeric field, this time with arbitrary (non-singular) negative
definite generalized unit and related multiplication, today known as
Santilli isodual isonumber[1] that have stimulated a second covering
of 20th century mathematics and mechanics known as Santilli iso-
dual isomathematics and isodual isomechanics. The latter methods

Copyright © 2016 by Hadronic Press Inc., Palm Harbor, FL 34682, U.S.A.
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are used for the classical as well as operator form of antimatter in
full democracy with the study of matter. In this paper, starting with
the concept of ’isotopy’ as defined by R.H.Bruck (2] and appropri-
ately applied by Santilli to define isofields, we apply it to the fields
of non-zero characteristic resulting into Iso-Galois fields [57]. Such
finite fields have immense applications, especially in Cryptography
and bio-sciences. Isopermutation groups [58] is a natural outcome
of application of ’isotopy’ to permutation groups. Isopermutation
group define a clear cut distinction between automorphic groups and
isotopic groups.

1 Introduction

It was Enrico Fermi, [3] beginning of chapter VI, p.111 said ”..... there are
some doubts as to whether the usual concepts of geometry hold for such
small region of space.” His inspiring doubts on the exact validity of quan-
tum mechanics for the nuclear structure led to the genesis of the whole new
kind of generalized mathematics, called isomathematics and generalized me-
chanics, called as Hadronic mechanics.

The founders of analytic mechanics, such as Lagrange, Hamilton [4] and
others classified dynamical systems in to two kinds. First one is the 'Exterior
Dynamical system’ and the second one is the more complex but generalized
'Interior Dynamical system’.

However, over a period of time the the above distinction was abandoned
preventing the identification of limitations of the prevailing mathematical
and physical theories. One can easily notice that Lie’s Theory is exactly ap-
plicable to the exterior dynamical systems. It was Prof. Santilli who at the
Department of Mathematics of Harvard University, for the first time, drew
the attention of the scientific community towards the crucial distinction be-
tween exterior and interior dynamical systems and presented insufficiencies
of prevailing mathematical and physical theories by submitting the so-called
aziom-preserving, nonlinear, nonlocal, and noncanonical isotopies of Lie’s
theory [5] under the name Lie Isotopic theory. Further generalization as
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Lie-admissible theory [6, 7] was also achieved by him.

During a talk at the conference Differential Geometric Methods in Math-
ematical Physics held in Clausthal, Germany, in 1980, Ruggero Maria San-
tilli submitted new numbers based on certain axiom preserving generaliza-
tion of the multiplication, today known as isotopic numbers or isonumbers
[1] in short. This generalization induced the so-called isotopies of the con-
ventional multiplication with consequential generalization of the multiplica-
tive unit, where the Greek word ”isotopy” from the Greek word ” implied
the meaning ”same topology” [8,9]. Subsequently, Ruggero Maria Santilli
submitted a new conjugation, under the name isoduality which yields an
additional class of numbers, today known as isodual isonumbers [1]

It should be quite clear that there can not be new numbers without new
fields. This led Santilli to define ’Isofield’ which is the first new algebraic
structure defined by him. This concept of ’Isofield’ further led to a plethora
of new isoalgebraic structures and a whole new ’Isomathematics’ which is a
step further in Modern Mathematics. Subsequently, 'Isomathematics’ has
grown in to a huge tree with various branches like ’Isofunctional Analysis’,
'Isocalculus’, ’Isoalgebra’, isocryptography etc.

In a nutshell, the theory of isonumbers is at the foundation of current
studies of nonlinear-nonlocal-nonhamiltonian systems in nuclear, particle
and statistical physics, superconductivity and other fields.

1.1 Origin of Isonumbers

The concept of ‘Isotopy’ plays a vital role in the development of this new
age mathematics ref. R.H.Bruck [2] and [22].

The first and foremost algebraic structure defined by Santilli is ‘isofield’.
Elements of an isofield are called as ‘isonumbers’. The conversion of unit
1 to the isounit 1 is of paramount importance for further development of
‘Isomathematics’.

The reader should be aware that there are various definitions of “fields” in
the mathematical literature [23], [24], [25] and [17] with stronger or weaker
conditions depending on the given situation. Often “fields” are assumed to
be associative under the multiplication.
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ie.ax(bxc)=(axb)xc Va,bcePF.
We formally define an isofield [26], [27] as follows.

Definition 1.1. Given a “field” F , here defined as a ring with with el-
ements a,b,c..., sum a + b, multiplication ab, which is commutative and
associative under the operation of conventional addition + and (generally
nonassociative but) alternative under the operation of conventional multi-
plication X and respective units 0 and 1, “Santilli’s isofields” are rings
of elements & = al where a are elements of F and 1 = T~ ! is a positive-
definite n X n matriz generally outside F' equipped with the same sum a+b
of F with related additive unit 0 = 0 and a new multiplication a x b = aT'b,
under which 1 = T is the new left and right unit of F in which case I3
satisfies all axioms of the original field.

T is called the isoelement. In the above definitions we have assumed
“fields” to be alternative, i.e.

ax(bxb)=(axb)xb (axa)xb=ax(axb) Va,bePF.

Thus, “isofields” as per above definition are not in general isoassociative,
i.e. they generally violate the isoassociative law of the multiplication, i.e.

ax(bxé) = (axb)xé Va,bée F

but rather satisfy isoalternative laws.

The specific need to generalize the definition of “number” to ‘real num-
bers’, complex numbers , ‘quaternions’ and ‘octonians’ suggested the above
definition. The resulting new numbers are ‘isoreal numbers’, isocomplex
numbers, ‘isoquaternions’ and ‘isooctonians’ respectively, where ‘isooctoni-
ans’ are alternative but not associative.

The ‘isofields’ F' = F'(&, +, X) are given by elements &, b, é. .. characterized
by one-to-one and invertible maps a — d of the original element ¢ € F
equipped with two operations (+, x), the conventional addition + of F' and
a new multiplication x called ”isomultiplication” with corresponding con-
ventional additive unit 0 and a generalized multiplicative unit 1, called
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“multiplicative isounit” under which all the axioms of the original field
F are preserved.

Santilli has shown that the transition from exterior dynamical system
to interior dynamical system can be effectively represented via the isotopy
of conventional multiplication of numbers a and b from its simple possible
associative form a x b in to the isotopic multiplication, or isomultiplication
for short, as introduced in (8].

The lifting of the product ab = a x b of conventional numbers in to the form

axb:=axTxb (1)

denoted by x = xT'x, where T is a fixed invertible quantity for all possible
a, b called isotopic element. _

This isomultiplication then lifts the conventional unit 1 defined by 1 X a =
a x 1 = a to the multiplicative isounit 1 defined by

1%Xa=ax1=a,where 1=7"1 (2)

Under the condition that 1 preserves all the axioms of 1 the lifting 1 — 1
is an isotopy, i.e. the conventional unit 1 and the iso unit 1 (as well
as the conventional product a x b and its isotopic form axb) have the
same basic axioms and coincide at the abstract level by conception. The
isounit 1 is so chosen that it follows the axioms of the unit 1 namely;
boundedness, smoothness, nowhere degeneracy, hermiticity and positive-
definiteness. This ensures that the lifting 1 — 1 is an isotopy and conven-
tional unit 1 and the isounit 1 coincide at the abstract level of conception.
Thus, the isonumbers are the generalization of the conventional numbers
characterized by the isounit and the isoproduct as defined above.

The liftings a — @, and x — X can be used jointly or individually.

It is important to note that unlike isotopy of multiplication x — X, the
lifting of the addition + — + implies general loss of left and right distribu-
tive laws. Hence the study of such a lifting is the question of independent
mathematical investigation.

The first generalization was introduced by Prof. Santilli when he general-
ized the real, complex and quaternion numbers [26], [27] based on the lifting



-210 -

of the unit 1 into isounit 1 as defined above. Resulting numbers are called
isorealnumbers, isocomplex numbers and isoquaternion numbers.

In fact, this lifting leads to a variety of algebraic structures which are often
used in physics. The following flowchart is self explanatory.

Isonumbers —» Isofields — Isospaces — Isotransformations — Isoal-
gebras — Isogroups — Isosymmetries — Isorepresentations — Isoge-
ometries etc.

The isounit is generally assumed to be outside the original field with
all the possible compatible conditions imposed on it. For rudiments of
isomathematics reader can refer to [1, 6, 7, 28].

The lifting of unit I to isounit / may be represented as,

I = I(t,r#p, T, 9,9t 0¢,0¢%,...). where t is time, r is the position
vector, p is the momentum vector, v is the wave function and 9! are the
corresponding partial differentials. The positive definiteness of the isounit
I is assured by,

I(t,r,7,p, T, 9, %!, 00,09t,...) = % > 0 where T is called the isotopic
element, a positive definite quantity. The 1sonumbers are generated as,
A=nxl,n=0123,.

Isofields are of two types, isofield of first kind; wherein the isounit
does not belong to the original field, and isofield of second kind; wherein
the isounit belongs to the original field. The elements of the isofield are
called as isonumbers. This leads to number of new terms and parallel
developments of conventional mathematics.

We mention two important propositions by Santilli [10].

Proposition 1.1. The necessary and sufficient condition for the lifting
(where the multiplication is lzfted but elements are not) F(a,+,x) —
(B, +,%),x = xT'x,1 = T to be an isotopy (that is for F' to verify
all axzioms of the original field F) is that T is a non-null element of the
original field F.

e.g. We can start with the field of real numbers  and construct an
isotopic field ® with a new multiplicative identity as 1 =  where T'= 2 as
the isounit. So, if a € R then d = a — . Thus the product of two iso numbers

/\

aandbw1llbeaxb—“2b b.
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Proposition 1.2. The lifting (where both the multiplication and the ele-
ments are lifted)

F(a,+,%x) — (F,+,%x),a=ax1,%x = xT'x,1 =T constitutes an iso-
topy even when the multiplicative isounit 1 is not an element of the original
field.

The following three theorems [22] directly follow from the definition of
isofield.

Proposition 1.3. If (F, +, x) is a field and (B, 4+, %
isofield such that the isounit I € F then (F,+, x)

s the corresponding

) is the
(F, 4+, x).

)
o

Clearly, the map z — % is an isomorphism.

Proposition 1.4. If (F, +, x) is a field and (F,+, X) is the corresponding
isofield such that the isounit [ ¢ F then (F,+, X) is isotopic to (F', +, X).

Proposition 1.5. Isofield corresponding to a non-commutative field is iso-
topic to the original field.

The noncommutative ring of Quaternions is an example of this type.

First we explore the very basics of Isomathematics as formulated by
Santilli [1] and [21]. The concept of ‘Isotopy’ plays a vital role in the devel-
opment of this new age mathematics. Starting with Isotopy of groupoids we
develop the study of Isotopy of quasi groups and loops via Partial Planes,
Projective planes, 3-nets and multiplicative 3-nets.

2 From Partial Plane to Loop

Definition 2.1. A partial plane is a system consisting of a non-empty
set G partitioned into two disjoint subsets(one of which may be empty),
namely the point-set and the line-set together with a binary relation, called
incidence, such that (i) (Disjuncture) If x is incident with y in G then
one of z,y is a line of G and the other is a point, (i1) (Symmetry) If z is
incident with y in G then y is incident with x in G, and (i) If =,y are
distinct elements of G there is at most one z in G such that x and y are
both incident with z in G.
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Definition 2.2. A Projective plane is a special kind of a partial plane
G such that; (w) if x and y are distinct points or distinct lines of G, there
ezists a z in G such that x and y are both incident with z in G ; (v) there
exists at least one set of four distinct points of G no three of which are
incident in G with the same element.

It is easy to show that in the presence of (i)- (iv), postulate (v) is equiv-
alent to ; (vi) there exists at least one set of four distinct lines of G no three
of which are incident in G with the same element.

A projective plane of order n has
n2 +n + 1 points;
n2 +n+1 lines;
n + 1 points on each line;
n + 1 lines through each point.

Example: The projective plane of order n = 2

7 points

7 lines

3 points on each line

3 lines through each point
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2.1 k-net

Definition 2.3. A k-net is a partial plane N whose line-set has been par-
titioned into k disjoint classes such that (a) N has at least one point, (b)
Each point of N is incident in N with ezactly one line of each class, and (c)
Every two lines of distinct classes in N are both incident in N with ezactly
one point.

If some line of a k-net NV is incident with exactly n distinct points in N,
so is every line of N. The cardinal number n is called the order of N.

Since a net is a partial plane, every net may be embedded in at least
one projective plane. Every projective plane contains nets and, of these,
two types additive 3-net and multiplicative 3-net have special significance.
The following tree diagram is self-explanatory.

Partial Plane

Projective plane

Additive k-net Multiplicative k-nets
I

Multiplicative 3-nets

Quasigroup of order n

|
Loop with prescribed identity

3 From Geometry to Algebra

3.1 From 3-net to Loop

We can have an additive 3-net and multiplicative 3-net of a projective
plane.

Definition 3.1. A Quasigroup is a groupoid G such that, for each ordered
pair a,b € G, there is one and only one x such that ax = b in G and one
and only one y such that ya = b in G.
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A quasigroup (X,x*) of order n determines a

3-net, eg.
Quasigroup (X, *) 3-Net A3
1 2 3
3 1 2 >
2 3 1
nxn n? points;

3n lines;

3 parallel classes
of n lines each;

n points on each line

In other words a quasigroup is groupoid whose composition table is a
Latin square.

Definition 3.2. A loop is a quasigroup with an identity.

An associative loop is a group.

o Every $-net N of order n gives rise to a class of quasigroups (Q, o)
of order n by defining one-to-one mappings (i) with s = 1,2,3 of @
upon the class of i-lines of N.

e Two quasigroups obtainable from the same 3-net by different choices
of the set @ or of the mappings 6(¢) are said to be isotopic.

e For any Q, the 6(i) can be so chosen that (Q,o) is a loop with a
prescribed element e of Q as identity element.
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4 Isotopy of Groupoids

Definition 4.1. Let (G,:) and (H,o) be two groupoids. An ordered triple
(e, B,7) of one-to-one mappings o, 8,7 of G upon H is called an isotopism
of (G,-) and (H, o). provided (zca) o (yB) = (z.y)7.

(G, ") is said to be isotopic with (H,o) or (G,") is said to be an isotope of
(H,o0).

Isotopy of groupoids is an equivalence relation. Every isotope of a quasi-
group is a quasigroup.

4.1 Origin of Isotopy

We underline the importance of ‘Isotopy’ by bdrrowing two paragraphs from
the book ‘A Survey of Binary Systems’ by R.H.Bruck [2].

“The concept of isotopy seems very old. In the study of Latin squares
(which were known to BACHET and certainly predate Euler’s problem of
the 36 Officers) the concept is so natural to creep in unnoticed; and Latin
squares are simply the multiplication tables of finite quasigroups.” “It was
consciously applied by SCHONHART, BAER and independently by AL-
BERT. ALBERT earlier had borrowed the concept from topology for appli-
cation to linear algebras; in the latter theory it has virtually been forgotten
except for applications to the theory of projective planes.”

5 Examples on Isotopy of Groupoids

Consider the two groupoids G = {1,2,3} and G’ = {a, b, ¢} defined by the
following composition tables.

¥

N

N W =
W = Wi
N W NjWw
o T o

» T |
®» octol|o
T o Tlo
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Then the ordered triple (o, 3, ) defined by the permutations a = 2
1 23 1 2 3. .
B = b o a)and'y—<c a b)lsanlsotopy.

Thus (G, .) and (G, %) are isotopic.
Note that an isomorphism is just a particular case of isotopy wherein a =
B = «. If | is the identity mapping then (a,S,[) is called a principal
isotopy between the two groupoids.

5.1 Isotopy of Quasigroups
Consider the groupoids (L, .) and (L/, *) with multiplication tables as;

0]112]3]4 ¥T0[1]2(3]4
010(1]314]2 0/110(4]2(3
1l1lo]2|3]4 4 |1]8|1]2|0]4
2l3l4|1]2l0] 2% |2l4|2]1|3]0
3/4|2]0]1]3 3lol43]1]2
4)2)3l4]0]1 41213041

Here the ordered triple («, 3,7) defined as a = < (1) é g Z g ), B =

01234 0123 4), :
<1 2 4 0 3>&nd’7=<1 9 0 4 3)1sa,nIsotoplsm. Note that

L and L’ are quasi groups.

5.2 Principal Isotopy of Groupoids

Consider the two groupoids G and G’ defined by the following composition
tables.

1112713 *T1]2]3
11132 4 111[2]2
213|113 an 21321
30232 3(1(3/3




-217 -

BN =
w N

Then the ordered triple (o, 5,7) defined by the permutations a =

1 23 1 2 3Y). o
p= ( 3 1 9 ) and y = ( 1 2 3 ) is a principal isotopy.
Consider the groupoids and their isotopy as defined in Example 1, we

_ -1 _ 1 2 3 _ -1 _ 1 2 3
can define § = ay —(231 , o= Byt = 31 9 and
- 1 23
—\12 3 )

Note that (8,7,1) is the principal isotopy corresponding to (e, 3,7).
In this manner every isotopy gives rise to a principal isotopy
such that the isotope and the principal isotope are isomorphic.
In general, it is sufficient to consider only the principal isotopies in view
of the following Theorem.

- o
N——

Theorem 5.1. If G and H are isotopic groupoids then H is isomorphic to
a principal isotope of G.

Proof. Let (a,f3,v) be an isotopy of G on to H. Let 6 = ay™! andn =
By, We have (e, B,7) = (6,m,7). Hence there exists a groupoid K such
that (6,m,1%) is a principal isotopy of G on to K and vy is an isomorphism of
K onto H.

’Necessary and sufficient conditions that a groupoid possess
an isotope with identity element are that the groupoid have a
right nonsingular element and a left nonsingular element’ Ref.[2]p.57.

All the elements of a quasigroup are left nonsingular and right nonsingu-
lar (as every element occurs only once in every row and column). Therefore
every quasigroup is isotopic to a loop.

¢ This lifting of the multiplicative quasigroup to a loop with the
prescribed identity gives rise to a multiplicative group with
the ‘prescribed identity’ which Santilli termed as ‘Isounit’.
The resulting field with the multiplicative isounit is called as
an Isofield [41].
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e Without loss of generality we can say that the words ‘Isotopy’ and
‘Axioms preserving’ are synonymous.

5.3 Galois fields

Finite fields were first introduced by Galois in 1830 in his proof of
the un-solvability of the general quintic equation. Hence finite fields
are also called as Galois fields. When Cayley invented matrices a few
decades later, it was natural to investigate groups of matrices over
finite fields. In fact, the groups of matrices over the finite fields have
become the most important class of groups. Finite fields have vast
applications in computer science, coding theory, information theory,
and cryptography. A

Thus, Galois fields are finite fields. Finite fields are of nonzero charac-
teristic. Every finite field is of prime-power order, and for every power
of a prime there is a unique Galois field of this order.

Santilli’s isofields are defined for the fields of characteristic zero, and
hence for infinite fields.

Our main purpose is to apply Santilli’s ideas to the fields of non-zero
characteristic and seek for further development in this direction.

In this paper we answer the open problems posed in [22],

— Can we construct finite isofields of first kind ?

— Can we construct finite isofields of second kind ?

in the affirmative.

6 Iso-Galois fields

Definition 6.1. If F' is an iso-field and F is finite, then F is called
an Iso-Galois field.
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Definition 6.2. Let F' be a Galois field. If G is an Iso-Galois field
of F wherein the prescribed multiplicative identity is from the field F
itself, then the Iso-Galois field G is called an Iso-Galois field of
second kind.

Definition 6.3. Let F' be a Galois field. If G is an Iso-Galois field of
F wherein the prescribed multiplicative identity is not from the field
F, then the Iso-Galois field G is called an Iso-Galois field of first
kind.

If G is an Iso-Galois field constructed from the field F' then we call
the field F' as the trivial iso-field.

7 Iso-Galois fields of second kind

Consider a Galois field Fg as a set of following matrices of integers

modulo 2.
0 100 010
0},1))={0101},2=(0011],3=
0 0 01 110

/N
O = O

~
o
N’
I
— - O
— )

OO momRmRORSPO@

N———

—~
I N
N
Il
Ne—"o oo

_ e
— = O
\-——/
—

ot

N

i
N

11 111
11),60=[101],7=
01

O O

NN
O =

For an isofield it will be sufficient to consider the multiplication table of
non-zero elements of Fg.
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1) 2 3 4 6 6 (7
M 1 2 3 4 5 6 7
2 2 3 4 5 6 7 1
B 3 4 5 6 7 1 2
4 4 5 6 7 1 2 3
) 5 6 7 1 2 3 4
6 6 7 1 2 3 4 5
M 7 1 2 3 4 5 6

Let us choose the iso-element 7' = (4)

4 € Fg in the above composition
table. Then the iso-unit element is 1 = % =

= 4~! = 5. By using the fact

i ]

Thus, _

2=2.1=2.5=6. Similarly, 3=7,4=1,3=7,4=1,5=2,6=3 and
7=4.

We now construct the corresponding composition table for the isonumbers
using the fact that the isomultiplication X is defined as axb = a7'.

e.g. 6x7=6.4.7 = 1 using above composition table. Thus the correspond-
ing isomultiplication table (or iso-composition table) for isonumbers will be;

FONONORONONORG

W 4 5 6 7 1 2 3
@ 5 6 7 1 2 3 4
@ 6 7 1 2 3 4 5
@ 7 1 2 3 4 5 6
G) 1 2 3 4 5 6 7
@ 2 3 4 5 6 7 1
M 3 4 5 6 7 1 2

Note that the numbers in the iso-composition table are isonumbers.

Remark. 1. The function f : F3 — Fy defined by f(z) = 5z is not an
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isomorphism. However,
2. The isofunction f : x — & is an isomorphism.

We generalize these observations in the following Theorem.

Theorem 7.1. If F is a Galois field such that F is an Iso-Galois field of
second kind, where T' € F' is an isoelement and & = T-1z, x € F then the
function f : F' — F defined by z T-1z is not an isomorphism but is an
isotopism, whereas the isofunction f : F — F' is an isomorphism.

Proof. It is easy to verify that the function f is a translation from F' to
F and hence is not an isomorphism. It is an isotopism because we have
prescribed a new identity and the result follows from [22]. R

If we consider the 1sofunct10n fr F— F then for T,y € F, f (xy) =T 'zy
whereas f(a:)xf( ) = &% = T2 Ty = T-'zy. Thus f(z.y) =
F@)%f(). O

Theorem 7.2. If F is a Galois field of order p™ and n is the number of
wnvolutions in F' then there exist p™ — n — 1 number of distinct Iso-Galois
fields of kind two of F.

Proof. The multiplicative group of F’ will obviously contain p™ — 1 number
of non-zero elements. Every involution and its inverse will obviously give
rise to the same Iso-Galois field of second kind. Therefore the total number
of distinct Iso-Galois fields would be p™ — n — 1. O

8 Iso-Galois fields of First kind

Consider a Galois field F' of order 16 represented by the polynomials a +
bx + cx® + dz®, a,b,c and d are integers modulo 2. The polynomials are
generated by the powers of = using the rule z* = 1 + z.

The elements of the field are; (0) = (0,0,0,0), (1) = ( 0,0), (2) =
(0’ 1,0, 0)’ (3 ) = (Oa 0,1, O)a (4) = (O’ 0,0,1), (5) = (1, 0) (6) =
(O?la 1,0), (7) = (0’0?1,1)’ (8) = (1’1’0a 1)a (9) = (1 ) (10) =
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(0,1,0,1), (11) = (1,1,1,0), (12) = (0,1,1,1), (13) = (1,1,1,1), (14) =
(1,0,1,1), (15) = (1,0,0,1) with the following composition table for multi-
plication;

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
1 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
2 2 3 4 5 6 7 8 9 10 11 12 13 14 15 1
3 3 4 5 6 7 8 9 10 11 12 13 14 15 1 2
4 4 5 6 7 8 9 10 11 12 13 14 15 1 2 3
5 5 6 7 8 9 10 11 12 13 14 15 1 2 3 4
6 6 7 8 9 10 11 12 13 14 15 1 2 3 4 5
T 7T 8 9 10 11 12 13 14 15 1 2 3 4 5 6
8 8 9 10 11 12 13 14 15 1 2 3 4 5 6 7
9 9 10 11 12 13 14 15 1 2 3 4 5 6 7 8
10 10 11 12 13 14 15 1 2 3 4 5 6 7 8 9
11 11 12 13 14 15 1 2 3 4 5 6 7 8 9 10
12 12 13 14 15 1 2 3 4 5 6 7 &8 9 10 11
13 13 14151 2 3 4 5 6 7 8 9 10 11 12
14 14 15 1 2 3 4 5 6 7 8 9 10 11 12 13
1515 1 2 3 4 5 6 7 8 9 10 11 12 13 14

The set F; = {0,1,6,11} forms a subfield of F. We consider an element
T = 2 such that T does not belong to F; and form an Iso-Galois field of F}.
The isounit 1 = 5,— = T-1 = 2-1 = 15. The numbers of F; are converted to
following isonuprers as 1 =15,6 =6.15=5 and 11 = 11.15 = 10. Thus
the isofield is F; = {0, 15, 5,10} with the following composition table for
isomultiplication.

x 15 5 10
15 15 5 10
5 5 10 15
10 10 15 5
e.g the isoproduct of 5 and 10 is given by 5.1.10 = 5.2.10 = 15.
Similarly, if 7= 7 then 1 = 31; = 771 = 10. The numbers of F} are converted

to following isonumbers as 1 = 10, 6 = 6.10 = 15 and 11 = 11.10 = 5. Thus
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the isofield is £ = {0,10, 15,5} with the following composition table for
isomultiplication.

x 10 15 5

10 10 15 5

15 15 5 10

5 5 10 15

Theorem 8.1. If F is a Galois field of order p™ and F is a subfield of F
of order p™ such that F' \ Fy has r number of involutions, then there exist
p"* — p™ — r number of distinct Iso-Galois fields of first kind of Fy.

Proof. F; is a subfield of F implies m|n. Let n = m + r. Then

ol F\ ) =p" —p"=p™" —p™ =p™(p" - 1)...(1).

CaseI: If p=2 then (1) = o(F \ F}) is even.

Case IT ; If p # 2 then p" — 1 is even and again o(F'\ F}) is even.

Also, if z € F'\ F; then 7! also belongs to F'\ Fy. Thus, each z € F\ F}
gives rise to one isofield of first kind of F;. Now, if x is an involution then
z = z7! and hence x and 2! will give rise to same isofield. If there are
r number of involutions in F' \ F} then the number of elements which give
rise to distinct isofields will be p™ — p™ — r. Hence the result. O

9 Isotopically Isomorphic Realization

Santilli’s isofields have multiplicative group which is isotopically isomor-
phic realization (when the isounit is from the field itself) or isotopically
isomorphic representation (when the isounit is from outside the field) of the
multiplicative group of the original field. For a given group G if we consider
all permutations of the group elements, then there exist permutations which
are the right regular representations, and permutations which are the left
regular representations of G. In this case, each permutation is actually an
isogroup with respect to the induced isounit and isomultiplication. These
isogroups can have extensive applications in cryptography, coding theory
and biological sciences wherein the codes and the keys are to be continuosly
changing for the strongest security.
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Isotopism of the fields [1], [10] and [12] defined by R.M. Santilli induces
isotopism of the groups in the following manner.

Definition 9.1. If G is a group then the permutation of the elements of
G by a € G from the left (or right) is an isogroup G with isomultiplication
X defined on it. We say that G is the left-isotopically isomorphic re-
alization (or right-isotopically isomorphic realization) of the group
G.

Thus, G itself is the isotopically isomorphic realization (both left and right)
of the group G where a = e.

Definition 9.2. If G is a group then the set of all left-isotopically isomor-
phic realizations (or right-isotopically isomorphic realizations) of G is called
the left-isopermutation group (or right-isopermutation group).

Definition 9.3. A group for which both left-isopermutation group and right-
isopermutation group coincide is called an Iso-permutation group.

Remark:- 1) Note that if the group G is abelian then both left-isotopically
isomorphic realizations and right-isotopically isomorphic realizations of G
are same. Hence G is an isopermutation group.

2) Also, the left-isopermutation group of G is the left regular representation
of G which is faithful. Similarly, the set of right-isopermutation group of G
is the right-regular representation of G' which is faithful.

Proposition 9.1. The isomorphic realizations of a group G consist of a
class of automorphisms of the group G and the class of translations of the
group G by the elements from the group G itself.

Proof. Aut(G) forms a class of permutations of G where identity is mapped
with identity. Also, left regular representations and right regular represen-

tations form a class of permutations which are isotopically isomorphic to
G. O

Let us consider the composition table of the abelian group G = {1, q, b, c}
with respect to multiplication.
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o T o -
O T D Rk
TO = e
- O oo
® = O 0|0

Clearly, the set of left-isotopically isomorphic realizations of G = the set of
right-isotopically isomorphic realizations of G = left regular representation
of G = right regular representation of G

z{(labc)(1abc>(1abc)<1abc>}<
labec)’\alcb/’\bcal)’\cdbla
Sq.
Let us consider a non-abelian group,

={e, f,9,h%,7} = {(1),(23), (12), (123), (132) (13)} with the following
composmon table;

e|flg|lh|il]j
ele|flg|h|i]]
flflelh|g|j|i
glglileljl|flh
hlh|jl|fli|le]|g
ijlilgljle|h]|f
jlithli|flg]le
Then,
set of left-Isotopically isomorphic realizations of G = left regular represen-
tation of G
=(efghij>(efghzj>(efg zJ)
e fghiji)'’\fehgiyiji)’\g<ieyj f h)’
(efghij)<efghzJ)(efghz3>}<s
hjfieg)\igijehHf f johi f ge °

Proposition 9.2. Permutations which represent the isotopically isomorphic
groups of a group G form a subgroup of the group Sg.
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Proof. left-isotopically isomorphic realizations (or right-isotopically isomor-
phic realizations ) of a group is the left regular representation (or right
regular representation) of G and hence form a subgroup of Sg. O

Proposition 9.3. If G is an abelian group of order n then the number of
isotopically isomorphic realizations of G is n.

Proof. Each element of the group will give rise to a left translation of the
elements of G which is same as the right translation. O

Proposition 9.4. If G is a non-abelian group of order n then the number
of isotopically isomorphic realizations of G is 2n — 1.

Proof. Each element of G will give rise to distinct left and right translations
of the group G. a

Proposition 9.5. Holomorph of a group is the semidirect product of Aut(G)
and left-isopermutation group (or right-isopermutation group) of G.

Proof. Let G be a group and X and p be the left regular and right regular
permutation representation of G defined by ¢* : z — g~'z and ¢ : x — zg.
Clearly, both A and p are regular and faithful representations of G. Thus,
the left regular and right regular permutation representation of G form
subgroups G* and G” of Sym G. But G* = left isopermutation group of
G and G* = right isopermutation group of G. We know that [?], Hol G =
(G*, Aut(G)) = (GP, Aut(G)) < Sym(G). Hence Hol G = (left isopermuta-
tion group, Aut (G)) = (right isopermutation group, Aut(G)) < Sym(G).
Also, Hol(G) = Aut(G) x G* and Hol(G)= Aut(G) x GP. Hence the result.

a

Proposition 9.6. If G is a group then the left-isopermutation group of G
(right-isopermutation group of G) is the centralizer of right-isopermutation
group of G (left-isopermutation group of G) in the holomorph of the group
G.
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Proof. Let G be a group. Consider the left regular representation G* of G
and the right regular representation G? of G defined by ¢* :  — g~z and
g° : x = zg. Then both A and p are faithful representations of G. Also, the
equations Croc(GP) = G* and Croe(G*) = G? hold for any group G.

O

9.1 Applications and advances

Quantum mechanics was sufficient to deal with ’Exterior Dynamical sys-
tems’ which are liner, local, lagrangian and hamiltonian. The main purpose
of formulating the new generalized mathematics was to deal with the in-
sufficiencies in the modern mathematics to describe ’Interior Dynamical
systems’ which are intrinsically non-linear, non-local, non-hamiltonian and
non-lagrangian. The axiom-preserving generalization of quantum mechan-
ics which can also deal with non-linear, non-local non-hamiltonian and non-
lagrangian systems is called the Hadronic mechanics. The mechanics; built
specifically to deal with 'hadrons’ (strongly interacting particles) ref. [21].
Prof. Santilli, in 1978 when at Harvard University, proposed 'Hadronic me-
chanics’ under the support from U. S. Department of Energy, which was
subsequently studied by number of mathematicians, theoreticians and ex-
perimentalists. Hadronic mechanics is directly universal; that is, capable
of representing all possible nonlinear, nonlocal, nonhamiltonian, continuous
or discrete, inhomogeneous and anisotropic systems (universality), directly
in the frame of the experimenter (direct universality). In particular the
hadronic mechanics has shown that quantum mechanics is completely inap-
plicable to the synthesis of neutron [50], as mass of the neutron is greater
than the sum of the masses of proton and electron (called "mass defect”)
of which it is made. In this case quantum equations are completely incon-
sistent. Hadronic mechanics has achieved numerically exact results in the
cases in which quantum mechanics results are not valid. For further details
of isonumber theory we recommend refs. [51, 1, 52, 50, 53].

As far as mathematics is concerned, one of the major applications of ison-
umber theory is in Cryptography, ref. [54]. Cryptograms can be lifted
to iso-cryptograms which render highest security for a given crypto-system.
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Isonumbers, hypernumbers and their pseudo-formulations can be used effec-
tively for the tightest security via new disciplines, isocryptology, genocryptol-
ogy, hypercryptology, pseudocryptology etc. More complex cryptograms can
be achieved using pseudocryptograms in which we have the additional hid-
den selection of addition and multiplication to the left and those to the right
whose results are generally different among themselves. Yet more complex
pseudocryptograms can be achieved in which the result of each individual
operations of addition and multiplication is given by a set of numbers [54].
Santillian iso-crypto systems have maximum security due to a large variety
of isounits which can be changed automatically and continuously, achieving
maximum possible security needed for the modern age banking and other
systems related with information technology.

Reformulations of conventional numbers to the most generalized isonumbers
and subsequently to genonumbers and hypernumbers led to a vast variety
of parallel developments in the conventional mathematics including hyper-
structures [55] and its various branches such as ’iso-functional analysis’ ref
[38], iso-calculus ref [56], iso-cryptography [54] etc.

Iso-Galois fields [57], Iso-permutation groups [58, 57] have been defined by
this author, which can play an important role in cryptography and other
branches of mathematics where finite fields are used. Investigations are
underway.

Isomathematics can also explain complex biological structures and hence
has applications in Fractal geometry. Further applications in Neuroscience
and Genetics can provide new insight in these disciplines.
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