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PREFACE
I

Travelling in the streets of the representation theory, one can
see very beautiful landscapes! On the train of the generalized
permutations and Hv-matrices one will inevitably pass through

Hvagroups. Hv-rings. Hv»modules and other hyperstructures. One will

enjoy the properties of those structures and will discover new
jideas, terms and constructions. The mathematician-traveler will
have to convey these algebraic hyperstrures by using maps and mainly
homomorphisms.

The beauty of the Jjourney is the reason for choosing this
field; the lack of a systematic account of the results of this
comparatively new concept prompted my decision to attempt the
present research.

In the first three chapters the basic concepts of the field are
presented. The uniting elements method s contained in the fourth
chapter. In chapter flve =a Hv—hypergroupoid algebra 1s defined.

The representations of Hv-groups by generalized permutations are the

object of the sixth and seventh chapters. The main subject of this
book is set forth in the last two chapters. There are also three
appendices. The first which contains some classical hyperstructures
is a short section since an excellent presentation of these
structures can be found in Corsini’s book “"Prolegomena”. The other
two appendices contain two large classes of Hv-structures: the very

thin and the P*Hv'structures.

There are samples of the author's poetry published in Greek and
translated into English by J. Petropoulos.

Thanks are due to A. Dramalides for correcting the final
version of this book.

I would like to thank my wife Dr Penelope Vougiouklis for her
help on language and her patlience; my deepest appologies to my
daughters Elenl and Susanna for not being a good father this period.

Thomas Vougiocuklis
Democritus University of Thrace




Avagaivovrac YEVVACOUE TN okeym
avaoaivovrag tn uetaddcape
eEakoAouvBouue v’ avacatlvouue.

Breathing we gave birth to thought
breathing we handed it on
we continue to breathe.

CHAPTER 1

BASIC CONCEPTS

1.1 VWEAK HYPERSTRUCTURES, HV-STRUCTURES

In 1934, F.Marty introduced the hypergroup as a set H
equipped with a hyperoperation <:HxH —— P(H) which satisfies the
associative law: (xy)z;x(yz) for all xX,y,z In H, 4§.e. the sets on
both sides are equal, and the reproduction axiom is valid: xH=Hx=H
for all x in H. The motivating example was the following: Let G be
a group and H any subgroup of G. Then G/H = { xH: x%eGC } becomes a
hypergroup where the hyperoperation is defined in a usual manner

xoy = { z: z € X'y } where x=xH. Every hypergroup isomorphic to
the above is called D-hypergroup and the class of D-hypergroups is
not equal to the class of hypergroups. An extensive expository of
the hypergroup theory, with a complete bibliography, can be found in
"Prolegomena of hypergroup theory" (Corsini, 1893).

In this chapter a larger class than the known hyperstructures
is defined. This new class is the object of this book and was
introduced by Vougiouklis in the Fourth AHA congress, (1930).
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1.1.1 DEFINITIONS

Let H be a set and -:HxH —— P(H) be a hyperoperation. The (-)
in H is called weak associative, we write WASS, if

(xy)z n x(yz) = 2 for all x,y,z in H.
The () is called weak commutative, we write COW, if
Xy Nyx # g for all x,y in H
The hyperstructure {H,-) is called Hv-senigroup if (-) is WASS. H
is called Hv»quasigroup if the reproduction axiom is valid, 1.e.
xH =Hx = H for all x in H

H 1is called Hv-group if it is a Hv—quasigroup and a Hy—semigroup.
It is called Hv‘commutative group if it is a Hv»group and a COW. If
the commutativity is valid, then H 1{s called commutatjive Hv-group.

In an obvious way the sub—Hv—group of a Hv*group is defined.

Analogous definitions for other Hv~structures, as Hv*rings.
Hv*fields, Hv-vector spaces and so on, can be given.

A hyperstructure (R,+,:) is called H -ring if

(a) (+) and (-) are WASS,
(b) the reproduction axiom is valid for (+), and
(c) (<) is weak distributive with respect to (+), 1i.e.

x(y+z) f (xy + xz) = o
for all x,y,z in R
(x+y)z ) (xz + yz) = @

A Hv-rlng can be COW with respect either to (+) or to (-). If
it is In both COW, we call it COW Hv*ring.

If the above (a) and (c¢) axioms are valid then R is called
Hv’seniring. Similarly the Hv-near‘ring is defined.

The definition of the Hv~f1e1d is given in the next paragraph.




1.1 WEAK HYPERSTRUCTURES, H ~-STRUCTURES K|
v

PROPERTY
All the weak properties for hyperstructures can be appllied for
subsets. For example, if (R,+,-) is a COW H&—ring then for all

A,B,C £ R we have
(A+B)n(B+A) » 8, (AB)n(BA) # 8, A(B+C)n(AB+AC) * o .
To prove this, one has simply to take one element of each set.
A motivation to obtain Hv-structures is the following:

1.1.2 THE MOTIVATING EXAMPLE

Let (G,:) be a group, o an equivalence relation in G and o(x)
the c-equivalence class of the element x in G. In G/c consider
the hyperoperation © defined in the usual manner

o(x)ooly) = { o(z) : zeo(x)-o(y) } for all x,y in G.

Then (G/0,0) is a Hv- group which is not always a hypergroup.

Indeed, for all X,y,z in G we have

(xy)z € (o(x)oo(y))oeo(z)

x(yz) € o(x)e(o(yleo(z))
Thus © is WASS. Moreover, the reproduction axiom is valid.

If for some x,y in G we have

o(x)oc(y) = a(z) for mll z € o(x)-oly)

then ¢ 1is said to satisfy the fundamental property for x and y.
Consequently, if the fundamental property for all x,y in G is valid,

then o is an operation.

1.1.3 EXAMPLES
(1) Geometrical hyperoperations (+) defined on a given Iincidence
space A, have the property
{a,b} ¢ a+b for all a,beA.

Therefore (A,+) 1s always a H -group, in fact it is a
Hvocommutative group.

(I1) Let V be a vector space over a field K. Define three hyper-
operations in V as follows
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xoy = { A(x+y): Osas1 }
x0y = { x+A(y-x}: Osas) } for all x,yeV and Aek.
xey = { x+Ay: OsAs] )

Then one can obtalin that for all *we {000} the 9 hyper-

structures <V,* m> are COW Hv—rlngs.

1.1.4 DEFINITIONS
Let (Hl.'}. (Hz'.) be two Hv-groups. A map f: Hj———» H2 is called
Hv-ho-onorphism or weak homomorphism or simply homwomorphism, if

f(x'y) nfx)*f(y) =2 for all x,y in H .

f is called an inclusion homomorphism if
f(x-y) ¢ f(x)*f(y) for all x,y € Hl.

Finally, f is called a strong homomorphism if
f(x-y) = £f(x)*f(y) for all x,y € Hn'

If f is onto, 1:1 and strong homomorphism, then it is called
isomorphism, Iif moreover f is defined on the same Hv—group then it

is called automorphism. It is an easy verification that the set of
automorphisms in H, written AutH, Is a group.
On a set G several Hv-structures can be defined. A partial

order on those hyperstructures is introduced es follows:

1.1.5 DEFINITION
Let (G,-), (G,*) be two Hv—groups. defined on the same set G. We
call (+) less or equal than (*), end write -=* |, {ff there is a
feAut(G,*) such that

xy & f(x*y) for all x,y in G.
We also say that (*) 1s greater than (-). Moreover we say that
(G,*) contains the (G,-). Minimal is called a H -group which

contains no other Hv*group defined on the same set.

Following this definition, one can define the union (*) of two
hyperoperations (+) and (@), and we write * = +u®, defined on the

same set H, as follows: x®y = (x+y)U(xey) for all x,y in H.

Obviously, if (+) or (&) is WASS ( or COW ) then the union hyper-
operation is also WASS ( or COW ).
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1.1.6 THEOREM
Greater hyperoperation from the one of a given Hv—group, defines a

Hv—group. The weak commutativity is also valid for every greater

hypercperation. Analogous result can be proved for the other
Hv—structures with the analogous weak propetries.

Proof

Obvious from the definition. ]

We remark that this theorem is not true for hypergroups in the
sense of Marty.

Notation. Let (G,+) be a hypergroupoid. An n-ary hyperproduct can

be defined, induced by (-), by inserting n-2 parentheses in the
sequence of elements 8.,8,....8 in a standard position. Let us

denote by p(al,....an) such & pattern of n-2 parentheses and by,
Pn the set of all such patterns. For example, for n=4, we have,

P‘(ai.az,aa,a‘) =

= {((aiaz)aala‘.(ai(aéaa))a‘,(alaz)(aaa‘).al((azaa)a‘).al(az(asa‘))}

Now let (R,+,*) be a H;—ring then the n-2 parentheses in the

sequence al,...,an ,  n=1 hyperoperations are used which may be
either (+) or (-). Therefore, the set Pn is larger in Hv~rings than
in hypergroupoids, since in each plePn . for hypergroupoids,
corresponds a set of elements plj where J = 1,2,...,2"“1 for

Hv-rlngs. However, we still denote by the same symbol Pn the set
of all such patterns.

1.1.7 DEFINITION

In any triple of elements (x,y,z) a parenthesis can be put in two
ways, elither {(xy)z or x(yz). Call the first, parenthesis on the
left and the second, parenthesis on the right. In a product of n
elements a.,8,....8 if all parentheses are on the left
(...((a.laz)aa)...)an it is called left form, and when we have all
parentheses on the right we have the right form al(...(amdah)...L

In the terms of commutators the left form is called left-normed and
the right form, right-normed. For a given pattern pePn one can

obtain series of patterns P.....pP, SO that Py has the right form
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and for each 1€{1,...,A-1} the P, has only one parenthesis on the
ieft comparing with P4y Moreover, if the a,’s are elements of a

Hv—semlgroup or Hv—rlng R then we have
pl(ai. e .an) n p“i(ai, . ...an) 2, le{1,...,A-1} , aJeR.
In the following in a Hv-ring the Pn will denote the set of

patterns consisting of n-2 parentheses with respect to hypersum.

1.1.8 DEFINITIONS
Let (R,+,*} be a Hv—ring. and n>1 be an integer number. We call

n-ary circle hyperoperation, and write @, the one defined as follows

=
X ©X 8. ..8x U p(xi.xz....,xn) for all X 4o X € R.
peP
n
Remark that in general (xe...0% J@Xx _# X @...0X 6X
1 n n+l 1 n n¢l
however, (x ®...8%x )ox c (xo...0x @x )
b3 n n+l 1 n  nel

The above definitions can also be given for Hv—groups.

1.2 THE FUNDAMENTAL RELATIONS B*, vy*, €*

The fundemental relation B*, is defined on (H,-) and the
quotient H/B®* is semigroup, quasigroup, group or commutative group
if H is Hv»semigroup. Hv—quasigroup, Hv-—group or Hv—commutative

group, respectively, called fundamental ones. A Hv-structure H is
called proper if H = H/B* , in other words there exists at least
one product which is not singleton.

1.2.1 DEFINITION

Let (H,:) be a Hv—group. We define the B* relation as the smallest

equivalence relation, one can say also congruence, such that the
quotient H/p* is a group. The B* 1is called fundamental
equivalence relation.

Let us denote by U the set of all finite products of elements
of H and define the relation B in H as follows:

xBy Iff {x,y} c u where uel.
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1.2.2 THEOREM

The fundamental relation B* is the transitive closure of the
relation B.

Proof

Let’'s denote ﬁ the transitive closure of P and ﬁ(n) the class of the

element aeH. First, we prove that the guotient set H/ﬁ is a group.
The product © in H/ﬁ is defined in the usual manner

f(a) o B(b) = {Blc) : ¢ € B(a) + RB(b)) for mll a,b in H

Take a’e Q(a). b‘e ﬁ(b). Then we have

a'ﬁa iff 3 x,...,x with x=a‘’, x =a and
1 (33} 1 el
u,...,u € U such that
1 »
{xl.xi"} cu, i=1,...,m
and
’ - ’ =
b'fp  iff 3y,....y, ~wWith y=b, y =b and
vV,...,v € U such that
1 n
lypy, b ev, J=1....n
Therefore, we obtain
(xl, x1+1} Ty, eus vy . i=1,....,m1
(1)
X .y {yj, Yy } ¢ u v, ., J=1,....n
Therefore
u-v==tel 1i=1,...,m1 and wu-v=1t €U, J=1,...,n
1 1 i [ I mej-1
or txeﬂ for all x € {1,...,mn~1}.
Now, pick up any elements z,..02, such that
z, € XY, i=1,...,m and z.‘J € x'”1~y"1. J=1,...,n,

and using the relation (1) we have
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= . +n-1.
{zK. zx’l} < tn’ x=1,...,m+n-1

So, every element z€ x1~y1=a'b' is ﬁ equivalent to every element
2 € X l-y = ab,

nen [ 34 nel

Thus ﬁ(a)eﬁ(b) is singleton so we can write

B(a) o B(b) = B(c) forall c e B(a)-B(b).

Moreover, since (-) is WASS, it is obtained that o is associative
and consequently, H/ﬁ is a group.

Now let o be an equivalence relation in H such that H/o is
a group. Denote o(a) the class of a. Then o(a)es(b) is singleton
for all a,b In H, {i.e.
o(a)ea(b) = olc) for all ¢ € ola)-o(b)
But also, for every a,beH and A ¢ o(a), B ¢ ag(b), we have
o(a)oa(b) = olab) = oc(A<B).
So this relation is valid for all finite products. That means that

o(x) = o(u) for every uel and for all xeu.

Thus for every ae€H,

xep(a) implies xeofa).
But o 1is transitively closed, so we obtain
xef(a) implies xeol(a).

Thus, the relation ﬁ is the smallest equivalence relation in H such

that H/ﬁ is a group, i.e. 6 = P, "

The B* equivalence relation was introduced on hypergroups by
Koskas [18] and studied mainly by Corsini [5].

Since G/B* is a group one can say that (G,-) is by virtue a
group. This is why the hyperstructure (G,-) is called Hv—group.

Open problem

Freni in [11] proved that for hypergroups g* = 8 . We do not know
yet if this equality is valid for Hv—groups.
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1.2.3 EXAMPLE
On the set Zmn consider the hyperoperation (@) defined by setting

Oom = {O,m} and xey = x+y for all (x.y)elfn-{(ﬁ.m)}.
Then (Znn.o) becomes a H -group. This 1s not associative since,
for example, taking k ¢ mZ then

(Oom)eok = {O,m}ek = {k,m+k} and Oe(mek) = Oe(m+k) = {m+k}
therefore, @ is WASS but not assocliative. Moreover, it is COW but

not commutative.
From the sum

[...(0em)e...emlem = { O,m,2m,...,(n~1)m }
I |
n-1 times
it is obtained that B*(0) = {O,m,..., (n-1)m}.

Similarly, for every 0<k<n-1 we have
[...(kem)®...om}lem = { k,k+m,...,k+(n-1)m }
| ——

n-1 times
So f*(k) = k+mZ. That means that B* = and

I /B* =1
nn n

1.2.4 EXAMPLE
Consider the group (Z",+) and take m,...,m € N. We define &

n
n

hyperoperation @ in Z as follows:

(m,...,m)e{0,...,0) ={(m,...,m), (0C,...,0)}
1 n 1 n

and +=@ In the rest cases.

Then (2",8) is a H -group which is WASS and COW. We have PB*=p
v

and for the fundamental group one can prove that
78" = 2 2"
m--'m

1 n

This is obtained because for every kelN we have
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(m,...,m)e(...0((m ,...,m )e(0,...,0)}...} =
1 n 1 n
{ J
k times
= { (km ,....km ), ((k=1)m ,...,(k-1)m ), . . . ,(O0,...,0)}
1 n 1 n

Moreover, by adding, on the left, the element (-kml.....—kn ) the
finite product

{ 0,...,0), . . ., (~(k-1)m,...,~(k=1)m ), (~km ,...,~km ) }
1 n 1 n

it is obtained.

Therefore, for every keZ, we have
(km,...,km) B*(0,...,0).

1.2.5 EXAMPLE
Consider the group (z",+) and take mL..m o€ N. We define a

n

hyperoperation @ in I as follows:

(ml,O,...,O)O(0,0....,O) = {(ml.O,....O),(0,0.....0))
(O,mz,...,O)Q(0,0....,O) = {(O,mz,....ﬂ).(0.0,....0))
(0.0.....mn)®(0,0.....0) = {(0.0.....nn).(0.0,....O))

and +=e¢ 1in the rest cases.
Then (Z".¢) is a H,-group which is WASS and COW. We have P°=B
and for the fundamental group one can prove that
"8 & T x2 .. .x1
m m m
1 2 n
Exercise

Give explicit proofs for the isomorphisms of the above two examples.

1.2.8 DEFINITION
Let (R,+,*) be a Hv—ring. We define the y* relation as the smallest

equivalence relation such that the quotient R/y* 1is a ring. The
v* is called, also, fundamental equivalence relation, and R/¥y* is
called fundamental ring.
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Let us denote the set of all finite polynomials of elements of
R, over N, by .

Now, we define the relation y as follows:
xvy iff {x,y} ¢ u where uel.

1.2.7 THEOREM

The y* relation is the transitive closure of the relation v.
Proof

We follow the same proof as in Hv—groups because it is important,
end we omit this for the other Hv-structures.

Let 0 be the transitive closure of vy, and denote by Q(a) the
class of the element a. First we prove that the quotlient set Y
is a ring.

In R4 both the sum e and the product © are defined in the
usual manner for all a,beR

fa) e §(b) = (F(c) : c € ¥(a) + $(b))

$a) o $b) = $(d) : d e $(a) « ¥(b))

Take a‘e Q(a). b’e {‘/(b). But we have

A

a’'vya iff 3 ><1.....,x”1 with xl= a’, x_ﬂ= a and
U, ..U € U such that
{xl.x‘ﬂ} <y, i=1,...,m
and
Zy = b’ =
b’yb iff 3 yl....,ym1 with yl b/, ym1 b and
v’,....vne‘u such that
(yj,yjﬂ} c vj, J=1,...,n
From the above we obtain
{x'. x“l) ty, cutv I L P |
(1)
X .t {3’,' yj”) cu+ v, . J=l,....n

The sums
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u+v==t, i=1,...,m1 and u+ve=t . J=1,....n
1 1 ' ) me)-}
are also polynomials, therefore, txeu for all x € {1,...,m+n-1}.
Now, pick up elements Z .0 Z such that
1 nn
zl € xl+ yl, i=1,...,m and z»j € x.”l+ yj‘l, J=1,....n,

and using the relation (1) we have

(zn. zx‘1} ' tK, x=1,...,m+n~1.

Therefore, every element zle x1+y1 = a’+b’ is Q equivalent to every
element Z € X _+y = a+b,

a¢n mel T nel
Thus O(a)oo(b) is singleton; so we can write

$(a) & $(b) = §(c) for all c € ¥(a)+§(b).

In a simlilar way it is proved that

%(a) o §(b) = §(d) for all d € §(a)-%(b).
The weak associativity and the weak distributivity on R pguarantee
th%t the associativity and distributivity are valid for the quotient
R/y. Therefore, Y is a ring.

Now let o be an equivalence relation in R such that R/o is a
ring. Denote o(a) the class of a. Then o(a)ec(b) and o{a)eo(b)
are singletons for all a,b InR, l.e.

o(a)ec(b) = o{c) for nll c¢ € o(a)+a(b)
o(a)oo(b) = a(d) for all d € o(a)-a(b)
Thus we can write, for every a,beR and A ¢ o(a), B ¢ o(b),

o(a)ec(b) = o(a+B) = o(A+B), ola)eo(b) = o(aB) = o(A*B).

By induction, we extend these relations on finite sums and products.
So for every u€il we have, for all xeu, the relation

o(x) = o(u)
Therefore, for every ae€R,

xey{a) implies xeo(a).
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But ¢ 1is transitively closed, so we obtain
xe?(a) implies xec(a).

That means that 0 is the smallest equivalence relation in R such
that R/Q is a ring, i.e. 9 = y*, .

We remark that the set % 1is not simplified as in hyperrings.
There, this set consists of elements which are finite sums of finite
products because of the Incluslon distributivity.

1.2.8 DEFINITIONS
A Hv-ring is called Hv-skeu field if its fundamental ring is a skew
field, and it is called llv-field if its fundamental ring is a fleld.

The fundamental relations can be defined on other classical
}{v»structures. For example:

M is a left Hv—nodule overaHv-ring R if (M,+) 1is a COW

Hv—group, and there exists

«: RxM — P(M) : (a,x) —> ax
such that, for all a,b in R and x,y in M, we have:

a(x+y) n (axtay) » &, (a+b)x ) (ax+bx) » & , (ab)x ) a(bx) = @.

The fundamental relation £* Iin M over R, can be defined as the
smallest equivalence relation such that the quotient M/e*®* to be a
module over the ring R/y* . The same definition can be given for
the llv-vector Bpaces.

All the canonical maps ) from =a Hv-str‘ucture to their

fundamental structure are called fundamental maps.

If ¢:H —— H/B* 1is the fundamental map of a Hv»gr*oup then
the kernel of ¢ is called core and it is denoted by ©y
Therefore, o, = {xeH : @(x)=1}, where 1 denotes the unit of the
fundamental group. Moreover, H is called |0H|~Hv~group. The
1~-hypergroups, especlially the feebly canonical ones, have been
mainly investigated by Corsini.

Although the following theorem is valid more generally, we
restrict ourselves on Hv-groups.
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1.2.9 THEOREM
Let (H,*) be H -group, then

xB*x’ iff there exist A,A’ ¢ B*(a), B,B' < g*(b),
for some a,b in H, such that

XAnB=op XA nB' & g
Proof

Let ¢: H ——> H/B* be the canonical map. Suppose that there are
a, beH and A, A'cf*(a), B,B'cp*(b) such that xAnB=@ and
x‘A’'nB’#a, then we have

o(x)op({A) n {¢(B)} » o and o(x' Jop(A’) n {¢(B’)} = &
But © 1is actually a product so we obtain
p*(x)op*(a) = B*(b) and B* (x’ Jop*(a) = p*(b}

which implies B%(x) = B*(bJo(p*(a)}™} = B*(x') ,  thus xB*x’.
The converse is immediate because if xf*x’ then we can simply take

A=A = oy and B = B = B*(x). )

1.2.10 THEOREM
Let (H,') be a Hv»group. Then uewy, if and only If there exists

acH and AcP®*(a) such that uUAn A= 2
Proof

Let uemH .
e{up*(a)) = opl{ule(p*(a)) = B*(a)

Take A=f%*(a) for any aeH, then

thus up*(a) ¢ B*(a) 50 UANA=®Q,.

Converselly, from uA n A * @ we obtain that ¢(uA) @(A) or

w(u)=uH so  u€w, . n

We cen define the fundamental relations on equivalence
relations as well. One can describe the situation as follows:

1.2.11 DEFINITION

Let (S,-) be a semigroup, ¢ be an equivalence relation in S and let
us denote by o(x) the o-equivalence class of xeS. In S we define
the p-equivalence relation on o as follows:
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abb iff 3 x ,X ,..., % ;1 ,...,u €8S with a=x , b=x
[ 1 r 1 i [

1 r
and Ia""’lr finite sets of indices such that

r

{x _,x } ¢ . elu ) ., 1e{1,....r}

v €l
J ) .

Let us denote u(x) the wu-class of x. Then we have:

1.2.12 THEOREM

Every u-equivalence relation is a congruence i.e. the fundamental
property on the equivalence classes is satisfiled.

Proof

We want to prove that for all a,b in S the sets

w(a)op(d) = { d : d € pu(a) -ulb) }

are singletons.

We suppose that a}.abeu(a). bl,bzeu(b) then we shall prove that
the elements d1= albl. d2= azb2 are u-equivalent.

Since a, a,€ u(a) or B ua, we have

A X ., X ,....X 5 U
0 r

,...,u €8 with a=x, a=x and
1 1 1 2

i 0 r
1 r

1 ....,Ir finite sets of indices, such that

{XJ-1'XJ} ¢ -q olu ) Jel1,....r} (1)
1 €l )
S |

Moreover, since b1’bz€ u(b) or blub2 , we have

3 yo,yl.....yt; vpl,....vpt € 5 with b1=yo' b2=yt and

P:""’pc finite sets of indices, such that

{y ..y} ¢ -7 olv ) ge{1,...,t} (2)

q-1'"q pqEPq Pa

From (1) we obtain, for ie{1,...,r},
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{xj_lbl.ijll c | u(ui )b1 C | o(ul )u(b1)

1 €l I
S ) iiE b .
and from (2) we obtain, for qef{i,...,t}
{ay ,ay) ¢ a -golv) c ola) q olv )
2°q-1 27q 2 Pq‘Pq pq 2 Pq(Pq pq

But we have azb’= xrb1= a2y5= a2b2 and xobls axbx' aéyt= aébz.

Therefore, from the definition of 4 equivalence on o, we have
(a1b1)u(azbz) or dlud2 for all d1€a1b1 R dzea.zb2

So the fundamental property for the hyperproduct 6 was proved:

u(a)ou(b) = pulw) for mnll wen(a) -u(b). -

1.2.13 THEOREM
Let (S,-) be a semigroup (or groupoid), o be an equivalence relation
in §. Teke the canonical maps

w1:S — S/0, wZ:S/o — (S/0)/B*, ¢:§ — S/p.

Then
<S/p,0> & <(S/o)/p*,e>

i.e. the u relation on o is the minimal congruence containing o.
Proof
Consider the p-equivalence relation on o and the map
f : u(a) — B*(o(a))
Then we have to prove that f is an isomorphism in the commutative

diagram

S » S/0

S5/u S — (s/c)/*

First we prove that f is well defined. Take beu(a) so
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a6b iIff 3 X X ,..., X ;U ,...,u € S with a=x , b=x
[ r § i [

1 r
and 1 .....Ir finite sets of indices such that

1 r

{ x ., X } «c - olu ) , se{1,...,r}
-1 ) 1 €] '
S|
But, by definition, we have for Je{l,...,r}
o ofu ) ={olw):we - olu) }
1 €l 3 1 €l J
) ) J )
Therefore,
{"(",-a)'“(x;)} c o7l o(u‘) , Jel1,...,r}
|J€Ij 3

from which we obtain of{a)p®s(b) or o(blep*(o(a)).
Thus f 1is well defined.

Moreover, f is a homomorphism because, from the fundawental
property for p and B*, we have for u(a),u(b) € S/u,

flu(alou(b)) = B*(alula)eu(b))) = p*(o(u(w))) for all weul(a)-n(b)
and p*(o(a))ep*(o(b)) = p*(v) for all veo(a)-o(b).
Thus setting w=v=ab, it is obtained that f is a homomorphism.

It remains to prove that f is 1:1. To do this 1s enough to
prove that o(a)p®c(b) == apb. Suppose of(a)ef®(o(b)) , then

3 o(xo),...,c(xr);o(ui )....,o(ull ) €S/0 with o(a)=o(x°).o(b)=o(xr)
1 r
and Il....,Ir finite sets of indices such that
{olx ) ,0ox)} ¢ o olu ) , Jef{l...,r}
31 3 1
1JeIJ J

Therefore, for each J, there exist x’ € o(x, ), x; € o(xj] such
that

3-1 j-1
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") e ooqoolu) , Jell,....r}

1 €l
J 3 .

Take x“ec(xj) and consider the relations

{ xll. x } ¢ . n O(U‘ ) . Je(l,....r}

] a2 1 €l jot
Je1  je1

such that { x}, x}’ } ¢ o(xJ).

Putting all the above relations together we have a set of finite
indices La' N ,Lk such that

3 yo,yl.....yk ; gzi....,gtk € S with azyo. b=yk such that
{y ..v.} ¢ -q olg,) , yell,....k}.
- ) ¢ el lj
S |
So bep(a). Therefore, f 1is 1:1. ]

1.3 SPECIAL ELEMENTS

1.3.1 DEFINITIONS
An element u of a Hv—structure H is caled scalar with respect to a

hyperoperation (*} if u®x = x*u = singleton for all xeH. An
element seH is called single if B*(s) = (s} ( similarly

v*(s)={s}, e€*(s)={s} and so on ). We denote by S, the set of

all single elements. Remark that if x € SH then xcsllal implies
nai={x} where a,eH. If a Hv-group has SHwb then one can find

the fundamental classes using the following:

1.3.2 THEOREM
Let (H,-) be a Hv*group and seSH . Let ®meH, take any element
veH such that seav, then

B*(a) = { heH : hv

s}

and the core of H is

wy = { ueH: us=s } { ueH: su=s }.
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Proof

We have s € av so s = av which means s = B*(a)-p*(v)
Thus for all h € B*(a) we have hv = s.

Conversely, let s =hv, then s = g*(h)-p*(v). Since H/B* |is
a group, we have B*(h) = s(p*(v))' = p*(a) so h e p*(a).

The proof for the core is obvious "

Remark that Theorem 1.3.2 can be applied for }{v*r‘ings in a

similar manner as well.

1.3.3 THEOREM

Let (H,-) beaHv‘groupand s €S, o, then

H
sx = B¥*(sx) and xs = P*(xs) for all xeH.
Proof

Let us suppose the mbsurd. For some x there exist tesx, and an
element t’e $"(t) such that t’e¢ sx. From the reproductivity
there exists veH, vas such that vx 3 t’. Then we have

B*(v)p*(x) = B*(t’), and on the other hand B*(s)p*(x) = p*(t),
so  B*(v)B*(x) = p*(s)p*(x), thus B*(v) = B*(s). But seS

B*(s) = {s}, thus v=s which is absurd. [

H' SO

This theorem proves that the product of a single element with
any element is always a whole fundamental class. Moreover, if the
Hv-gr‘oup is proper then every seSH is not scalar, (c¢f the very thin

hypergroups).

Similarly, one can prove that if (R,+,°) be a Hv—ring and
seSR #= p, then s+x = y*(s+x), x+s = y*(x+s) for all xeR,

however, there is no analogous relation for the hyperproduct.

1.3.4 REMARKS
Suppose that (H,-) is a Hv-group with Sﬂttb then the only greater
hyperoperations *>- for which the Hv»groups {H,*) contain single

elements are the ones with the same fundamental group. This is so
since the fundamental classes are determined from the products of a
single element with the elements of the group. On the other side, a
less hyperoperation +<: can have the same set SH if only in the

products of non-single elements the o is less than -.




20 BASIC CONCEPTS

Finally, if o and o' be equivalent relations with o<o- such that H/o
and H/o- be groups non equal, then they can not have both single
elements.

1.3.5 COROLLARY
Let (H,©) be a H -group. If S;=o then g* = B.

H
Proof
Obvious, since all the B* classes can be obtained as products of two
elements one of which is single. n

1.3.6 DEFINITION

An element x of a Hv~group (H,-) will be called left complete if
xy=p*(xy) for all yeH. Similarly will be called right complete if
yx=p*(yx) for all yeH, and if x is left and right complete then it

will be called complete element. Thus, if a Hv—group has all its
elements complete, then it is complete in the sense of Corsini {sl.

Remark that, from Theorem 1.3.3, all single elements are complete.

1.3.7 DEFINITION
Let a Hv—structure H is partitioned intu equivalence classes o(x).
Then we shall say that the reproductivity of classes 1is valid, and
we write RC, with respect to a hyperoperation (-) if

xoly) = o(xy) = o(x)y for all x,yeH.
This property 1s obviously valid for the partition of a H&-group
into the fundamental classes.

1.3.8 THEOREM
Let (R,+,-) be Hv-ring containing a zero element O (resp. a unit 1),

then if DESR (resp. if 1eSR) fmplies 0 (resp. 1) is unique.

Proof
Let 0‘ be also zero, then 0'€0+0‘=0 s0 0°=0.
Similar proof for the 1. .

1.3.83 DEFINITION

A Hv—rlng containing the elements zero (0) and unit (1) which are
singles, will be called Hv»single ring. Similarly, a H#—group will
be called Hv-single group if it contains a single unit element.
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1.4 ub—smucnmzs

Now we define a very large subclass of Hv-structures as follows:

1.4.1 DEFINITION
A Hv-structur-e (as Hv-gr'oup, Hv—ring. Hv-vector space etc) is called
H.b—structure if its hyperoperations contain operations which define

a corresponding structure (as group, ring, vector space etc,
respectively). In a Hb-structure one contained structure will be

called b-structure and its operations are called b-operations.

Obviously, any Hb-structure may contain more than one b-structures.

The Examples 1.2.3, 1.2.4 and 1.2.5 are examples of Hb—gronps.
P»Hv-groups with 1€P, are obviously Hb»gr-oups. see Appendix 3.

1.4.2 THEOREM

The proper Hb-groups have no single elements.

Proof

Let (H,') be Hb-group vhich contalns the b-group (H,*), let
|B*(a)|>1 and a’'#a such that a‘eB*(a). We suppose on the
contrary that ses}{az‘ Then there exists beH such that abas so
a*b=s. Moreover we must have a’®*b=s. But in (H,*) there exists a
unique inverse of b, say b—l. for which we obtain a=s'b.l=a‘

which absurds our hypothesis, thus SH=z. [ ]

1.5 SOME CLASSES OF HV—STRUCTURES

In this paragraph some constructions of Hv»structures, mainly
Hv—grcups and Hv—rings. are presented. These constructions are

motivated from the properties of the single and scalar elements thus
they are denoted by the letter S, and can be useful in the
representation theory of Hv—groups by Hv-matrices.
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1.5.1 CONSTRUCTION 51
let (H,:) be a Hv-group and H/p* its fundamental group. A
Hv»group with 8 single element seSH , with the same fundamental

group, can be constructed as follows:

Consider the set H'=

by putting
B* (xy)
X%y = ]
Xy

Then (H’,*) is Hv—group where seSH and H‘'/p* & H/B* .

Proof
let x,y,z € H'.

reproductivity of the fundamental classes, it is obtained
(x®y)*z = x*(y*z) = B*({xy)z) = B*(x(yz)).

In the rest of the cases (x*y)*z = (xy)z , x*(y*z) = x(yz) so
{x*y)®*z | x*(y*2z) = &, thus (*) Is WASS.

The rest of the proof is obvious. ]

Remark that if

becomes an 1~Hv-group.
Obviously one can apply S1 consequently in order to obtain more

single elements.

Another straightforward proof of the construction Sl. which

also can be used for

Second proof of S1

Consider the hyperoperation (w) defined in H by putting

8* (xy)
my =
Xy

The (@) is greater than (-), so (H,m) is a Hv—group. Then consider

H-(p*(s)-{s}) and define a hyperoperation (*)

if B € {x,y}
if xy ¢ B*(s)

otherwise

If s € {x,y,z} U xy U yz, then, from the

we choose an element of the core uH. then H’

similar consructions, 1s given as follows:

if se{x,y} or xy c B*(s)

otherwise
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the projection p: H — H defined by
p(p®(s)) =s and p(x) =x for all x € H-B*(s).
Then in H’* (m) coincides with (*), so (H',*) is a Hv—group. [

1.5.2 CONSTRUCTION S2

Let (R,+,*) be a Hv-rlng (or Hv*fleld) and R/y* its fundamental ring
(resp. field). Take seR and consider the set R’ = R-(y*(s)-{s}).
In R’ we define the hyperoperations (e) and (¢) by setting

v*(x+y} if s € {x,y} v*(xy) if s € {x,y}
Xey = s if x+y ¢ y*(s) X0y = s if xy ¢ y*(s)
X+y otherwise Xy otherwise

Then (R’,®,0) is H -ring (resp. Hv-field) with 5 single and

R’/y* & R/y* .
Proof

It is straightforward by enlarging the given hyperoperations, up to
the fundamental class of s, and then taking the projection as in the
second proof of the Contruction S1 . ]

1.5.3 REMARK
Consider Hv—rings whose fundamental rings R/y* have unit element 1.

From those Hv-rings one can take an element of the zero fundamental

class 0e0 , and one of the unit fundamental class 1€l. Then by
applying the Contruction S2 for both elements 0,1 a Hv-ring is

obtained which has 0 and 1 single elements which, moreover, are
mutually scalars. We have the same remark for Hv~fields.

A construction of a Hv—group such that to have given

fundamental group is the following:

1.5.4 CONSTRUCTION S3

Let (G,:) be a group, and let H be a set which is partitioned into
|G| equivalence classes of which, a chosen element s is mlone in its
own class. Index the classes of H with the elements of G, so
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X —> Hx for each xeGC and H= U Hx .

xeG
Since the class of the element s is singleton, we denote by the same
letter the corresponding element of G, so s:szz{s). From each
class Hx=(h; : lel}, we choose and fix an element h; . Now we

define s hyperproduct (®*) by setting

H if s € {x,y,xy}

Xy
h' * nl
x oy

is RC and h® € h"hJ otherwise
Xy X'y

Then (H,*) is Hv—group with H/B* & G where s is single.
Proof
From the definition the reproductivity of classes is valid sc H is a

Hv—group. Moreover, the condition hky € h"hj guarantees that

x ¥y
(*) 1s WASS. Thus (H,*) is H -group and the rest of the proof is

obvious. »

1.5.8 CONSTRUCTION S

4
A standard procedure, more simple and explicit, which is a special
case of the Construction S3 , 1is given as follows:
H if  ae{i,J}
X Yy
n® otherwise
Xy

One simply has to remark that the chosen element of HS is always
the element s, and since

heh) = H = p'ep®
Xy X Xy

Y
the reproductivity of classes is valid.

In the S‘ if one take the sets Hx' instead of the h; , then the

greatest hyperoperation of these constructions is obtained. This is
similar to the construction of (H,G)-hypergroups, see below 1.5.13.
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1.5.6 REMARK
The Construction S‘ can be applied for two or more elements and for

more hyperoperations but, in order that the weak axioms would be
valid, one has to use always the same fixed elements. Thus we can
apply this remark for Hv-rings or Hv-fields.

1.5.7 EXAMPLE

Let us consider the field 2.={0,1,2) and let R={0,1}UA be a set.
We can apply the Construction Sa or S‘ and the only l{v—!‘ield {here
it is a hyperfield) which can be obtained is for 0+ 0, 1+ > 1,
A— 2. Then the hyperoperations e, © defined in R are given by the
relations 0e0=0, Oel=1, Oea=A, le1=A, lea=0, asb=1 and

0o0=001=00a=0, 10l1=1, lea=A, aob=l for all a,b in A, and both

hyperoperations are commutative. Moreover, 0 and 1 are singles and
80 mutually scalars.

1.5.8 EXAMPLE
Let us consider the ring (Z;.+.-). This ring, which 1is the

expression of all finite Boolean rings, has every element
multiplicativelly idempotent. According to Remark 1.5.6 one can
take the greater hyperoperation suggested in the Construction S‘ .

Thus one can replace the elements which are different from the zero
and the unit by any set each. The usefulness of this construction
is that in direct sums of representations, the product of elements
of each class give always the whole class. Note that 0 and 1 are
single and so mutually scalars.

1.5.9 CONSTRUCTION S5

Let (R,9,0) be a set with two hyperoperations which also can be
partial hyperoperations. Take two elements O, 1¢R and consider the

set R* = Ru{0,1}. Consider any field (or ring), (R*,+,-) defined

on R* with zero and unit elements respectively 0 and 1. Then we can

take the Hb—field (or Hb-ring) {R*,w,*), where the hyperoperations

are defined by putting m=eu+ and ®*=ou- . This type of Hv-field

(R*,s,"*) enjoys the properties: The D and 1 are scalar elements and
every element x€R has a unique symmetric -x, and if x#0, it has
a unique inverse x . However, 0,1 are not single.
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1.5.10 S-CONSTRUCTION
Let (Si. <), 1€l, |I|>1 be a pairwise disjoint family of Hv-semigroups.

Then in the set
s= | N
1€l

a hyperoperation ®, called S-hyperoperation, is defined as follows:

2
X 8y = XV for all (xi.yl] € S‘
X, 0% = S!U Sj for all (x‘,xj) € Slej, i),

Then the hyperstructure {S,e), called S-construction, is a Hv—group.
Proof

For any triple of S::, fel the WASS is valid since (-) 1is WASS.
Moreover for all (x‘,xj.xk) € Slxijst where I=j=k 1is not valid,
it is obtained that

(x’axj)«»xk = SIU SJU s, = xlo(x,oxk)

So e is WASS. Finally, since |I|>1, it is obtained for all xieSl

x @S = [ Usws)luxs =8,
! sel-{1} ' ! t
likewise S@x’I = 8§, thus e is reproductive. [ ]

The S-construction can be spplied for semihypergroups and in
all cases |S/B*| = 1.

On a given family of pairwise disjoint sets A‘ one can consider
the total hyperoperation: ab=.‘;l for all a.beAs. or one can use
the least incidence hyperoperation: ab={a,b} for all a.beA’. then

the S-construction can be applied. The S-construction of hyper-
groups is essentially lexicographic.

Using the S-construction one can define }{v~groupoid algebra see
paragraph 5.2.
1.5.11 DEFINITION

A Hv-structur'e is called very thin iff all hyperoperations are
operations except one, which has all hyperproducts singletons except
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only one, which is a subset of cardinality more than one. Therefore,
in a very thin Hv—structure in H there exists a hyperoperation (-}

and a pair {(a,b)eH° for which ab=A, with cardA > 1, and all the
other products, with respect to any other hyperoperation, are
singletons.

For these hyperstructures see Appendix 2.

1.5.12 DEFINITION

Let H be an algebralic structure and take a subset PcH for each

operation (-). Then a P-hyperoperation P* is deflned by setting
xP*y = xPy for all x,yeH.

The set H with P-hyperoperations is called P-hyperstructure. For
each assocliative operation the corresponding P-hyperoperation it is
obtained to be also associative.

A slightly different definition can be obtained by setting

xP:y = xyP for all x,yeH

and =analogously for the left multiplication. However, some
conditions, on the choose of P's, are needed in order the P-hyper-
operations corresponding to associative operations to be WASS.

For an extensive study of this class see Appendix 3.

1.5.13 DEFINITION

Let <H,*> be a Hv»group. {G,*) be a group with identity 1, {Al)IEG

be a family of non-empty sets indexed of G with Axtﬂ. Set K= U Al
1€G

and consider the hyperoperation o defined in K as follows
xoy = x*y for all x,yeH

»oy = Alj for all (x,y)eAleJ ¥ HxH

Then <K,®> becomes Hv‘group, which we call it (H.G)~Hv-group. It is
easy to see that
K/g* = G.
Analogous definition can be given for Hv—rlngs:
Let <H,*,¢> be Hv~ring. where <H, o> is Hv—group, (R,+,-) be & ring

with O the zero element, and {AI)IER be a family of non-empty sets
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indexed of R with A =H. Set K=UA‘ and consider the
1€GC
hyperoperations &, © defined in K as follows

xoy = X°y , x0y = xey for all x,yeH

xXoy = A|¢ , Xoy = A:, for all (x.y)eA‘xAj » HxH

J

Then <K,e,0> is Hv-rlng. which we call it (H,R)*Iv‘ring. One can
also prove that

K/y* & R.
1.5.14 DEFINITION
A hyperstructure <H,+> will be called Hv-cnnonical hypergroup if (+)
is WASS and COW and
(1) There exists & OeH such that for all xe€H x+0=x

(2) For all xeH there exists one and only one -x€H such that
Oex+(~-x) (:x-x).

(3) zex+y » yez-x

If the associativity and the commutativity are valid then 1t 1is
obtained the well known hyperstructure called canonical hypergroup.

This hyperstructure is the main Krasnerian type hyperstructure,
see Appendix 1.
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CHAPTER 2
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H,-GROUPS
S

2.1 HV-GROUPS DEFINED ON THE SAME SET

2

Inaset H with n elements, one can define (2™1)" non-
degenerate hyperoperations; so this is the number of hypergroupoids
defined on H.

In a given hypergroupoid, it is laborious to check the WASS. In
the following, some properties are presented to reduce the cases of
the triples of elements for which one needs to check the WASS.

2.1.1 PROPOSITION
Let (H,') be a COW hypergroupoid, then
a(ba) n (abla* @ for all a,b in H.

Proof
Since (H,:) 1is COW, take z € ab n ba. Then zan az * @,

therefore, (ab)a n a(ba) # 2. "
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2.1.2 PROPOSITION
Let (H,:) be a commutative (strong) hypergroupoid. Then for all
a,b € H we have:

a(ab) n (aa)b » @ implies b(aa) n (bal)a » &.
Proof
Obvious, since b(aa) = (aa)b and (ba)a = a(ba) = a(ab) so
b(aa)} n (bala » &. ]

2.1.3 REMARKS

From the above two propositions we obtain that the cases one have to
check the WASS are:

(1) I1f (H,-) is COW, then for a,b € H, with a # b, check the
triples (a,a,b), (a,b,b), (b,a,a), (b,b,a) and every triple
with three different elements.

(11) If (H,-) 1s commutative (strong), then for a,beH, with a®b,
check the triples (a,a,b), (b,b,a) and every triple with three
different elements.

2.1.4 PROPOSITION

let e be a unit of a hypergroupoid (H,-). If x,y,zeH, such that
e € {x,y,2z} then

(xy)z n x(yz) * &.

Proof
let x=e then (ey)z>yz and el(yz) >yz S0

(ey)z n elyz) » o.

One checks the other cases in a similar way. n

ON THE SET H = {a,b}

In a set with two elements H={a,b}, exactly eight hypergroups
in the sense of Marty can be defined. For the Hv-groups the

following is obtalined:

2.1.5 THEOREN
All Hv—quaslgroups with two elements are Hv—groups.
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Proof
Besides the eight hypergroups, there are ten more Hv-quasigroups.

It 15 easy to see that the WASS is also valid for them, so they are
Hv-groups.
Therefore, the elghteen Hv»groups. up to isomorphism, defined

onaset H= {a,bl , are given in the following table:

B - - S
o M X
o s = =
v @ 8 X
o &nm X s
#om o= =
T m &K x
- - - -
P v v =
P o s
L I - 4
P O = =
s N o ®xE
= s & x
oo s X
[ - -
- - - -
|- - - - -

In this table in each column the Hv—groups Hx'“z""’“w are
presented. The hyperproducts a-a, a'b, b-a, b'b are presented on
the first, second, third and fourth row, respectively.

In the above table, the first eight Hv~groups are hypergroups.

Moreover, all the above , except the H1 5’ are weak commutative. [}

Remark. The Theorem 2.1.5 is not true for |H|z3. For example, if

H={a,b,c}, take the hyperoperation (-) defined as follows:
ma=bb=cc=c, ab=ba=b, bc=cbza, and ac=ca=H.

Then (H,-) 1is & quasi-hypergroup but is not an H -group since
{(sb)c=a and albc)=c.

2.1.6 REMARK
On the set of all Hv—groups over the set H={a,b}, one can see that

the defined partial order is given by the following diagram:
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\1%

\\//

In this diagram, { weans that the inclusion 1s taken using the
only one non identity automorphism f: a +— Db, b +— a.

Remark

Theorem 2.1.5 can be proved using Remark 2.1.6 and Theorem 1. 1.6.
One only has to verify the weak associativity for H and H , since

the remaining Hv-quaslgroups have hyperoperations greater t.han Hx'
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ON THE SET H = {e,a,b}

In this paragreph we flnd all la-groups with three elements

which contain a scalar unit element e. Therefore it is determined
the set of =all }%-groups defined on the set H={e,a,b} up to

isomorphism. Notice that the number of all hypergroupoids (non
degenerate) with a unit element, on a set with three elements, is

(2°-1)%= 2.401 .
2.1.7 PROBLEM

Find all Hv~groups with three elements which contain a scalar unit.
Therefore, for H={e,a,b}, take the multiplication table

e a b
e e a b
a a 1 2

and then find all the fours, of non-empty subsets of H, in the place
of the four (1,2,3,4), such that the reproduction axiom and the
WASS is valid.

In the set H only one automorphism can be defined:
f:e e e, a e b

So two Hv~groups (H,-) and {H,*) are isomorphic Iif:

a%a = f(bb), a®b = f(ba), b*a = f(ab) and b*b = f(aa).

Thus, the fours (aa, ab, ba, bb) and (f(bb), f(ba), f(ab), f(aa))
are isomorphic. In other words, instead of the table

1|2
34

413

, take the table =3

then replace a by b and b by a. The result is the isomorphic
Hv*group to the first one.
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2.1.8 THEOREM

Let H={e,a,b}) be a set with three elements. Consider the set U of
all quasi-hypergroups (H,-) defined in H, wvhere e is the scalar
unit. Then the subset of U with mll not WASS quasi-hypergroups ls
described as follows:

Denote by a four (aa, ab, ba, bb) the only products needed to
be defined. Then the fours which are not WASS, with the corre-
sponding isomorphic to them fours, are the following 17:

R

(e, {e,b}, {e,b}, a) (b, {e,a}, {e,a}, e)

(e, {e,b}, H, a) " (b, H, {e,a}, e)

(e, H, {e,b}, 2) & (b, {e,a}, H, e)

({e,b}, e, a, {e,a}) = ({e,b}, b, e, {e,a})
({e,b}, e, 8, H) ® (H, b, e, {e,a})

({e,b}, e, {a,b}, {e,a}) = ({e,b}, {a,b}, e, {e,a})
({e,b}, e, {8,b}, H) % (H, {a,b}, e, {e,a})
({e,b}, {e,b}, a, {e,a}) = ({e,b}, b, {e,a}, {e,a})
({e,b}, {e,b}, a, H) ® (H, b, {e,a}, {e,a})
({e.b}, e, b, {e,a}) & ({e,b}, a, e, {e,a})
({e,b}, e, b, H) & (H, a, e, {e,a})

({e,b}, {e,a}, b, {e,a}) = ({e,b}, a, {e,b}, {e,a})
({e,b}, &, b, {e,n})

((e,b}. a, b, H) ® (Ht a, bl (e’a))

({e,b}, a, {e,b}, H) = (4, {e,n}, b, {e,a})

({e,b}, b, a, {e,a})

({e,b}, b, a, H) w (H, b, a, {e,a})
Proof

To prove this theorem the following algorithm was applied:
In the position 1 of the four (1,2,3,4) the sets {e}, {a}, (b},
{e,a}, {e,b}, {a,b} and H, were consequently put. Then for each

case, the positions 2,3,4 were completed in order to obtain small
hyperoperations such that the reproduction axiom 1is valid. In each
case it was checked If the WASS was valid taking into account the
Remarks 2.1.3. If the WASS was valid, then the result was
considered a minimal Hv»group. If the WASS was not valld, then the




2.1 Hv-caoups DEFINED ON THE SAME SET 35

sets in the positions 2,3,4 were enlarged by adding new elements.

Again the WASS was checked and this algorithm was continued. The
procedure was stopped if the WASS was valld. In each result,
whether it was WASS or not, the isomorphic, reproductive, hyper-
operations were obtained and used to the next steps. In each
enlargment of the hyperoperations it was checked if a WASS hyper-
operation from the ones obtained previously, was already contained.
The results are the ones written in the theorem.

Within the same procedure is obviocusly proved, the following,
say "complement”, theorem:
2.1.8 THEOREM
The set of all Hv-groups. with a scalar unit e, defined on a set
with three elements H={e,a,b} 1is the following:

Every greater four (aa, ab, ba, bb) than the following ones,
with the corresponding isomorphic ones, defines a Hv*group in H.

M (e, b, b, {e,a}) w ({e,b}, a, a, e)

M, (e, {e,b}, {e,b}, {a,b}) = ({a,b}, {e,a}, {(e,a}, e€)
Ha (e, H, H, a) = {b, H, H, e)

M, (e, {a,b}, {a,b}, €)

Hs (e, H, H, b) & (a, H, H, e)

L (a, {e,b}, {e,b}, a) ® (b, {e,a}, {e,a}, b)

H7 (a, B, H, b)

"a (b, e, e, 8a)

M ({e,b}, {e,a}, b, H) ® (H, a, {e,b}, {e,a})

M ({e,b}, b, {e,a}, H) w® (H, {e.b}, r, {e,a})

-
o

For a given Hv~group. not minimal, one can remove an element
from one product xy, with x,yeH, and then check if the remaining
hyperproduct gives a Hv-group. So a series can be obtained, and if
H is finite, leads to a minimal Hv—group.

Therefore, the above set of fours, is the set of minimal ones
of all Hv»groups with three elements which have a scalar unit.
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2.1.10 REMARKS

(i)

(11)

One can classify all the minimals according to their
fundamental group H/B*. For this classification we obtain the
following:

The H -group M has H/8* = {{e}, {a}, {b}}, so it has three
elements in the fundamental group.

The Hv'group M' has H/p* = {{e,a}, {b}}, so it has two
elements in the fundamental groups.

The rest minimals have one element in the fundamental group.

The Hv'group M, is a very thin hypergroup. There is also the
very thin Hv-group of the second kind. This has the four
(e,b,b,H) and contains the Mx'

The other very thin Hv—groups can be obtained from the group Ha
by setting in one of the positions 1,2,3 or 4 greater subsets.
These ware Hb»groups and, under the isomorphism, we have the

fours:
{{e,b},e,e,a) , ({a,b},e,e,a) , (H,e,e,a),
(b.{e,a},e,n) , (b,{e,b},e,a), (b,He,a).

Therefore, in the set of all Hv*groups on H={e,a,b}, there are

exactly 8 very thin hypergroups.

(111) From the minimals only the Ms and Mm are not COW. Enlarging

them, one can obtain only two more non COW in the set
H={e,a,b}. Therefore, in the set of all Hv-groups in H with e

scalar unit, there are only four non COW Hv—groups: the M,

)
Mm aend (H,{e,a},b,H), (H,b,{e,a}, H).
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2.2 H ~GROUPS AND Hb~GRDUPS
v

2.2.1 THEOREM
Let (H,+) be Hv-group and A be a closed subset of H, i.e. A-AcA.
A necessary and sufficient condition in order A to be & Hv—subgroup

is the following:

a(H-A)-(B-A) c aA
for all aeA (1)
(H-A)a~(H-A) ¢ Aa

Proof

We prove this theorem for the left reproductivity, so we suppose
that only the first condition in (I) is valid and the rest of the
proof is similar.

Suppose there exists beA-aA for some meA. Then there exists an
element xeH such that beax.

(a) If xeA then beax ¢ A, contradiction.
(b) If xeH-A then we have
be{b}~(H-A) ¢ ax~(H-A) ¢ a(H-A)-(H-A) ¢ aA , contradiction.

Therefore A-aA = @, so for mll a€A . we have AcaA and the left
reproductivity is valid.

Now let us suppose that the left reproductivity is valid in A,
then 8aA=A for all ae€A, thus a(H-A)-(H-A) ¢ A = aA. So (I) is
valid. »

2.2.2 TRHEOREM
Let (H,*) be a finite H&-group. For every element aeH there

exists a power, take the minimal one, aA that contaiqg an element
of one of the previous powers, 1. e. there exists =a such that

aK n al # @, x<A. Then a’\“'c C uH
Proof

'3 A [4 A X A
From a na*p we have ofa )=¢la") or (e(a)) =(o(a)),

where ¢ is the fundamental map.
But (¢(a))* and (w(a))A are elements of a group, so (O(a))A-‘tuH

because W

H
S0 a"'-'c <
M

is the identity of H/B*. Therefore, o2 %) = “
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2.2.3 REMARKS
(1) In the infinite case if there are powers x,A , with Mx,

such that a% n a" & then again we have w(akx) = w, so

2™ %e oy -

(11) If for some u<A-x the relation a“'* a;\m is also valid,
then we obtain a;\"‘c“"l C "H . So there exists lower power, of
the element a, than the A-x contained in the core.

If two succesive powers au . aer have a common element then
acw,, therefore, all the powers of the element =a belong to
the core.

(i11) Let A be & closed set of an Hv—gr-oup. f.e. A-Ac A If e(A)
is finite then A n wyre.
Indeed, from @(A)e{A) c @(A) 1t is obtained that @(A) is n
closed finite subset of the quotient group H/f*. Therefore,
¢(A) is a subgroup, so oy € @(A) . Thus An Oy
(1v) 1f 8" n a;‘ # @ then for every natural number p it is
obtained a*tH p* a“u . Indeed,

Q.

8 n a"c 2 implies o(a‘] = w(ah) s0 ¢(a“u) = ¢(a“u).

2.2.4 REMARK
IfGis a sub—Hv-gr'oup of the Hv-gr'oup H, then

Ba(x) < B;I(x) for all xeG

where B&(x). Bﬁ(x) are the fundamental classes of x with respect
to the Hv—groups G and H, respectively. The same relation is valid
for the v* and ¢* relations.

However, the relation |csg®| = |us*|
does not necessarily valid.

Example: Consider the example of the feebly canonical hypergroups
given in [4]. Let G be an abelian group and S a set, such that

[G|>1<|S| =and GnS=2. In GUS a hyperproduct (o) is defined ms

follows:
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ges = sog = S for all (g,s5)eGxS

2

g, °8, = 8,8, for ali (gl.gz)ecz

s 05 =0 for all (s_,s_Je€S
12 1’72

then <GS, o> becomes a feebly canonical hypergroup.
For |G|=n>2 it is obtained

n = |G/B*| > |(GuS)/B*| = 2.

-1

A polygroup (2] is a system M = <M,~.e.'1> where eeM, is

a unitary operation on M, (-) maps M into nonempty subsets of M,
and the following axioms hold for all x,y,z in M:

(x-y)oz=x-(y-z), ex=x=xe, and

! and z € y'x.

X € y'z implies y € x-z
An extenslion of polygroups by polygroups have been introduced in the
following way:
“15 and $=<B,-,e,”’> are polygroups whose elements
have been renamed so0 that AnB={e} where e is the identity of both
U and B. A new system U[B] = <H,'.e,l>. called the extension of U

by B, is formed in the following way :

Suppose U=<A, -, e,

Set M = {xeA:x®e}u{xeB:xze}u{e} and let e'=e , xl=x"1, e*x=x*e=xx

for all xeM, and for all x,y € {xeM : x=e},

Xy if x,y €A
x iIf xe€B, ye€aA

Xy = 4y if xeA,yeB.1
Xy if x,y € B, y*x -
X+ yvA if x,ye B and y=x

The extension U[B] 1is a polygroup which preserves being chromatic.

2.2.5 THEOREM
uls)sp* = B/p*

Proof
We have by definition: x*x = x:x'UA  therefore, all the elements

of A belong to the fundamental class B;l[m(e) .  Moreover for the

elements of B we have iff bB%b1 ;  that is because

*
TR
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two elements of B can be contained only in the hyperproducts of
elements of B.

Therefore, the extension U[8] has in the unit fundamental
class all the elements of A and the other classes have exactly the
elements of B/B% . [

The next theorem is referred to the P*Hv—groups. S0 one can see

for the notation in Appendix 3. Note that in the following 1e€G so a
P-—Hb-group is obtained.

2.2.6 THEOREM
Let Z be the center of a group (G,*), then

<G,Z*>/8* & G/2
Proof
Let us denote by ®*] the hyperproduct in <G,2*> and by - the
product in (G,-). Then

af®b e there exist Xy, hi 1e{1,...,k} such that
J
[ ] *
(a,xl} c n h1 veens {xN.b) < n hi D
1 el 1 1 €l x
11 Kk
(a,xi} c N h1 2.,..., {xbl,b} < 1 hi VAR
1 €l 1 1€l “x
1 1 kK 'k
a=h 2z , xxh Z_ ,...,%X _=h 'z . b=h “Z C—
a, X a 1 a,x X k-1 x b Tx x ,b™
1 171 k~1 k-1 k-1
h =az l=x 27!, , h =x z ) =bz ! o
, a 1'% X ,b Tk-1"% b
1 3 k-1 k-1
there are z . , 2 € 2 such that
B, X x ,b
1 k-1
a=x 2 yeeos X =bz Gum— axbz e D g
1°a, x k-1 %X b »b 8, X
1 k-1 -1 1
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2.3  TRANSLATIONS

Using left multiplications by an element of a Hv—group a new
Hv-group can be defined.

2.3.1 DEFINITION

Let (H,-) be a Hv—group and xeH. Then the lxnftmdamental relation

is defined as follows:
a tx b iff 321.....zk_1 3 hl""'hk € H such that

{a,z,} c xh, , {z;.2) ¢ xhy ..., {z, b} c xhy

This is en equivalence relation but the product of two classes
tx(a) and tx(b) is defined in the usual manner and it is =&

hyperoperation
tx(a)otx(b) = { !x(c) tc € lx(a)°tx(b) } .

The ( H/lx.o Jisae llv—group called left fundemental hypergroup

corresponding to the element x. There are as many left fundamental
Hv—groups as the elements of H. Analogously, the right fundamental

hypergroups are defined. For every x,heH we have lx(l’l) c B*(h) .
2.3.2 THEOREM

For every Hv-group (H, -) and for every xeH we have

H/p* = (ll/lx)/ﬂ‘

Proof
Consider the map

f : H/B* — (H/lx)/B' : p*(h) —> B"(tx(h))
For every h1’hzeH and zehlh2 it is obtained
f(B‘(hl)°B‘(h2)) = f'(B'(hlhz)) = f(g*(z)) = 6"(tx(z)) .
On the other hand

B“(tx(hi))- e"(tx(ha)) = 6‘(¢xlhl)'lx(h2]) = p*(2)
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for every 2 € zx(ha)'tx(hz) .

Therefore, f Iis a homomorphism.
Now let B‘(hl) . ﬂ"(hz) and let us suppose that

B‘(tx(ha)) = ﬂ’(tx(hzl) .
then
{¢(h)t(z)c otk ),....8(z_),¢(h)}c L (k, )
X 17" %1 iGIXil X Ty w2 iglxij
11 ) 3

From the first inclusion it is obtained

(& (h),8 (2} c g lc)ice ek ) cltlc)ice |y B*(k, )}
i €l 1 i €l 1
11 1 1

But the product of fundamental classes 1s singleton therefore

{ zx(hx)' tx(zi) }cd Bx(c) :ce f*w )},

where w 1is any element of I a"(ki }, so B'(hi) = B‘(zn)'

i €l 1
11
Similarly, B’(zi)tB'(zz) v B'(zj_i)tﬁ'(hz). 80 B'(hi)wB'(hz)
which is r contradiction.
Therefore f is an isomorphism. [ ]

2.3.3 THEOREM
Let (H,*) be H\;group and let La be the left translation by a, then
the following are valid

(1) La(B‘(x)) c e'(La(x)) for all x in H

(i31) If H is finite, then for all & in H the La is an inner auto-

morphism (permutation) of the fundamental group H/g®. Moreover,
if a 1is left scalar, then La preserves the cardinality of the

corresponding classes:

L (B*(x)) | = [B*(x)]

Proof
(1) 1f {x,ylc h,. hyeH,  then L {xy} c L qh, therefore,
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(ax)u{ay) c a|'|h1 . Thus for the transitive closure it is
obtained that (ax)p®(ay) which proves the (1).

(i) The first part is obvious from (i) and the reproductivity in
H/B*. Now if a 1is left scalar, then for xwy we have ax#ay
otherwise the reproductivity is not valid, Bso

|B*(x)| s |L B*(x))].
On the other side from the reproductivity of classes we have
L (e* x| s [p*(x0)],

therefore the theorem is proved. Analogous theorem is valld
for right scalars. ]
Remark

If a is a left scalar then the above Theorem establishes a one to
one correspondance between the elements of the corresponding
classes. Thus one can have some results as the following one: If
there exists a xeH which has |p*(x)|=r, and there is no other
class with cardinality r then ae€w,. This is so since we must have

H
|ag*(x) | = |B*(x)].

2.4 SEMIDIRECT HYPERFRODUCT

Using the fundamental equivalence relation one can define
semidirect hyperproducts of Hv»groups. cf [32].

2.4.1 THEOREM
Let A,B be Hvﬂgroups and let's take the group AutA. Conslder any

homomorphism

A denote B

A
: B/B* — AutA : B*(b) — B*(Db)
then in AxB a hyperproduct can be defined by the relation
(a,b)(a,b) = { (x,y) : x € eb(a ), y e bb } = (af(a ), bb)

The set AxB becomes a Hv—group called semidirect hyperproduct of A
and B corresponding to (a) and it is denoted by AXB.
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Proof
From the fundamental property, for mll x,yeB it is valld

A AA A
X'y ® Xoy ® Z for nll zex-y.
Now, let (a,b), (a1,b1). {az'bz) € AxB then

((a.b)(al.bil)(az.bz) = | J (x.y)(ab.bzl =
xeab(a )
yebb
1
A
= | | { (z,w) | zexy(a ), weyb, } =
xeaS(ai)
yebb1

= {(z,w) |ze(abla )b (8,), we(bb )b} = ((ab(a,)2b% (a,), (bb )b)

On the other hand,

("b)((ax'bx)(az'bz)) = | J (a,b)(x ,y) =
xealﬁj(az)

yeblb2

| J { (z,w) | zeab(x),weby } =

xealﬁl(az)

yehlb2

{ (z,w) | zeaB(aisl(az)). ueb(blbz) } =

{ (z,w) | zealBla )B(B (2,))), web(bb) } =

{ (z,w) | zea(ﬁ(al)Qoﬁl(ah)). web(bb ) } =

{ (z,w) | zea(ﬁ(ai)bobl(azl). web(bb ) } =

A
ta(B(a )b (a,)), blbb)).
But A,B are Hv-groups. s0

A
(aB(a 1Ib% (a) ) a(Bla )b (a)) # 2 and (bbb, nblbb,) * @.
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Therefore it ylelds

((a,b)(a;,b))(a,.b)) n (a,b)({a,b)(a,b)) * o

1.e. the WASS is valid.

It is also easy to see that the reproductivity is valid. Thus
the semidirect hyperproduct is Hv—group. ]

REMARK

In the case that in A there exists an absolute unit element ea. then
for every beB for which S(ea)aea it is obtained {ea}QB & B.
Similarly, if €y is any unit element of B such that €L * then
AQ(eb} ® A . This remark can be applied, for example, for
reversible hypergroups, canonical hypergroups and polygroups.

In AxB we consider an equivalence relation 4 as follows:
(a,b) o (a!.bl) iff b= b1'
Then it is easy to see that the following theorem is valid.

2.4.2 THEOREM
AXB/ 4 & B

Therefore, AXB 1s said to be an extension of the Hv»gr'oup A by
the Hv-group B. For another extension of a group by hypergroup see

[27). Moreover, in [2] there is an extension of polygroups by
polygroups defined by “enlarging” the unit element that exists in

polygroups.

2.4.3 LEMMA

Let A,B be Hv—groups and take °

: B/B* — AutA. Then
Bip*(a)) = B"(S(a)) for all meA, beB.

Proof

Let xeB{p*(a)); then there exists cep*(a) such that x=B(c). So

there are h, €A, ijelj such that

i
b}

(c.zl} < |'Ihi I § 4
11511 1 1. €l A
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which implies

Be).biz)r ¢ By, L, Bz, D.Bar < B(n, )
1161l 1 17\51)\ A

f.e. Blc)p*Bla), thus xep*(B(a)).
Conversely, let xep*(B(a)) or xB*B(a). Then we can have

{2z} ¢ b »...,4z,_.B&)) ¢ pn n
1 i A1 i
11€11 1 1)\‘17\ A

If the inverse automorphism 87 or 6 1s applied, it is obtalned

-1 -1 -1 - -1
T ORI C I S PR | CHE VI | W
116511 1 i)\lsl;t A

so B l(x)p*a or B '(x)ep*(n), therefore, xeB(p*(a)). "

2.4.4 LEMMA
Let A,B be Hv*groups and consider a semidirect hyperproduct defined

by the (a). Take 8,8 € A b.bie B, then
{(a.b).(al,bl)) c (hl,kll...(hv,kv) for some hleA, kieB
if and only if

{a,ai} c (...(h;h;)...)h"’ and (b'b1} < ('"(kxkz)"‘)k

v
for some hieA, kieB.
Proof
Observe that
(hi,kl)“-(hv.kv) =
A
(& (h 1)Kk (h ). |tk ).k (), ] k) |k
.- (hk (h, ot Gtk ko) 0k (hy ) (kK)o R
Therefore the " sw—m " is clear.
The " ¢ " 1{is also clear because for given h;eA such that

(a,al} c (... (h;h;). .. )h",
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one can take the elements

’ = -1 ’ - V-y
h=h! ., h ﬁ1 (h7), . . .., h= l...(klkz)...)kv L (h) .

2.4.5 THEOREM

Let A,B be Hv—groups and A%B a semidirect hyperproduct defined by
the homomorphism A:B/B‘ —» AutA. Then " induces a homomorphism
from B/B* to A/B* . We have

AdB/g* « asp* % B/B*
Proof

The map
¢ : B*(a,b) —> (p*(a),p*(b))

is a homomorphism because, using Lemma 2.4.3, we have

w(B‘(a,b)'B'(ai.bil) = 0(8'((a.b)(al.bj))) =

= G(B‘(aﬁ(all.bbl)) = (B‘(ag(al)). B®(bb ) =

#

(B'(a)'B‘(G(al)).ﬁ'(b)ﬁ‘(bi)) = (B‘(a)'S(B‘(a’)).ﬁ‘(blﬁ’(bx)g

L]

(B*(a),p*(b))(B*(a ), B%(b ) = o(B*(a,b)) - 0(p*(a, b)) .

Finally, using Lemma 2.4.4, we have

(a,b) B'(ai'b1) iff

{ (a,b),(x,y) e o1 (b koo,
ilel1 1 1

{( ), (a,,b) b e (b k)
1" i i
ikell ATA

*a1'Ya-1

iff aB'a1 and bB'bl.
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2.5 CYCLICITY

Let {H,-) be Hv~group. then the powers of an element xeH, with
respect to the s-ary circle hyperoperation e, are the following

1 2
xm{x}, x=xex, . . ., x ExS. . . OX,

Given B subset GcH, denote by [G] the Hv-semigroup gernerating by G,
i.e. the set of all elements of H which are contained to a product
of elements of G. In the special case where S = {x}, then

1 2
(x] = xuxv . .. w"v.

Fix a series of patterns of parentheses Pyoco sPyrese such
that p‘ePl, for example the series of perentheses on the left or
the series of parentheses on the right. Then the definitions of
powers and of [x] can be given as well.

In the following the powers are considered with respect to the
circle hyperoperation, unless otherwise stated.

2.5.1 DEFINITIONS
The Hv—group (H,-) will be called cyclic with flnite period with
respect to heH, if there exists a positive integer sez’, such that

H=h'w. .. u.

The minimum such a & will be called period of the generator h. If
all generators have the same period, then H is cyclic with period.

If there exists heH and sel’, the minimum one, such that H = n*
then H will be called single-power cyclic end h 1s a generator with
single-power period s, cf [30].

The cyclicity in the infinite case is defined similarly. Thus,
for example, the Hv—group (K,*) is called single-power cyclic with

infinite period with generator h if every element of R belongs to a
power of h and there exists sotl, such that for every stso we have

AV S VIRY M-
The above definitions are given for any other fixed series of
patterns of parentheses.
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2.5.2 REMARKS

(1) Consider the powers with respect to the series of parentheses
on the left (respectively on the right) then, if for some s
the relation

! ¢ xX'wPu. .t (1)
is valid, then
[x) = x'uxiu. .. " (2)

Indeed, multiplying the {1) by x on the right, it is obtalned

[ 1] 2 3 s+l 1 2 s
X C XWX U, .U C XUX V... .UX .

This result is obtained if the associativity is valid, where
there is no difference between the series of patterns on
perentheses.

Note that if the Hv—group is of finite order n, then the

minimal number s for which (1) is valid is ss=n.

(11) If a Hv—group is single-power cyclic of single-power period 8,
of the generator h, then obviocusly it 1s cyclic but sssv

where s be the period of h. Moreover, even in the case
where the Hv—group is finlte, we may have n<sl. For example,

consider the fourth hypergroup in the Theorem 2.1.5, with two
elements. Then the element b is a generator of singe-power
period 3.

(ii1) If all the elements of a Hv—group are single power generators
then H is called Hv»group “rennissant”.

(iv) The subset [x] is not necessarily a sub-H _-group even in the

case where the associativity is valid. Therefore, an open
problem is to find a necessary and sufficlent condition such
that [x] i1s a sub-Hv~group.

2.5.3 THEOREM

Let (G,+) be a group with |G|=n and for P#e, PcG, consider the
P-hypergroup <G,P®*>. Then, for all xe€G the set [x] is a P-subhyper-

group.
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Proof
Let BEXP, X * *XP X and b-*qux-“xq-x be two elements of the r+l

and s+1 powers of x respectively with respect to P*. Consider the
positive integer t=n such that (plx'--xprx)t= e where e is the
unit element of the group G.

Take the element yelx} such that

y = (xp_x-++xp x)(p xp x-*xp x)'"°-q xq_x- - +%q %
2 r 172 r 1 72 [
Observe that

. P t-2,
aPty = Xp X" * *XP X P (xpzx xprx)(plxpzx xprx) q,Xq X" * “Xq X 3
t-2
3 Xp X Xp X°P, ‘XPX xprx(plxpzx -xprx) "q XX Xq X F

t
= x(p‘xpzx xprx) qXq X" XqX B XQ XX cXq X = b,

- Therefore, for every g,be[x] there exists a yelx] such that
b € aP'y.

Similarly, there exists a ze[x] such that b € zP*a. Thus,
{x] is a subhypergroup of <G,P*>. [

For more results on cyclic P-hypergroups see Appendix 3.
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CHAPTER 3
I

H,-RINGS
R

3.1 FUNDAMENTAL RELATIONS

Let (R,+,-) be Hv-ring. If only the (+) is a hyperoperation
then R 1is called additive H -ring. If only the (-) is a
hyperoperation then R is called multiplicative Hv-ring.

Left (respectivelly right) Hv-idenl in a Hv~r1ng {R,+,-) is
called a subset IcR, where (I,+) is Hv~group and IRcI (resp. Rlcl).

In what follows we focus our attention on the B*, v*
relations defined on Hv*rings. Notice that two kinds @#* relatlions

can be defined on Hv*rings. We denote by ﬁ:, B? the B* relation
with respect to addition and to multiplication, respectively.
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3.1.1 DEFINITION
We define the v: . v; relations ms the transitive closure of the
relations v, Y, respectively, which are defined as follows:

Xv,¥ iff 3 aleﬁ and Ix' K finite sets of indices such that

{x’y} c kfl [lglk‘l ]

and

xv,y iff 13 bJER and J.. S finite sets of indices such that

xy < q [}: bj]

2€S jes
Notice that in hyperrings we have V= V.

3.1.2 PROPOSITION
(1) R/v;' is a multiplicative Hv—ring.

(31) R/v; is an additive Hv»ring.

Proof

We prove (1); (11) can be proved in a similar way. The sum of the
classes is

v‘;(x) ® v'l'(y) = {v;(z) - v:(xl + v:(y))

In the definition of v; the expressions v = $ ( Il &) are used. In

the above sum of classes the element 2 belongs to the sums of such
expressions v, therefore 2z also belongs to a sum of products.
That means that all 2’s are in the same v‘l' class. So, the sum of

v;-classes is a singleton. Therefore, R/v‘l' is a multiplicative

Hv-ring. ]

Remark that the v’; classes ware greater than the B: classes.
Actually, the v;’ is not the smallest equivalence relation such that
<R/v:.0> to be a group. To see this, take n aultiplicative Hv-rlng
R. Then R/B: & R, but R/v: is not isomorphic to R.




3.1 FUKDAMENTAL RELATIONS 53

3.1.3 PROPOSITION
For all additive Hv-rings we have y: = B:

For all multiplicative Hv-rlngs we have v; = g*
Proof

The proof is similar in both parts. We give the proof for the
multiplicative Hv—ring R. In this case every sum of elements of R

is a singleton. Therefore,

n[Zb]n“d where d = E b
sE€S 3 ¢ )

1€3 s€s * 1€I
- .

That means that, xv; y iff xB? v (]

3.1.4 REMARK
Using Propositions 3.1.2 and 3.1.3 one can prove that

(R/v;)/v; = (R/v:)/B: is an additive H -ring, and

v

(R/v;)/v: = (R/v;)/B: is a multiplicative Hv-r'ing.

This remark gives rise to the following question:
What happens if we take a number of quotients of a Hv~r1ng by the v:
or v; relations?

We can state the following:

3.1.5 CONJECTURE
Let <R,+,°> be a Hv-ring. then

[((}Vv; I ]/v; % Ryt
1 2 n
where 1 ,--+,1 e {1,2}.
1 n
In the following we give some results on Hv—structm‘es which
obviously can be transferred on the mnalogous known hyperstructures.

Let (R,+,°) be a Hv-ring and let 8%, ﬁ: be the fundamental
relations with respect to multiplication and addition, respectively.
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The quotient hyperstructures by B’,B: are Hv—rlngs. Denote w_ , w*
the kernels of the canonical maps for the quotients by B: . v
respectively. Then some results can be transferred for these
relations, for example Theorem 1.2.9 could be stated as follows:

let (R,+,°) ben Hv-ring. then

uy*u’ iff there exist A,A’ ¢ y*(a), B,B’ ¢ y*(b)
for some a,be€R such that
WwAnB#*o and u'+A’ nB* o

Notice that the hyperproduct in R 1is not used in this result.

3.1.6 REMARK

The fundamental properties of the relation y* with respect to
addition and multiplication of the equivalence classes give
immediately the following property

If u= F (J X, ) € U then
1€ 1611

v*(u) = ol (of v*(x)) = vy*°(z) forall zeu,
Jes 1eIJ S

where we denote % and o] the sum and the product of classes.

3.1.7 DEFINITIONS
let R be & Hv-ring. then denote by 8, 34 the relations defined in R

as follows

xBy Aff 3z,....z) e R" such that {x,y} ¢ 22

o xB,y Aff  3z,....z) € R" such that {x,y} ¢ 2+ .42
where the z, vz and z’+...+zn are referred to some patterns of
parentheses.

Denote by 8* , B: the transitive closure of the relations B.B+.
respectively. We call p*, B: fundamental relations with respect

to multiplication and addition, respectively. Denoting by B£*(a),
B:(a) the equivalence classes of the element aeR, we have
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B*(a) c v*(a) , B(a) c v*(a) , for every B of R.
In the following we will denote by

B* (x)

¢@: R—— R/PB* : x — o(x)

9.

A R —— R/B: P X — o+(x) = B:(x)

*: R —— R/Y* : x — ¢°(x) = v*(x)
the canonical maps defined for all xeR.

Remark that the maps e:(R,+) — (R/B],e), o,:(R-) — (R/8*,0),
and o®*: (R,+,') — (R/v*,6,0) are (strong) homomorphlsms.

Let @, «* be the kernels of 0, and ¢* respectively, so if we
denote by 6 the zero element of R/a: or R/y* then

w, = kerp, = { xeR : o+(x)=0 }

w* = kerp* = { xeR : cp'(x)za } .

Notice that w.c w* . From now on we will use w* to denote also the

element 5 of R/y*. Moreover, if there exists a unit element 1 in
the semigroup (R/f*,0) then we will denote by @ the set

@ = { xeR : Q(x)"‘-l-} .

3.1.8 THEOREM
Let (R,+,-) be a H -ring, then

(1) Ru* c 0* , w*R c w*

(11) If (R,+) is a regular hypergroup then w®* is a hyperideal of R.
Proof

(1} For all aerx with reR, xew® we have

o®(a) = o*(rx) = ¢*(r)op*(x) = ¢*(r)ed = 0.

(i) First, if a,bew® i.e. o¢*(a) = ¢*(b) = «* then
p*(a+b) = @*(a)ep*(b) = w®ew® = w*, s0 atb € w*.

Let us suppose that (R,+) is regular and let e be an identity of it.
Then e € w ¢ w*. Now let us take xew®. Then for all x’€R such

that eex+x’, l.e. for all opposites of x, we have
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w* = g*e) = @*(x+x’) = p*(x)ee®(x') = w*ee®(x’).
So o%*(x’) = w* and thus x’ew®.
Therefore, for every yew® we have
yee+y € (x+x’)+y = x+(x'+y)
and since x’+yew® we have yex+w* . So &' ¢c x+w* , consequently
w* 1is a subhypergroup of (R,+). "
3.1.8 THEOREM
For all additive Hv-rings we have y* = B: .
Proof
In an additive Hv»ring R every product of elements of R is =a

singleton. Thus, for every

u=s E (%) €U

el 1€l
3 3
we can consider the elements y = n xi , JeJ, of R, for which
) lEI’
we have u=29 y . That means that
jed
ay*b iff aB:b . "

Since the hyperfield in the sense of Krasner is an additive
hyperring, the Bbove theorem can be applied to those hyperfields.

We know that the p* is defined in any hypergroupold (R,*). The
main property is the fundamental one. For the same reason, the v*
can be defined in hyperstructures weaker than Hv-senirlng. For

example, the WASS law does not need to be valid for (+) or for {-),
the reproduction axiom does not need to be valid for +, etc. The
most important thing is that the fundamental property is still true.
Using this remark we can prove the following:

3.1.10 THEOREM
Let (R,+,:) be n Hv—ring, then

R/YV* (R/ﬁ')/B;
where B; ig the fundamental relation defined in (R/g*,®) by setting

p*(a)ep*(b) = {B*(c): cep*(a)+p*(b)}
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Proof
The additive Hv—structure (R/p*,e,0) divided by ﬂ;. Theorem 3.1.9,

gives a ring. Let us denote by o the equivalence relatioen
associated to the projection
f: R — (R/B')/B;

Then, since f is a ring homomorphism, we obtain that o(a)oy*(a)
for all ae€R.
On the other hand, since 8*(x)cy®(x) for all xe€R, we have

L e*(z) = L) 8(z) < L) v* (=)
p*(z)ep® (x)op*(y) zep* (x)+8* (y) zey® (x)+v* (y)
Yet, from the fundamental property in (R/y*,m,0), we know that
v*(x)my*(y) 1is a singleton, so v*(x)+y*(y)=y®(w) where wex+y.
Therefore,
L 8%z} < v*(W), wex+y.
B*(z)ep*(x)ep*(y)

Consequently, for every finite sum of elements in R/8* , we have

LJ B*(z) < vy*(w), where we +Zx

zesE B*(x, ) 1€1
1€1

Moreover, since y* is transitively closed, we have

o(a) = LJ s*(2) c y®(a} for all aeR.
{z: (8%(2))B3(B* (a)))

Therefore, o= y*. "

3.2 H_-RINGS, Hb—RINGS
v

Hb*structures can be obtained from a corresponding structure by

setting, in some of the results, greater subsets. Therefore, in
order to obtaln Hb-rlngs one can replace st least one of the sums or

one of the products of a given ring, with any set containing the
corresponding sum or product. If only one sum or product Iis
replaced by a greater subset, then it ylelds a very thin Hv*ring.
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3.2.1 THEOREM
Let (S ,+,-), lel, |1|>1 be a pairwise disjoint family of H -rings
then in the set

s= Us

i
1€1]

two hyperoperations ®,0, are defined, called S-hyperoperations, as
follows:

x ey, = X, *Y, . X0y = XY for all (xl.yi)GSf

i i
x’oxj = xloxJ = S|usj for all (x‘.xj)eslxsj. i=).

Then (S,e,0) is a Hv—rlng which will be called Hv~r1ng obtained by

S-construction.
Proof
From the S-construction 1.5.10 it is clear that {S,e) is a Hv-group.

Moreover, © is WASS.
Now, since every (Sl.e,o) is H -ring, for all x.y.2, in 8 it

1
is obtained

(xlo(yioz‘))n((xloy‘la(xioz‘)) *Q

Finally, for all (xl,xJ,xk] € SleJxSk where the i=j=k is not
valid, then

xio(xjexk) = Slusjush = (x‘exj)m(xlexk)

Therefore, (S,9,0) is H -ring. »
Remarks

Obviously, the S$/y* 1is a singleton. The S-construction can be
defined even if (S|.+) are Hv-semigroups. Finally, if (Sl.+.-) is

Hv—ring such that (Sl,-.+) is also Hv~ring for every lel, then the

dual hyperstructure (S,e,®) of (S,e,0), is also a Hv-ring.

3.2.2 THEOREM (Associated Hv-rings)
let (H,:) be a Hv-group. then for every hyperoperation # such that

xoy > {x,y} for all x,yeH,
the hyperstructure (R,e,-) is a Hv-rlng.
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Proof
For all x,y,2€H we have

[ (xeylez n xelyez)) > {x,y,z} # &

xeH = Uxeh > U {x,h} = H.
h€H h&€H

Moreover,

x(yoz) > x{y,z} = xyuxz and xyexz > (xyuxz).

So, x(yez) n (xyexz) = 8. Thus {H,e,') is a Hv-ring. [
All the above Hv~r1ngs will be called associated to (H,-) Hv-rinss.

3.2.3 REMARK
The associated H&*rings can be used for the one dimensional repre-

sentations. For the one dimensional representations of hypergroups
one can use the following types of associated hyperrings:

Let (H,-) be a hypergroup, then the following three types of
associated hyperrings (H,e,+) can be defined, for all x,yeH

type a : xoy = {x,y)

type b : xoy = f*(x)up®(y)

type ¢ : xey = H
Proof
The reproductivity for all types is obvious, for the rest axioms we
have for all x,y,z€H, the following
Type a: xe(yez) = {x,y,z} = (xeylez and

x{yoz) = xyuxz = (xyle(xz)

so the strong distributivity is valid.
Type b: xelyez) = B*(x)up*(yluB*(z) = (xey)lez and
x(yoz) = x(B*(y)uB*(z)) ¢ B*(x)(B*(y)uB®*(2)) = U (B*(u)up*(v))

u€xy
vExz

(xy)e(xz) = U  (B*(u)up*(v))

u€xy,v€Exz
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so the Inclusion distributivity is valid.
Type c: xe{yez) = H = (xey)eoz and
x(yez) = H = (xy)o(xz)
so the strong distributivity is valid. [ ]

Moreover, the complete above cases can be defined as follows:
For mnll types a,b,c, consider the set H’= Hu{0), where O¢H,
instead of H, and extend the above hyperoperations on H’ by setting

Oox = x00 = x, Ox=x0=0, VxeH-.

One can see that (H’,e,-) 1s nlways a hypersemiring where for the
complete types m and ¢ the strong distributive law is valid.

3.2.4 THEOREM

Let <Rb,+.-> be a Hv—semiring and 01.....0n be elements not in
Rb' Consider the sets

Rh1 = R1 v (01‘1) for i=0,....n-1

Then <Rn.+.-> becomes a Hv-semiring where the hyperoperations

(+),(-) are defined by extending them on the new elements with the
relations

0 o

(=]
-
]
-3
o
L]

0|¢ T =r+ 01 =r
for all ie{1,...,n} , reR and
) '

Ol+ 0 =0+ 0l =0
y o 1 if 1z j.
0:-0 =0-0 =40
1 5 ' 1
Proof. Immediate. [
The above Hv-semirings can be used in the representation theory
of hypergroups by hypermatrices. In the series of Hvusemirings

R,R,...,R each R can be obtained from R by attaching
o' 1 n 141 i

a new zero element 01’1.

In the specianl case when R°= {0} the above semi(hyper)ring
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is lsomorphic to the Boolean semiring defined on the ascending
series of sets XcXc. .. c X~ where (+) and (-) are the
intersection and the union respectively.

One can see that the vy* classes of the elements of Ro remain

the same In Rn and all the elements 01,....0n belong to the SR

o

i.e. they are singles.

3.3 ABSORBING ELEMENTS

3.3.1 DEFINITION
Let (R,+,°) be a Hv—ring. An element a€R will be called left

absorbing element if there exists an element d of R, which will be
called left destination element, such that aR=d. Similarly, if
Ra=d then a will be called right absorbing element and d will
be called right destination element. If a1=(-=d1 and Ra-d2 then a

will be simply called absorbing element. If 5ScR, 1S|>1 and aS=d,
then a will be called element absorbing the set S from the left.
Similarly, for the right and the both sides.

This definition can be given for any H\;semigroup (R, -).
Let At , An denote the sets of left and right absorbing
elements and Dl . Da the sets of left and right destination

elements respectively.

3.3.2 PROPOSITION

The left destination elements are left absorbing elements, i.e.
DCCAL’ Similarly D/LCAI'L'

Proof
Let aR=d, then dR = aRR ¢ aR = d. Therefore d is a left
absorbing element with itself as destination. |

3.3.3 THEOREM

Let (R,+,*) be Hv-ring. If D{\D,‘*a then Dtan=(d} is a singleton,
it means that in thls case there is a unique destination.

Proof

Let d e€D,, d €D then there are n €A,, a €A for which we have
18 "2 °n 10 T2 oa
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d1=a1R=a‘a2xRaz==d2.

That proves that all left and right destination elements are equal.
So we can write Dtan = d and we can say that there exists the

destination d. (]

3.3.4 REMARK
Let deDc then there exists aeAt such that aR=d. Take x,y€R, then
a{x+y)=d and axtay=d+d. But a(x+y)nlax+ay) * @ so ded+d. This

means that only the elements such that ded+d can be destination
elements. Moreover, since d is a partial identity, it is an element

of the core W thus Dtan C W This result can be obtained also
from the fact d°=d.
If the strong distributivity is valid then d=d+d.

3.3.5 PROPOSITION
Let It be 8 left Hv-ldeal of the Hv-ring {(R,+,-), then DnCIC'
Similarly, if In, be & right Hv—ldeal. then Dcln.

]
Proof
Let deDn then deAa 80 Rd=d and Ildad. But since It is left

Hv—ideal. ItRCIL which imlies Ilddz‘ Therefore, del "

v

3.4 HV-DDDULES

Recall from Definition 1.2.8 that V is a left llv»vector space
(respectivelly Hv-module) over a Hv—field (resp. Hv-r'lng) F if (V,+)
is a COW Hv—group, and there exists FxVY —— P(V): (a,x) —> ax
such that, for all a,beF and x,yeV, we have:

a(x+y)n(ax+ay)=*s, (atb)xn(ax+bx)=e, (ab)xna(bx)es (1)

Moreover, the fundamental relation €* is defined to be the smallest
equivalence relation such that the quotient V/¢* is a vector spece
(resp. module) over the field (resp. ring) F/v*.

Remark that if V contains an absolute zero O for which a0=0,
then the above weak properties (]I) are always valid for this
element.
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3.4.1 REMARK

One can prove analogous to Theorems 1.2.2 and 1.2.7 for the £*. So
€®* is the transitive closure of the relation e defined in V by
setting

xcy Iiff {x,ylcu

where ueld and Y is the set of all expressions consisting of finite
hyperoperations of either on F and ¥V or of the external hyper-
operation, applying on finite sets of elements of F and V. Then let

(V,+) be a Hv—vector space over F. Denote ihlvi where av is

either the product av . if a‘eF. or the element vy if a, does

not appear. Then, from the fundamental property, it is immediate
that

c’(Zh]v|) = Sv'(ai)c'(vi).

Denoting P* the fundamental class in (V,+) then
B*(v) c £*(v) for all v in V.

The €* class of an element is greater than the $* class because two
elements vi,vzeV. which are not f* equivalent, can be e* equivalent

if they belong to a product ax with aeF, veV.
Now, it is easy to see that the following theorem is valid.

3.4.2 THEOREM
If for all 8€F and veV there exists a ueV such that

v*(a)p*(v) ¢ B*(u) then c®* = p*.

3.4.3 DEFINITION

For UcV, let [U) denote the set of all elements which belong to the
sets of the form Zh]vl , v’eﬂ in the notation of the Remark 3.4.1.
If [U)=V, then U generates V. If there 1s no element uel such that
uve(U-{u}}, then U 1is called (linearly) independent subset of V.
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3.4.4 THEOREM

If the vectors c'(vl).....c'(v;) € V/e* are independent over F/y*
then all v;.....v; eV where v( € c'(v‘). t=1,...,s5, are
independent over F.

Proof

Suppose that there exists v;s [Vt] where vxsiv;.....v;)-(v;}.

Therefore, there exists a;s such that v; € Ihiv where v; € V;.

e
A
So from the Remark 3.4.1 it is obtained

c'(Zhiv;) = ZN‘(al)c‘(v;)
which 1s a contradiction. »

3.4.5 REMARKS
In a Hv—vector space one can define two kinds of single elements:

one with respect to €* and one with respect to B* in (V,+),
obviously PB*(v) c¢ €*(v} for all v iIn V. However, from the
fundamental property and the Remark 1.3.4, if ¢*#p*, then there are
no single elements with respect to both ¢* and g*. This is so,
because in this case, if s Iis a common single element then

ves = c*(ves) = B*(v+s).

Thus the €* and B* classes are determined by the sets v+s, vel.
In this case, as in Theorem 3.4.2, all the products of the form Av
vwhere Ae€F, vel, contain elements of V which belong to the same
fundamental Pp*-class.

These remarks are necessary for constructions of Hv—vector

spases with single elements. In particular for constructions where
€*(u)=0, 1i.e. the zero class is a single element of V. So in (V,+)
there exists a zero element O and this is unique. In this cese any

"linear expression" Z‘alvl containing the O satisflies the
condition zhiv‘= 0 €V. Therefore, 0 is men absorbing element in F
and in the external hyperproducts. More precisely a0=0 for all
aeF, indeed it is obtained

v*(a)-€*(0) = €*(0), thus vy*(a)-0 = 0.
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3.5 A MATRIX P-HYPERALGEBRA

In this paragraph we define a hyperalgebra on a set of non-square
matrices, which is also an algebra, using the P-hyperoperations.
3.5.1 DEFINITION

let M = H_Xn be the module of mxn non-square matrices over the
ring R and let P = { PI : 1€l } € M. We define a hyperoperation P*
on M as follows

P* : MxM —— P(M) : (A,B) f—-)AP‘B={AP:'B: 1€l } ¢ M

The hyperoperation P*, which is a bllinear map, is a generalization
of Rees' operation where, instead of one sandwich matrix, s set of
sandwich matrices 1s used. It is easy to see that P* is strong
associative and the inclusion distributive law with respect to
addition of matrices

AP* (B+C) S AP*B+AP*C for all A,B,C in M

is valid. Therefore, (M,+,P*) defines a multiplicative hyperring on
non-square matrices. If R is a field then M becomes a hyperalgebra
which is called [35], P-hyperalgebra of the set of mxn matrices over
R. Of course, more P-hyperoperations can be defined: for the sum of
the elements of M and for the external opersation from R to M.

Finally, remark that one can face the above problem as follows:
Find a multiplicative P-hyperring R and hypermatrices over R such
that the above hyperproduct could be obtained.

3.5.2 REMARK
One generalizatlion of the above P*-hyperoperation is the following:

Let M= U n“
n

k = m,n Sk

1 2

be the set of all mxn matrices over R Iindexed from IxI where
I=(k1,...,k2). Let us consider any set PcM such that PnH_xntB
for every (m,n)eIxl. Then we define the hyperoperation P*, for

every AeHan and AEH‘_X' as follows

AP*B = { APVB :

P €PrM }
v nx

r
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It 1s immediate that this hyperoperation is well defined on any
complete set IxI of matrices, of any size up to I. Moreover, P* is
associative, thus M becomes a semlhypergroup.

If |PnH_xn|=1 for all (m,n)elxI then P* is actually an operation.

However, the set M is not an algebra since the addition is still a
partial operation.

3.5.3 THEOREM

Denoting by y* the fundamental relation with respect to addition and
the P-hyperoperation, i.e. the fundamental relation on the hyperring

(M, +,P*), we have €=y*,

Proof
It is enough to prove that e*(x)cy*(x) for all xeM. Recall the

definition of the set U in Remark 3.4.1. From the fact that both €*
and y* are transitively closed, 1t 1s enocugh to prove that every
uell can be written as finite polynomial of elements of M. The
external product in M over R is an operation. Therefore, if =&
coefficlent A€R appears in one uel! multiplied by a matrix A,
then one can replace A by AA and a polynomial in M can be
obtalned.
With this the proof of the theorem is complete. ]
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CHAPTER 4
I

UNITING ELEMENTS
A

4.1 UNITING ELEMENTS. ASSOCIATIVITY, COMMUTATIVITY, REPRODUCTIVITY

In [6] a new method was introduced to obtain stricter domains
from given ones.

4.1.1 DEFINITION
The following method is called uniting elements:

Let G be an algebraic structure and let d be a property, which
is not valid. Suppose that d is described by a set of equations;
then, consider the partition in G for which it is put together, in
the same partition class, every pair of elements that causes the
non-validity of the property d. The quotient by this partition G/d
is a Hv—structure. Then, quotient out the Hv—structur'e G/d by the

fundamental relation 8*, & stricter structure (G/d)/g* for which
the property d is valid, is obtalined.




68 UNITING ELEMENTS

(I} ‘The associativity

Let (G,-) be a groupoid. Uniting elements of the transitive
closure of the “"product elements” one obtains that the quotient set
is a Hv-senigroup which the quotient by B* is a semigroup. (For

complete proofs in this case see Corsini's book [5]).

(11) The commutativity
Let (G,*) be a groupoid. We unite two elements a and b of G if

there is a pair (x,y)e(:.2 such that xy=a, yx=b, and we take the
transitive closure. Then it is clear that the quotient set is a
Hv—comutative groupoid so, divided by f*, a commutative groupoid is

obtained.

(I1I) The reproductivity
4.1.2 THEOREM

Let (S,:) be a commutative semigroup which has at least one element
u such that the set uS is finite. Consider the transitive closure
R* of the relation R defined as follows:

s Rs iff 3xeS such that xs = xs_ .
17 2 1 2

Then <S/R*,0>/f* is a finite commutative group.

Proof
Let’s suppose that a and b are equivalent elements of S, 1.e. aR*b.
That means that there are elements xl,....xnﬂ, u1""'"n of S
such that

X BEX My X TR yr e xuun—lgxnun' xnu"n:xmib ‘

From these relations it is obtained that

X L..XXa=Xx ...XX =X ... XX =X ...XXb
nel 21 n+t 249" net 2 M2 n+t 21

so, setting xaxnﬂ. . .xle. we have xa=xb.
Therefore it is proved that RXR*&R.
In the following let’'s denote by a the class of the element a

and S = §/R = S/R®*. Consider the mapping

X: 85— {z|2ex5):5 —r xs

X is a bijJection because
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B=5' wmmt SRS’ wems 3Ip: pS=ps’ e XPSTXPS’
—— P(XS)=P(XS’) wmet XS=XS’
Vice verse let ys=ys’. Then there exists q such that
qys = qys’ =+ (qy)s = (qy)s’ = s=5'

so X is a bijection.
From the above we have

R > |us| = |{ 2: zexS }| =|s].

Consider the subset X5 = {Xs:xeS} of 5. Then we have [xS{=|5|
and since |§|<R° it follows that 35 = S. So for every yeS, there
exists & ze€S such that y=xz, but xzex'z, so XZEXOZ Or YEXOZ.

Therefore the reproduction axiom is satisfied in <S,o> and S/B*
is a finite commutative group. [

For the above equivalence we have the following.

4.1.3 THEOREM
Let x,a€S, then the following function is a bijectlon

£f:8§ — %8 : 8 — x

Proof o o .
We have, a=b implies x-a=x'b implies xoa=xob.

Vice versa, let Xxoa = xob that is
Vue x-a, 3 we xb: u=w and (1
vw'ex'b, 3 u'ex-a : u'=w (2)
Using only the (1) i.e. Xom ¢ xob, we shal prove that a=b.
Let u=Au, Aex, pea so 3(p,q): pA=px, qu=ga. Then from hypothesis
Iwexob: w=u
Let’s suppose that w € x-b then
w= AW, A'ex, p'eb

so 3(t,s): tA’=tx, su’=sb 3f: fu=fw.
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Moreover {A,A') € X o 3g: gh = g\’ .

From fu=fw, u=Ay, w=A’y’ one obtains fqau = fqr'p’ and since
qu=qa we have fAga = fqA’y’.
Using the equality su’=sb one obtains

sfaqa = sfA‘qu’ = fa’q(sp’) = fA'qgsb.

Then since gA=gA’ we obtalin from fqsgia = fqsA’b that
(fgsgh)a = (fgsgh)b  which means that a=b.
Therefore the mapping f 1s a bijection. -

4.1.4 THEOREM

If S=co> is a finite cyclic semigroup of index r and period m,
then if R is the above equivalence relation we have

<S/R, 0> Z_
Proof
We have S = { a.az....,ar,....a”..l} and a "=a.

Let heN, h<r+m and

k = min{ J| heJmzr } .

Then h#khm = r+t where O0st<m. We have

h+m knm h khm ) h+khm m r+t+n r+t h”khm h khm
a a =a(a a)=a a =8 =a = B =aBn .
So it has been proved that a'"Ra™" and then a"fa""'®, vizo0.

If m=1, then aRa for all keNo and <S/R. 0> % I/1 = Z1 .
Let us suppose now that m22 and there are h,k such that 1sk<h=m,

aPRa®, 1.e. 3q: a%" = a%". We have

r h m-k r k n-k r r_wmth-k r _h-k
a'a’aa” =z a'a‘a s so a%a"a" = a%" = a%a’a = ala"a .

Let gq=pm+q’ where q‘<m. We have
. . < r_he - v bk
a%a” = aP™%a" = ada" = 2™ Vaa"* = a¥a"a™ "

Hence we can always suppose q<m and thus we can write
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r h-k
aqa = aqarn .

If g+h-k<m one obtains a"" = a¥"™*

1f q+h-k=m+t where Ost<m, It follows

which is a contradiction.

qer miter rs+t
& L - ) = a

from which g=t and then q+h-k=m+q which is a contradiction since
h~k<m.
Then for mll (s,t)

afa iff s-t € mZ.

Let be mzr, then
mﬂ(rr)u

azxaro(-—r)oz'

...............

ar-lﬂaron—ror-l = arnu»l .
Thus the equivalence classes are

r+(-r)¢1}. {aa‘aro(u-;r)oz}

{a,a {a"?

rorl}

{a"}, 4", . .. """ ")

Now let be r>m 1.e. r=zhemg, h<m and q>0. We have

afa™ ' Ra ™% . . . k™,

22Ra™ 2R 2% . . . Ra™?,

by ®+h, 2m+h +h
a Ra R . .. R,

hel whel,, 2mehe hel +
aliga Mt iga2ehilg | gy TR o i

1 [ 3] he
a™ g™l . . . 2"

a'ﬁahﬂ L. xathn—h = an-h.

moreover
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+p-hel rem-hs 2 sm~h+(h~ 1, h-1
a "™ Ra, a 2Ra.....a" ”=a""5ta

Therefore the classes are, for 1sism

'SR 1 L hi1)e1
{a'a!™ .. ..a" ™) U { fmpliey,

vwhere h{i)=1 if i<h and h(i)=0 1if izh.

It 1s clear that R is & congruence, it follows that <S/X,0>
is a semigroup, nay it is a cyclic group of order m. .

4.2 OTHER PROBLEMS

Consider the following question:

What happens if one apply the uniting elements procedure for
two or more properties that are desirable of a quotient?

The answer for groupoids is the following theorem.

4.2.1 THEOREM
let (G,*) be a groupoid and

mén

F={f1,....f..f”l,....f }

be a system of equations on G consisting of two subsystems

RN R L

1 nn

F =4{f,...,£ } and F ={ ¢
= n "t

[ 1

Let o, o, be the equivalence relations defined by the uniting
elements procedure using the systems F and F. respectively, and let
o, be the equivalence relation defined using the lnduced equations
of Fn on the groupoid G_ = (G/o.)/B‘ . Then

(G/o)/p* = (G./on)/a‘
Proof.

We have the following diagram
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o] o]
n
G/o G /o
] L]
w w n
(G/o)/p* —= (G /0 )/B*

All the mappings p.o,p_,w_.pn.cn are canonical so the only one we
have to prove is that for all x,y In G

po@(x) = poply) iff p-o(p-»pnoQB(x) = p-ow-opnoq;n(y)

j.e. an element y belongs to the associate class of x with
respect to pog iff y belongs to the associate class of x

with respect to D e@ op op .
" ] n n
In other words the sets
X = { z&G: pow(z) = pop(x) } and
X ={ 2€G: p op op o (2) = p o op op (x) } are equal.
n » » n n »n [ ] n n

Since (G;/on)/ﬁ' is a groupoid satisfying the system F (it 1is
clear that X ¢ Xn.
Conversely, it is obvious that, for all x in G,

{2€G: pow(z)=pep(x)} > {zeG: p_ow_(z)up_ow_(x))
The peop class satisfies the system F , thus we obtain that
{zeG: pep(z)=pep(x)} > {2€G: p ¢ op (Z)=p o@ op (x)}.
n » n » » n
Finally from the definition of the pB* we obtain that X > Xn .
That proves the theorem. ]
Using the same technique as 1n the above theorem one can prove

analogous theorems for other structures. Therefore, for example, Iin
the case of rings or semi-rings one has:
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4.2.2 THEOREM
Let (R,+,°) be a ring (or semi-ring) and

F={f,....£,f ,...,f }
1 »

] mén
be a system of equations on R consisting of two subsystems

R 3 }.

1 men

F ={¢f,...,f } and F ={(f¢
» 1 ) n [

let o, c be the equivalence relations defined by the uniting
elements procedure using the systems F and l‘_ respectively, and let
o, be the equivalence relation defined using the induced equations
of Fn on the ring (or semi-ring) R- = (R/c-)/v" . Then

(R/c)/y* & (R /o )/v*
[ ] n

In other words we have the following commutative diagram

L 3 L 4

(R/o)/v* — (R_/on)/v‘

where all the mappings P.0,P 0.0 .0 are canonical ones.
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4.3 EXAMPLES

One can unite elements, with no special intension, and can
obtain very strict structures:
4.3.1 EXAMPLE
Consider the abelian semigroup (N°.+). where .t' {1,2,3,...}.
Unite the elements 1 and neh%. then it is obtained the abelian
H -semigroup (ht.o) where itn {{1,n},{2},...,{n-1},{n+1},...} and
the hyperoperation & is given by the following multiplication table

® {1.n} 2 Coe n-2 n-1 n+l
{1,n}| 2,n+1,2n |3,n+2| . . . [n-1,2n-2|{1,n},2n-1|n+2,2n+1

2 3,n+2 4 .. .| {1,n} n+1 n+3
n-2 | n-1,2n-2 [{1,n}]| . . . 2n-4 2n~-3 2n-1
n-1 |{1,n},2n~1| n+1 | . . . 2n-3 2n-2 2n
ntl | n+2,2n+1 [ n+3 | . . . 2n-1 2n 2n+2

Finally if we gquotient by B* it is obtained

N/mB® =1
o n-1

4.3.2 EXAMPLE

Let's consider the octadic non-commutative group of Klein:
{1,-1,1,-1,§,-J,k,~k,} defined by the relations 1%=3%=k®=-1,1J=k,
Jk=1,ki=j. In order to delete the non-commutativity we can unite

the elements according the procedure sugested in 4.1(11). Then the
partition
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{ I={1}, A={-1}, B={1,-1}, C={J,-J}, D={k,-k} }

is obtalned. The quotient is a }{v~commutative groupoid where the
hyperproduct © is given by the table

O| =
w
w
Yt
>
o
[@]

Then the f*-classes are a={I,A}, b={B}, c={(C}, d={D}, where the
identity element is a and

b?=c®=d®=a, bc=d, cd=b, bd=c (Klein's group).

4.3.3 EXAMPLE

Let (G,*) be a group and ScG be a set of generators l.e. <5=G.
Take the partition R where the only one class with cardinality >1 is
the set 5. Then (G/R)/8* Is a cyclic group.
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CHAPTER 5
.

H,-HYPERGROUPOID ALGEBRA
|

5.1 FUNDAMENTAL SETS

5.1.1 DEFINITIONS

Let (G,:) be a hypergroupoid. We call set of fundamental maps on G
with respect to (:), the set

6 = { 8:Gxc 220, G: (x,¥) — z|z € xy}

For Hv-groups we have © = 2. Any subset Bu ¢ 8 defines a
hyperoperation (ou) on G as follows

x " y = { z:2 = 8(x,y) for some 8 € Bu }

Obviously, ou5~ and theo , where 8° denotes the fundamental
o u
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maps on G with respect to ou. A set Ba c 8 is called associative
(respectively WASS) if and only if for every subset eue e0 the
hyperoperation u is associative (resp.WASS). A hypergroupoid
(G, ) will be called 8-WASS if there exists an element 6 € € which

defines an associative operation (¢) in G. That means that (G,*) is
a Hv—semigroup.

5.1.2 REMARK
For a hypergroupoid (G,-) with |G|=n we, obviously, have

48 = n o (#xy)
(x,y)eG®

Moreover, for every B€8 we have

1= [07'(g)| s n®-n+1 for all geG
where 67 '(g) 1s the inverse image of g.

However, for every 8e® we have b |8-l(g)| = n°.
geG
5.1.3 REMARKS

(a) The property G:G=G in a hypergroupoid (G,-) does not guarantee
that B8 = @. On the other side we remarked above that if G is
Hv»group then B = o. Indeed, a construction of an element

Be® is the following: For every geG, using the reproduction
axiom, take a g-e€G such that pgegg-, so 6(g,g-)=g. For the

rest (x,y)eG2 set O(x,y)=z where, simply, zexy.

(b) Obviously if (G,-) is 8-WASS then every greater hypergroupoid
is 6-WASS.

{c) Al Hb-groups are B-WASS.
(d) Any Hb—semigroup in which the b-structure has the property
G2=G, 1s ©-WASS.

(e) If (G,-) is a Hv‘group containing a scalar element, then all

the maps f:GxG — G with f(x,y)exy for all x,yeG, are onto,
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i.e. feB. This is so because, if s is & scalar then f(s,G)=GC.
Thus we obtain that 40 = n (#xy)
(x,y)EG2

$.1.4 EXAMPLE

An example of the type of b-semigroups in the Remark 5.1.3(d} is
defined as follows:

Fix an element s € G. We define the product by setting

[ if x=y
xoy E -3

X if x=y
Then, {°) is associative since
x if x=y=2z
{(xXoy)oz = xo(yoz) =
s othervise

and, moreover, GoG = G.

5.2 HV—HYPERGROUPOID ALGEBRA

5.2.1 DEFINITION
Let (G,-) be 6-WASS with |G| = n and € € B be associative. Let
K be a fileld, and

KIG] = Z[G]; K

be the set of functions on G with values in K, 1i.e. K[G] 1is the
set of formal linear combinations of elements of G with coefficients
from K. In XK[G] the ordinary mddition (+) can be defined by
setting

(f1+ fz)(g) = f1(8)+ fz(g) for mll geG and £, foe KIG].

Furthermore, consider the hyperproduct (®), called convolution,
defined for every fa'fz of KI[G) as follows
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fl‘f; { fe : fe(g) = 2 fi(x) f‘2(y). BeB}.
8(x,yl)=g

According to the above Remark 5.1.2, the defined convolution keeps

the constant sum of n° terms for every 6e8.

5.2.2 THEOREM
The (K[G],+,*) is a Hv'-ring which is, in fact, a multiplicative
Hv—ring where the inclusion distributivity is valid.

Proof
Obvicusly, (KIG], +) is a group.

Let f ,f .f € KIG]. Then
1'°2' '3

(f'i‘f',‘_,)"f‘:3 = { fo :fe(u) = ; fx(") fz(y), 6 €O } . f, =
8{x,y)=u
={ £yt o 8) = 5 5 £,00) £,(y) £,(2), ©,0e8 } > fo.

olu,z)=g 6{(x,y)=u

where fg (g) = j 5 fl(x) fz(y) fa(Z)'

° Bo(u,z)=g eﬁ:. y)=u

On the other hand

fl‘(fz‘ fa)”
£f,: £ (8) = } E £ (x) £ (y) £ (2), Q,Qee} > f
{ e 2 g(x,v)=g 0(y,z)=v ' 2 3 8,

where f_ (g) = E E f (x) £ (y) £ (z) .
S 8 (x,v)=g 8 (y,z)=v voe 3

But 8 _is associative, 1.e. (xey)ez = xo(yoz) for all x,y,z in G;
which means that
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eo[eo(x'y)'z] = go[x’ go(y'Z)]

Therefore, f, =f . So
* [ ] L ] »
(i‘1 fz) f‘:’nf1 (f‘2 f3)“”

Now, for the left distributivity, we have

fx. (f2+ fa) = {fe : fe (g) = ; fa(X) [(fz+ fa)(y)]. Bee} =
8(x,y)=g
- {f‘e £, (8) = ; [0 £, £,00 £,]. ece}
o0{x,y)=g

and

R IR A {fp : f‘p(g) = ; £.(x) £(y), pEB} +
p(x,y)=g

§ fl(x) fs(y). caeB} =

o(x,y)=g

=df =mf +f : £ (g)= £ (x) £ (y)+ § £ (r) £ (s), D.wee}
{ow P @ o p(x:-'y L 2 1 3

olr,s)=g

+ {f‘p : fq,(g) =

Therefore, f* (f+f£f)sf* f+ £+ ¢ which is the left
1 2 9 1 2 1 3

inclusion distributivity.
Similarly the right inclusion distributivity is valid. [ ]

5.2.2 IEFINITION
The above Hv-ring is called hypergroupoid Rv-algebra.
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5.2.3 OPER PROHLEM

Find a sufficient and necessary condition to be valid by &
hypergroupoid in order that a WASS convolution can be defined.

5.2.4 REMARK

Given a hypergroupoid (G,') one can define =a hypergroupoid
Hv—algebra by “"enlarging” the hyperoperation (-) as follows: Take
any hyperoperation {*) on G such that (G,*) is 6-WASS hypergroupoid.
. Then take a new hyperoperation o = -U* , l.e. xuy = (xy)u(x®y)
for all x,y in G. obviously, on (G,0) the hypergroupoid algebra can
be defined.

5.2.5 EXAMPLE

Consider the Hb»group (13.0) where the b-group is (Z_,+) and the

only non-singleton products gre: Te1={0,1}, 202={0,1,2}. The
element D is scalar, so, from Remark 5.1.3(e), every map B:Z: — Za
with O(x,y)exy, 1is an element of 6. Thus |B|=2-3=6.  More

- precisely, setting &(8’.92.93.94.95.98} we have

-

6(0,0)=0, ©(0,N=a(1,0)=1, ©(7,2)=0(2,0)=2, o(1,2)=8(2.1)=0

for all ©e€8B, and

|
[\
Ny

8 (1,1)=0, 6 (

N (& )=0; 02(1.1)=0, 62(2,2)=1; e_(1,1)=0, ©_(2,2)=2;

;e (1,D=1, 6_(2,2)=1; o _(1I,1)=T, 8 (2,2)=2.

)
&

)

[
ast
=1
o

9‘( ,

)=1, @ (

4

1

Every hyperproduct of elements of K[Zal has, at most, 6 elements.
Let r,s € K[lal, then

r*s = { ty: ta(g) = E r(x) s(y), ©e6}.
o{x,y)=g

For every 6€8 on te(g), gela. 8 products of the form r(x)s(y)

are used. So, for example, we have
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t (8) = r(0)s(D)+r(1)s(2)+r(2)s(T)+r(1)s(1)+r(2)s(2),

t. (1) = r(0)s(1)+r(1)s(0), tg (2) = r(0)s(2)+r({2)s(0);
1 1

t. (0) = r(0)s(0)+r(T)s(2)+r(2)s(T)+r(1)s(1),

t (1) = r(B)s(T)+r(1)s(0)+r(2)s(2), ty (2) = r(0)s(2)+r(2)s(0);
2 2

t. (D) = r(0)s(B)+r(Ns(2)+r(2)s(1+r(1)s(D),

tg (1) = r(0)s(T)+r(Ns(0), tg (2) = r(0)s(2)+r(2)s(0)+r(2)s(2);
a 3

tg: tg
6 8

and similar for the te .
1

5.2.6 EXAMPLE

Consider the H -group (lm,s) defined in Example 1.2.3. Then
according to the Remark 5.1.3(e), the set 8 consists of only two
elements 8=(6 .6} and 8(x,y)=x+y for all 8e8 and (x,y)#(0,m)

and 81(5.m)w6'. Bz(ﬁ.m)zm.

The map 82 leads to the known convolution on (Z_n.+).

The map 6 gives in the expression to (g) = 2 r(x) s(y),
1 el X, y)=g

for every element different from 0 and m, a sum of mn elements.

Moreover, tg (0) = _r(x) s(y) 1is a sun of mn+l terms of
1 Bl(x.y)=0

form r(x)s(y) and te (m) = 2 r(x) s(y) is a sum of
1 e1 X, y)=m

mn~-1 terms of ri(x)s(y).




IF'ia va un xévouue xpévo
aQVAaKaAUYaue Ta KOUMLOUTEPC.
Topa xavawe To XpO6vo

o' autd.

So as not to lose time

we discovered the computer.
Now we waste our time

on it.

CHAPTER 6
I

GENERALIZED PERMUTATIONS

In the following two chapters we deal with representations of
Hv—groups by generalized permutations and those chapters contain,

mainly, an expanding version of the author's papers [36], [38]
written for hypergroups.

6.1 THE GENARALIZED PERMUTATIONS

6.1.1 DEFINITIONS
Let X be a set. A map f:X — P(X)-{2} 1is called a generalized
permutation of X if

Ufix) = f(X) = X,
xeX

i.e. the reproductive axiom is valid. Recall that the associated to

f relation U {x}xf(X) on X has both domaln and range X. Denote
xeX
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Mx the set of generalized permutations on X. For a Hv-group (X,-)
and aeX, the generalized permutation defined by fa(X) = ax wWill be

called a left translation generalized permutation or an inner
generalized permutation.

By an arrow of f we mean a pair (x,y)e€ X° with yef(x).

We say that fzeMx contains flst (or f'1 is a subpermutation
of f‘2). and we write fl c fz. if fa(X) c fz(x) for every x of X.
1f fltf‘2 then we call f'1 a proper subpermutation of f’2 and we write
f“ S fz' The generalized permutation t with t(x)=X for all xeX,
is called universal and contains all the elements of Mx An feMx

will be called minimal if it has no proper subpermutation. We will
denote by ux the set of nll minimal elements of Mx Obviously

every ordinary permutation is minimal.

The union f=Uf of a family {f‘i : 1€l} of generalized
€1
permutations, is defined by f(x)= Ufl(x) for all xeX.
1 €1
For f € Hx the converse of f, denoted f'. is the generallzed

permutation defined as follows
F(x) ={ zeX: f(z) a x} .

Therefore, we obtain f from f reversing the arrows.
We call fof the general ized permutation associated to f‘eHx .
Remark that for every ordinary permutation the assoclated
generalized permutation 1s the identity permutation.
6.1.2 REMARKS
(i) It is obvious that if p,f‘i..

p:f’o. . °fk and f}cgl, . ’kaKk then Pcg.c. .. °8 . where o

..,f‘k.gl,...,gk € Hx are such that

is the usual composition: if f,geMx then

fog(x) = U f(y) for all xeX,
yeg(x)

j.e. the composition of the assocliated relatjons written in
reverse order. In other words, (Hx.o) is a po-monoid.
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(ii) Every map f:X —— P(X)-{e} which contains = general 1zed
permutation is itself s generalized permutation.

(111) The intersection of two generalized permutations f:'fz is the
map (f‘lnfz)(x)=f1(x)nf2(x). for all xeX. The intersection is
not always a generalized permutation since the reproductive
axiom is not necessarily valid.

(iv) Let < be & total ordering on X°.  One applies a deleting
errows procedure (dap) on any f € M, if, beginning from the

minimal arrow, he deletes every arrow whenever the remaining
map is a generalized permutation. It is immediate that, for any
total ordering, the dap on any f glves a minimal generallzed
permutation. Therefore any f contains at least one element of

]ix. Moreover if PGHX with pcf one can find an ordering on X
such that applying the dap on f we obtain the p. It is enough
in this ordering to have (a,b)<(c,d), if b¢p(a) and dep(c).

6.1.3 THEOREM
Let f‘eMx. Then feux if and only if the following condition 1is
valid: if esb end f(a)nf(b) ® o, then f(a)=f(b) and f(a) is
8 singleton.
Proof
Let feux and suppose that there are a,beX, a*b such that
f(a)nf(b) * #, and that f(a) is not a singleton. )
Choose u € f(a)nf(b) and consider f‘: X — P(X), defined by
£/ (a)=f(a)-{u} and £’ (x)=f(x) if x#a. Then f‘eMx and f'g f
which is a contradiction.
Conversely, suppose that f"s f, for some f’eMx , 1.e. there

exists aeX such that f‘(a) s f(a). Choose b € f(a)-f’(a). Then
there exists an element d#a such that b e f'(d) ¢ £(d). We have

b e f(a)nf(d) while f{a) 2 buf‘(a) , 1i.e. I[f(a)l>1. L]
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6.1.4 COROLLARY
Let f: X — P(X). Then feﬂx if and only if there exist two

partitions of X, {D)} , and (F} . . such that [D |>1 = |F, |=1

for all 1€l , and f= UlDlei . Moreover, every such pair of
partitions determines an element of HX .

6.1.5 REMARKS
The above Theorem 6.1.3 gives an explicit description of HX . It
follows that if feux then feux . Moreover, for every x of X,

(fof)(x) = f{ u: f{u) 3 x) = U r(w
f(u)ax
Therefore,

(Fof)(x) = { y: 3ueX, {x,y) c £f(u) }.

So Icfeof for all feM* vhere 1 1is the identity permutation.

6.1.6 EXAMPLE

Consider the P-hypergroup defined by the subset P of a group (G,-).
Then for =€G the left translation L; is L;(x) = aPx.

The converse mapping ih is defined by the relation

E‘(x) = P 'a 'x, for all xeG.
The associated generalized permutation is defined by the relation

(L.oi.)(x) = aPP 'a 'x for all xeG.

6.1.7 REMARK
Let fe Mx then the powers of the associated permutation are

(£e5)%(x) = (FoF)o(fef)(x) = U _  {z: 3heX, {z,2z}ef(h)} =
zlefof(x)

= { z,; Bhl,hzex; z {x.zi}cf(hj). (z‘,zz)cf(hz) }

Therefore, for all t>0 we have
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- ‘ -
(fof) (x) = { y: EIh‘....,ht.zo,zi,....zt , with z =X,z =Y,
{z ,z}cf(h) for v=1,...,t }
v-1 v v

From this expression of the powers we remark that
if y € (£of)'(x) then also x € (£o5) (y).
We define the height of feMx to be the least integer r such

that (fof)r” = (fof)". Since fof 1is a non-decreasing function
the height exists and is at most the cardinality of X. The ordinary
permutations have height 1.

6.1.8 THEOREM

Let (H,') be Hv*group and s be a single element, then the inner
generalized permutation Ii(x)=sx has height 1. More precisely
1}°EL(X) = B*(x) for all xeH.

Proof

Using Theorem 1.3.3 we obtain for all xeH

Lol (x) =L ({ zeH: L (z)ax }) = L ({ zeH: szax }) =
- 1 ] ] [ 3

= Usz = U B*(sz) =p*(x).
sz9x B*(sz)Bx

So L}oE;(x) = B*(x) for all xeH. Therefore
(L oL )%(x) = L oL (x) = #*(x) for all xeH. "
] [ ) ] [ ]

6.1.8 THEOREM
Let (G,*) be a group with |G|=n and fix x,y,z€G such that xy#z.
Consider the Hb—group (G,0) defined by setting xoy={xy,z} and

gog-=gg' for all (g.g'lecz-{(x.y)}. Then the height of every inner

generalized permutation of (G,0) is 1.
Proof
The only non ordinary inner generalized permutation is the Lx , l.e.

Lk(y) = {xy,z} and L‘(gl)uxg’ for all gleG-{y).
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then ix(zl = {y,x'z} and I.'x(gl) = x"gl for all g’eG-{z).
So Lol (2) = LUy.x"2}) = {xy,2}

onEx(xy) = Lx(y) = {xy, 2} and

oni;(g’) = lalx"gi) = g, for all giec—(xy.z).

From the above it is obtained that the height of Lx - and conse-
quently the height of all inner generalized permutations - is 1. »

Exercise
Generalize the result in the case where the above Lx(y) has more

than two elements.

6.1.10 EXAMPLE

In a similar direction one has some exercises like the following:
Consider the H, -group (z_,e) obtained from (Z_,+) where Ze0=(Z,3),
Z01={3,3) and for the rest sums we have xey=x+y. Then the only one

non ordinary inner permutation is the Lé vhere

0 1 2 3 1 - o 7T 2 3 'y
Y DL R A (LA
7430 1 o 1 3 31 040,71} (1.2}
and Lzofz-'-'[ (_’ 1 '2~ _3 N 4 ]
0 1 (2.3 {2,3.1 (3.0

— 2_
thus (L2°Lz) = [

o} Ol

1
1

Therefore, it is obtained that helghtL2=2.

B.1.11 EXAMPLE

Consider the S-construction 1.5.10. Then for every xeSl . the

{nner generalized permutation Lx is defined as follows:
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Lx(y) = Xy for yeSl
L {z) =S US for all zeS , Jj=i
x 1) )
Therefore,
L(u=(U s} U{ u=xy | yeS } if ueS

i}

L(v) =S if veS »5
x ) R |
from which it is obtalined

L ofx(u) =8 for ueSl

x
LeL (v) =L (8) =58 for veS S .
x x x J [ | J 3

So (onfxlz(w) =8 = (oni;)s(u) for all weS; thus heightl = 2.

6.2 THE CONDITION 6

6.2.1 DEFINITION
A generalized permutation f is said to satisfy the condition 6 1if

for all xeX, zef(x) it implies f(z) = f(x) .

Denote the set of all generalized permutations that satisfies the

condition © by Me . The identity and the universal belongs to MB .
Using the Remark 6.1.7 1t 1s easy to show that every (fof)" is in

MB’ where r is the height of feMx .

6.2.2 THEOREM

(1) feMe implies xef(x) for all x. Thus f>I 1if ft-:HG .

(11) feMB if and only if f(x) = { z: f(z)=f(x) } for all x.

(111) feM; implies f=f.
Proof
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If feM., then xef(y) implies f(x)=f(y), so xef(x} and thus Icf.

el
The rest of the proof is obvious. [ ]

From this theorem one remarks that feqe if and only if the
associated relation U {x}xf(X) 1is an equivalence relation.

xeX

6.2.3 DEFINITION
The © relation is defined as follows:
For feMB let © denote the kernel of f, i.e. xBy iff f(x)=f(y).
and let (x-}-es denote the partition of equivalence classes of 6.

Then f(x)=X. for all xeX’ by Theorem 5.2.2(111).

6.2.4 THEOREM

Let (X,*) be a finite hypergroup and consider the lx—fundamentnl
relation defined on X by xeX. Then tx coincides with the kernel of
(fxo?*x)r where f_is the left translation by X, and r 15 the height
of fx.

Proof
Immediate from Remark 6.1.7. [

The above theorem gives a method to compute the tx fundamental

equivalence class of any element a of X, l.e.

- .r
tx(a) = (fxofx) (a).

The family {Xs}ses becomes a hypergroup, the “fundamental” one

defined by the element x. DObviously we have analogous results if we
use the A fundamental relations and the right translations.

6.2.5 THEOREM

If el then (Fof)(x) = { zeX: f(z)=f(x) }
Proof
Follows from Corollary B6.1.4. .

Remark that for all feM, we have Tof fof € My -
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6.2.6 THEOREM

If f.f'e Me then fnf'e qa.
Proof

Follows from Theorem 6.2.2(1). "
6.2.7 DEFINITION

A generalized permutation g will be called partial left (resp.
right) identity of f if gefof (resp. feg>f). If we have gof=f
(resp. fog=f) then g is called scalar partial left (resp. right)
tdentity of f.

6.2.8 THEOREM

Let f‘eHe . Then a generalized permutation g is m scalar partial

left lidentity of £ If and only if gcf. We have a similar result
for right partial identitles.

Proof

Although the proof follows from Theorem 6.2.2, here we present a
proof more familiar to hypergroupists.

From Definition 6.2.3, if we take the family of indices (Js}ses such
that we have the bijections J- — X- S B x” then we have

X=4{x : JeJ } and, moreover, f(x )= X for all jeJ .
] (3] s ») [ [ ]
Let gcf and Xs a partition class. Then we must have

U glx
jes  °®
8

j)=x'.

So gof(x”) = g(f(xu)) = g()(_) = x_ = f‘(x.J) for all JeJ- .
Therefore, for all Xs's we obtaln gef=f.
On the other hand

foglx ) = U fly) = U X =X = f(x ) for all jeJ.
b] L] | ) [ 3] 3
yeg(x”) yeg(xlj)

Therefore, every gcf is a scalar partial identity of f.
Conversely, let geMx such that gef=f, then we have for all x”ex,

gef(x-’) = g(X') = X. = i‘(x-j) for all seS.
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That means that gcf.
On the other hand let fog=f then

feg(x ) = U fly) =X = f(x )
. yeg(x.’) . *

therefore, yexs , L.e, g(xﬂ) c X. for all seS, so gef. [

From the above theorem and the Definition 6.2.7 we obtain that
every { of Me is an idempotent. Moreover, from the proof of the

above theorem we obtaln that 1if B,:8, ¢ f then 8,°8, ¢ f. We

also have fof=fof=f 80 the height of every feM

o is equal to 1.

6.2.8. THEOREM
Let feM; and Mf = { geMy: gef }. Then M. 1is a hypergroup with
respect to the hyperoperation (*) defined by

. = R
fl fz { pGMx. pcf‘:of‘z } for all fx'fz €M

-
Proof
For every fl’fz’ f3 € Hf we have
» » . . L ]
f1 (i‘z fa) = { geMx : B¢ f:°fz°fa } = (f1 fz) f‘a (1)
The reproductivity is also valid. [ ]

6.2.10 REMARKS

(1) The sbove relation (1) implies that if f‘l,....fse M. then
fl"...'f‘s = { gEHx : g ¢ f1°"'°fs }

(i1) One also obtains that g*f = fo%g = Mf for all geM. .

(i11)  The hypergroup (Hf.') is a regular hypergroup since the

identity permutation 1 is an element of M, , and for every ger

we have g°*f = M, = f*g a1 (see [12]) .

6.2.11 EXAMPLE

Consider the H.b-group in Theorem 6.1.9. The only non ordinary inner
generalized permutation 1s the Lx with height 1. In other words
from Definition 6.2.1, we have onLx € HB where xy#z and
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L oL (2) = onLx(xy) = {xy,z} and
onLx(gl) =g for all ge G-{xy,z}

In this case the set
ML ={f: chXOLx }
X
contains 7 elements which are defined to be the identity for all
elements except for the elements 2z and xy. The elements of HL have
x

for 1=1,...,7 in the pair (fl(z).f‘(xy)), respectively the pairs
(z,xy), (xy,z), (z,{xy,z}), Oxy,{xy.z}), ({xy.z},z), ({xy,z},xy),
and ({xy,z},{xy.,z}). The first two of the above generalized
permutations are the minimal ones. In the set M. the hyperoperation

f
(*) is defined as in Theorem 6.2.9 and (ML ,*) is a hypergroup with
x

seven elements.

6.2.12 THEOREM
For -every feMe the hypergroup (M.,*) is isomorphic to the cartesian

product of the induced hypergroups defined by the universal
permutations on the 6-classes of f.

Proof

Let (x-}-es be the family of the 6-classes defined by the f, and

let t. be the universal permutation defined on X- for every se€S.
Then the induced hypergroups are the ones defined, for every s€S, on

the sets Mt = { geMx : gct‘ } using the (*) hyperoperation.

But since t 1is universal we have M = Hx
™ t

Let us take the carteslan product x M, of the family (Nx }-es‘
€S =® L]

Consider the map T: M, — x Hx : g — T{g) = (g‘}

- where gs
s€S s

s€ES

is the restriction of g to X-.
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Since U gly) =X , geMy V se€S. Clearly, T is injective.
yeX .
[ ]

Moreover, for {g.}.es of xM, ., 8= U g is a generalized
s€S s s€S

permutation on X and T(g) = (8-}-55 .

Now let g.g'er then gog‘er and, for every 5 and yex'. the

g,.8, have gog' (y) = gog/(¥) = g (g (y)) = g 8. (y) .

This means that  (gog') = g8 My - S0 T(geg’) = {8,°8.} ¢ -

Therefore, from Theorem 6.2.9 it is implied T(g*g’') = (g.'g;}.es.

» -
So (Mf. )= ( x Mx ,* ) for all feHe . .
s€ES s

Using Theorem §.2.5 one obtains the following:

6.2.13 THEOREM
Let fel, . Then fof is a scalar partial left identity of f and
contains all the scalar partial left identities of f.

From this theorem one observes that fof is the greatest element

of the set of mll scalar partial identities of f. The identity
permutation is a minimal scalar partial left identity for f, but

there will be others. The {(fof )n(fef) contains all scalar partial

double identities of f as well as all scalar partial double
identities of f. So the partial double identitles of f and f
coincide.




Katéypaya OTOV KOUMLOUTEP
TIC YVAOELE MOV

x'n oxkéymn HOU XPUPINKE
otn Siadixaocia.

I recorded all my knowledge
on the computer,

and my thought got lost

in the process.

CHAPTER 7
I

REPRESENTATIONS BY GENERALIZED PERMUTATIONS

7.1 A NON STANDARD HYPEROPERATION

It is an open problem to find one standard hypercomposition to
represent Hv»groups by generalized permutations. The problem arises

since in the definition of a hyperoperation (-) on a set X one has
two steps,

first: (-) 1s a map -: XxX — P(X): (a,b) > abcX and
second: () is a map

: P(X)xP(X) — P(X): (A,B) —> A'B= U ab
a€A,bEB

On the other side, the law of composition of generalized
permutations is, actually, an operation, thus it follows only the
second step.
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7.1.1 DEFINITION
Let F = (fl: i=1,...,n} be a set of n generalized permutations on

X, |X|=n, not necessarily different from each other. A hyper-
operation (*) in F is defined as follows

- N
f, f’ ={f:x € f’(xj) }

The hyperoperation (*) depends on the choice of the set F, thus
it is a non standard hyperoperation. Sometimes (*) colncides with
the ordinary composition of permutations for example if F is a set
of left inner generalized permutations. In this paragraph the (*)
is presented but first we give the following definition.

7.1.2 DEFINITION ‘
Let (H,') be H -group and Hx be the set of generalized permutations
in which a hyperoperation (o) is defined. A map

T: H— Hx : h —> T(h) such that

T(hxhz) n T(hi)o'l'(hz) » for all h‘.h2 in H
is called a representation of H by generalized permutations. 1f
T(h‘hz) < T(hi)o'l'(hz) for all hx'hz in H, then T is called
inclusion representation. Finally, if the good condition
T(hlhz) = { T(h): heh:lh2 } = T(hi)o'l'(hz) for all ha'hz in H

is valid and T i{s 1-1, then T is called faithful representatlion.

If the good condition is wvalid then, obviously, an jinduced
representation T* for the hypergroup algebra is obtalned.

7.1.3 THEOREM
Let (H,:) with |H|=n, be H ~group. Consider the set of all inner
generalized permutations in H

F={ fl: fi(hj) = hihj' i=1,...,n}

Then the onto map n: H— F: 1'1ll — fl is a representation

of H on the Hv—group (F,®*). Moreover, i1f the right cancellation law
is valid in H, then n is faithful.
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Proof
For every f".f‘,.f‘k of F, we have

fl'(fj'fk) = (f'v: hvehl(hjhk)) and (f‘“f’)'f'll = (fv: hve(hahj)hu}
s0 f"(fj'f‘k) N (fl.fj).fk L I
Moreover,

f *F = Uf"ft U{f:hef(h)}Y={f:he U f(h) =
r’eF ) rjs!-' s s 1) * 'hJGH )

={f: hehH}={f: heH} =F
] s | [ ] [ ]

Similarly, F'f‘izF for all f’eF. Therefore, (F,*) is a Hv—group.
For every hi.hje}{ we have

n(hihj) = { "(hk): h.ehlhj } = { fk:hfh:hj } =
= { fk: hkefl(hj) } = f"fj = n(hi)'n(hj).

so n is a strong homomorphism, therefore n is a representation.
Now let us suppose that the right cancellation law is valid in H.
If hl*h, and n(hl)=n(hj) then we have for all thH. f‘(hk)‘—‘tf"(h‘)

or hahfhjhu or h‘thj which is a contradiction.

So nm is an Injection. [ ]

7.1.4 EXAMPLE
Hv—group (Za,s). where (@) is obtained from (+) by enlarging only
the following hypersums

Te2 = {1,3), 2e4 = {0,4) and 32 = {3,5)
Remark that the results were enlarged with elements belonging to the
same class of Z_ divided by {0.2,%).
The n inner generalized permutations corresponding to the elements

0,1,2,3,4,5, are
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fere, re (0T 2 3ES) (0123 4 5]

1 2{(1.3)4 5 © 7 3 2 50,4y 1
f‘=[01:a345].1.“[11].1.=[1]
3 343,50 1 2 ‘4 i+ & 1+5

Suppose we take the hypersums (Te2)eZ = {1,3,5}, Te(Ze2) = {5};
they have (Te2)e2 ) 10(202) * .

For the corresponding inner generalized permutations we obtain in a
similar way

» [ ] [ 3

(f1 fz) fz = (fx’fa) f2 = (fi'fa’fs) and
» » )

f1 (f2 fz) = fl f‘ ™ fs

Moreover, remark that the generalized permutation

(f‘lofz)of2=[ 61 2 3 4 5 ]‘f,"fg"fz)'

5 0 (1,5, 2 {1,3,5) 4

contains the following 10 elements of Hz
8

[ 67T 2 3 % & ]
B, = - T o where
5 0 31(2) 2 31(4) 4
81(2)=1. 31(4)=3. 82(2)=1. 32(4)=(1.3}. 33(2)=1. 33(4)={3.5)

g,(2)=1, g‘(4)={1.3.5). g,(2)=5, 35(4)=(1,3}. 85(2"’5' 38(4)={1,3,5}
g7(§)={T.5}. g (2)=3, 38(2)={1.5}. g8(4‘)={1.§}.
39(2)={1.5}. 39(4)=(3,5) and gm(2)=(1,5). gw(4)={1.3,5}

from which the 8, and g Bre the minimal ones.
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7.2 HV»GROUP PERMUTATION REPRESENTATIONS

This paragraph focuses on the representation of hypergroups by
generalized permutations. Theorem 6.2.8 leads to a hyperoperation
which can represent some classes of hypergroups.

7.2.1 THEOREM

Let (H,*) be a finite hypergroup and La the left translation by a.
We consider the hypergroup (H.H.') where (*) is defined on "H as in
Theorem 6.2.9 using the universal generalized permutation, 1i.e.

L ] .
f‘ f2 = { peMH. p«:t‘ioi‘2 } for all fi,fze HH .
Then the map

L:H—--)MH:at——)L(a)“LaL

is a representation (not necessarily faithful).
Proof
Let a,beH. Then L{ab)= { Lc: c € ab}. On the other hand

L(a)*L(b) = La“"b = { Ld: l..d < La°l’b }.

But for all xeH and LceL(ab) we have Lc(x)== cx ¢ abx = LaoLb(x),

50 Lce L(a)*L(b), thus L{(ab) ¢ L(a)*L(b). Therefore L is an
homomorphic representation. »
The above hypergroup (MH.") is in fact the one defined in [12].
This representation is not 1-1 except for some speclial cases.
For example, if H has a right scalar element then L is faithful.
However,we can obtain a faithful representation as in the following.
7.2.2 DEFINITION
An extension (He,-) of a hypergroup (H,*) 1s defined as follows:
If (H,-) has a scalar identity e, put (He.-)==(H.-). If it does
not, put Hezz Hw{e} (where e¢H ) and extend the multiplication
by setting eh=he:={h} for all hEHe .
1t is immediate that (He.-) is a semihypergroup.




102 REPRESENTATIONS BY GEMERALIZED PERMUTATIONS

7.2.3 THEOREM
Let (H,*) be a hypergroup and X=He . Then the map
L: He——a Hx: 2 — La
is a falthful {homomorphic) representation of (He.-) in the
semihypergroup (Mx.').

Proof
Theorem 7.2.1 implies that L is a representation. Moreover, if a#b
then La(e)wa. Lb(e)wb 50 L.atLb . Thus L is faithful. »

The above L is called an extended regular representation on He'

In the following fix a hypergroup (H,:) with |Hl=n.

7.2.4 DEFINITION
A generalized permutation fc on H is sald to be induced by &
permutation f of the set of the fudamental group H/p*, If

fc(X) = f(B*(x)) for all xeH.

where f(B*(x)) denotes not one class but the set of the elements
of the corresponding class.

7.2.5 REMARKS
(1) f, may be described by the diagram

T
B — —— H/p*

n
P(H) ¢——— H/B*

where ¢ be the canonical map and n is such that
n(p*(x))=p*(x) for all xeH.
Therefore, we have

fc(x) = nofop(x) = mef(B*(x)) = F(B*(x)) .
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(11) Since the fundamental property is valid on H/BY, one has
ft(xy) = £(B*(xy)) = f(p*(z)) for all x,yeH and for all zexy;

thus fc(B"(x))= U fc(y)= U f(e*(y)) = £(B*(x)) .
yep*{x) yep* (%)

So if f,g are two permutations on the set H/p* then
£ o8 (x) = f_(g(B*(x))) = (fog)(B*(x)) for all xeH.

(1i3) The Iinduced generalized permutations fc can be defined for
}lv-groups as well. The above remarks are also applied to
Hv-groups in an obvious way. Finally, remark that the induced
generalized permutation fc is the same for every Hv—group
defined using a greater hyperoperation which has the same
fundamental group.

7.2.6 EXAMPLE

Consider the very thin Hb—group defined in the Example 1.2.3. Fix

the representatives ko....k_.1 of the B* classes, then every

permutation f: I_,/B' — l_n/n‘ gives a permutation of the set
{ ko,....k } and let us denote this permutation by the same

»-1

symbol f. Then the Induced by { generalized permutation is defined
as follows

fc(x) = £(B*(x)) = f(x+mZ) = £(x)+nZ.
7.2.7 THEOREM

Let {fu: ueU} be a group of permutations on H/g* and (fuc: ueU} be
the set of induced generalized permutations on H. Consider the set

MU={gEMH: gcfuc for some u e U}
and define the hyperoperation (*) on HU by setting
L ] .
gtg,={p:pcpgeg,}

Then (MU.') is a hypergroup.
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Proof

Remark that { fuc : uelU } 1is also & group with respect to the
composition of functions. Moreover, if 31Cfu1c . gchuzc then
PCgr-g, < fu’cofuzc 50 peM; , meaning that * is well defined.

For every 88,8, € MU .

g*lg*s) =g {pcgeg ) = Ug* =
P<g,°8,

= U dqaqgep)={qqcgegeg}-
Pcg, -8,
With a similar proof we finally have
81'(82'83) ={g:gqc g,°8,°8, } = (81‘82).83 :
Therefore, (MU,‘) 1s a semihypergroup.
In order to prove the reproductivity one needs the following:

LEMMA
If u,veU and gcf , then gef = f of
ue ve ue

Proof
For xe€ H and y € B*(x) ,

ve *

8°fvc(y) = g(fv(ﬁ'(x))) = g(B*(x’)) where x'e fv(B'(x)).
Since g c fuc and geMH .
g(p*(x")) = felX) = fut(B'(x']) = fuc(fv(B‘(x)))
which gives gofvc = fucofvc .
Now we return to the proof of the theorem.

Let g € MU and g ¢ fv: , then
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g*M, = U glq= U {t: tcgeq } = U {t: tcgeq } =
quU quU qcfvc.veU
= U{t: tcgefvc} .
velU

Thus, using the above lemma, we have

* = . o ™=
g'M, vgu{ t: t ¢ fue°fvc } = { t: tef where weU } M,

because { e ueU } 1is a group so { fuc°f : veU } = { fuc:ueln.

ve’

Therefore, (MU.‘) is a hypergroup. -

Remark If { fue: ueU } = (1d} and if we take the partition of H
obtained by the fundamental equivalence §°®, then the hypergroup
(MU.‘) coincides with the hypergroup defined in Theorem 6.2.8.

7.2.8 THEOREM
Let { La: aeH } be the group of left translations on H/B* induced
by the elements of H. Then the map

L: H— MU ca — Lac

is a representation of the hypergroup H.
Proof
We remark that Lyth , L(y)zLaE for all yeFH(a). So for all ae€h,

Lac(x) = La(B‘(x)) = B*(a)-p*(x) .

Consequently, for every a,b,x € H,

L(ab) = Lcc for all c¢ € ab c B*(ab) = p*(c)

and so L(ab)(x) = Lcc(X) = LC(B’(x)) = p*(c)-B*(x)

where ceab and B*(c) = p*(a)-p*(b) .

On the other hand, L{a)*L{(b) = Lac’Lbc ={p pc Lac'Lbc }
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and if we take the element La.col"b of l‘as'l’bc we obtain
Luoth(x) = L”(Lb(B'(x))) = Lu(ﬁ‘(b%ﬁ"(x)) = B*(a)-p*(b)-B*(x).
Therefore, L(ab) ¢ L(a)*L(b) .

So L 1s a representation. »

7.2.9 EXAMPLE

Consider the special case of the Example 7.2.6 where m-n=3-2 for
which we have 0o3 = {0,3) and xey=x+y for all (x.y)eI:'{(ﬁ,i)}.
So ZG/B‘ & 13 and the three p* classes are

B*(0)={0,3), B*(M)={1,8}, B*(2)={2,5).

Consider the set {fa.f;.fg) of permutations on the ZGIB' such that

R G

Then the corresponding induced generalized permutations for the set
U={0,1,2}, are

3% I ]
of i
N O
o =i
L B

Each of the above induced generalized permutations contailns 7
generalized permutations. Therefore, the set

Muﬂ(geMH:gcfuc for some ue U}

has 3~73 elements.
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Remark

One can see that the associated to Lx generalized permutation onﬁx.
defined in Example 6.2.11, contains seven elewents. The hypergroup
defined in ML can be represented faithfully using hypergroups of

X

the above form or of the Example 7.2.6. Actually, each induced
generalized permutation of the Example 7.2.9 is a cartesien product,
three times, of the set Lx°£x . This remark lemds to the following:

Exercise
Give an explicit description the llv—groups which can be represended
faithfully using the general case =u:n of the Example 7.2.6.
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CHAPTER 8
C

H -MATRIX REPRESENTATIONS

B.1 THE PROBLEM

The problem of matrix representations of Hv»groups can be faced

in two ways: First, by considering ordinary matrices over a field
and defining a hyperproduct on matrices; however, one needs a
standard definition of this hyperoperation. Second, by considering
hypermatrices and the usual multiplication. In this book the second
case is presented and it is studied mainly by using the fundamental
relations.

Hv--ntrix is called a matrix with entries elements of a

H -semiring. The hyperproduct of two H -matrices (aljl and (blj)'

which are of type mxn and nxr respectively, is defined in the usual
manner
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(alj)(blj) e { (cl’) pc € (o] =pg; p(a11bij.al2sz,... 1nPns
n

a“buca’zsze...eambnj =y ezambkJ
where @ denotes the circle hyperoperation.
Remark that in the case of 2x2 Hv—matrices. the circle hyper-
operation e 1s not actually used because it coinclides with +.
Now the general problem of matrix representations of Hv~groups

can be stated as follows:

8.1.1 PROBLEM
Consider a Hv»group (H,). Find a H -semiring H, a set

HR= {(a|’): a’JeR} end amap T: H — HR: h —— T(h) such that
T(hxhz) N T(hl)T(hz) g for all hl.h2 in H.

The map T is called Hv-natrix representation, and if the
incluslon T(hlhz) < T(hx)T(hz) for all h1'h2 , 1s valid, then it is

called inclusion representation. Finally, if the good conditien is
valid

T(hxhz) = T(h’)T(hz) = { T(h): h« h1h2 } for all h:'hé € H

then, obviously, an induced representation T* for the hypergroup
algebra 1s obtajined. A Hv—matrix representation is of degree n, if

the set of Hv-matrices is of type nxn. It is called faithful, if it
is one to one and the good condition is valid.

Obviously, the problem of representations can be simplified if
the Hv~matr1ces are over a Hv»ring with 0 and 1 elements and even

more if they are over such Hv-fields.

Finally, we shall mainly use COW Hv—rings and COW anfields.
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8.1.2 EXAMPLE
Let us denote the elements of szl3 by

u=(0,0), u=(0,1), u=(0,2), u=(1,0), u=(1,1), u=(1,2).
Then, consider the hyperoperation (*) which is the usual addition
(+), except for the following cases

* m - = £ . =

i, = u e = el rtug = ptuy = {uud

The hyperstructure Hﬂ(llea.‘) is a Hb-groum> with (sz13.+) B

b-group.

A falthful Hv-natrix representation of H can be given mas follows:

Consider the minimal Hb—field which 1is non-degenerate, additive,
with 0,1 scalar elements. This is, in fact, the WASS and weak
distributive H -field R = (Z ,e,0) where only the sum 2e2 = {1,2}
is not singleton and in the rest, the @ and o coincide with (+),(-),
respectively, i.e. (13,+,‘) is a b-field of R ( it is WASS, not

associative since for example 1+(2+2)={1,2} but (142)+3=2 ). Then,
take the map T: B Mi , 1€{1,...,8} where the Mi's are the

following 2x2 Hv-matrices over R

10 (1 2 (11
", [o 1]' “z‘[o 1]' ¥ [o 1]
2 0 _f2 1 (2 2
¥, [ 0 2 ] ' Mg = [ 0 2 ] ' Y [ 0 2 ]

Now one can easily check that T 1is a faithful representation of
the Hb*group H of degree 2 over R. Note that

Wwp* = { {“1'”2'“3)’{“4’”5'“5} }. So H/p* s z, .

Examples for hypergroup matrix representation are the following:
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8.1.3 EXAMPLES
In the set In={0.1....,n)c1 we define a commutative hyperoperation
(*) as follows
max{x,A) 1f min(x,A)=0
x*A =
{0,1,..., min(x,A)-1, max(x,A)} if min(x,A)>0

This hyperoperation is associative because if we denote by x the
one of x,A,u between min(x,A,u) and max(x,A,u), then we have

max(Kk,A, ) if x=0

(x®A)%u = x*(A%u) =
{0,1,..., x-1, max(x,A,u)} if  x0

Moreover, we observe that x*] =] %x=] for all xel , so0 (I ,%)
nn n n n

is a hypergroup in the sense of F.Matry.
We also define a commutative operation (¢) in In by the relation

koA = { min(x,A) }

which is, obviously, associative and one can see that it is strongly
distributive with respect to (*). Thus (In,‘.o) is & hyperring. We

consider the mapping from In into the set of 2x2 hypermatrices with

entries from (In,‘.oh

n KX
X — = T(x)
0

Then we have

1 P B [ R £

{ T(p) : pex®A }

T(x)T(A)

Hence, we have a representation of (In.‘) by 2x2 hypermatrices with
entries from the hyperring (In,’.o) and the good condition is
satisfied.
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Note that one can define (*) and (o), instead on the set In' in

={m,m+1,...,n} for all m,neZ with n>m.
[w,n)

Then (1 ¢ ¢) is also a hyperring.

[m,n)’
A special case is for Ij= {0,1} where we have
0*0=0, 0*1=1%0=1, 1*1={0,1} and 000=0c1:=1e0=0, 1o01=1.

Using this Boolean hyperring one-can represent, apart of the hyper-
group (Ia'.)' the ordinary group {a,b} with two elements by setting

1 0 0o 1
a — v b r—
o 1 1 0

Similarly, the mapping

1 1 0 111
a — [ c 0 1 ] . b +— [ 0 01 ]
c 0 1 0 0 1
is a representation of the hypergroup {a,b} with

aa = b, ab = ba = bb = {a,b}.

8.1.4 PROPERTIES
Let (H,-) be a Hv—group and T be a representation. Then

(a) T 1is a representation of (H,®) for every (*) such that -=*

(b)Y If T is inclusion, then it is also an inclusion representation
for all (H,*)} such that *s.
Proof: Obvious.

8.1.5 REMARK ( ONE-DIMENSIONAL CASE )

Consider all Hv*flelds (F,+,*) obtained from the Constructlons

S, S, s, and S; - Then all H -groups which are embeddable (weak)

in (F,:), have one-dimensional representations over F for obvious
reasons.
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For the one-dimensional representations of a Hv»group (H, -} we
can consider the three types of associated Hv-rings of H defined in

Theorem 3.2.2. Moreover, for hypergroups, consider the three types
of associated hyperrings and complete associated semihyperrings
defined in Remark 3.2.3. Using the identity mapping, it is clear
that every Hv-group has one-dimensional representations over the

associated Hv»rlngs and the complete associated Hv~semlrings.
However, in all the above types we have y*(x)=H or H’ for all xeH
or H although they are fajthful.

8.2 A NECESSARY CONDITION

8.2.1 THEOREM

A necessary condition in order to have an inclusion representation T
of the H -group (H,-) by nxn H -matrices over the H -ring (R,+,-) is
the following: '

For every fundamental class PB*(x), x€H there must exist elements

a]jeR, i,Je{1,...,n} such that

L = L ’ »
T(B*(x)) c { A (alj) | Bl €y (alj), 1, Je{1,...,n} }
Proof
Let xp*y x,yeH, and T(X)=(X:J)’ T(y)=(yij) vhere X .y, € R
for all 1i,Je{1,...,n}. Then, there exist elements

Z,...,2 _,h ,....hq € H and Qf""Qr finlte sets of indices,
1 r

such that setting z=x, z my, there exist patterns p e Plo | for

v

which

{z ,2 1} c n h ., ve{l,...,r}.

Therefore, for mll ve{1,...,r}, we obtain for the hypermatrices
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{1z ), T(z)} < T m b c n T ).
v-1 v [Pv'qver qv] p; q

v v v

In the ij entry of the Hv-natr*ix n T(h ) there nre sets
p.qeQ v

v v v

which are the union of sets Uu formed by sums of lev|_1 products

{n-circle hyperoperation) of Qv elements each. Consequently, each

of these sets Uu. belongs to one y* fundamental class. Furtermore,

there exists for every U , another U, such that U n U, # &
v A u A

Thus, since v* is transitive, it is obtained that there exists an

element a €R such that for the 1j entries = and 2z
v, 4} v-1,1) v,1})

of the H -matrices T(zv_l) and T(zv). respectively, we have

{ Zv—1.u . zv’” } ¢ v*(av’u) for all wve{l,...,r}.

So, again from the transitivity of y*, we have

V.(anu) e ® v"(av'”) = v'(a”) )

Thus, we obtalin, in particular,

{xu, Y, } v‘(a”) for all §,) € {1,...,n}. L

3
B.2.2 REMARK
From the above proof it is obtained that if A=(a”). B=(bU) are
Hv—matr'ices over (R,+,-), then every entry 1iJ of the hyperproduct

AB has elements of the same fundamental class vy*. Thus

v'(e&ubn) is an element of R/y* and we can denote this class by

v“(Zaub”). since we have the same class for any pattern of

parentheses used in the hypersum. Moreover, obviously,
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L] = y*
\' ((xio...oxn)wxm) Y (xio...oxml) for all x‘eR.

This remark is general for the product of Hv~matrices and it

does not depend on the representations. Finally, for the same
reason all Hv»matrices of (AB)C and A(BC) have in each entry i]

elements of the same y* class.

According to this remark and using Theorem 8.2.1 the following
necessary condition for Hv-matrix representations is immediate:

8.2.3 THEOREM
Every inclusion representation T(a)t(alj) of a H -group (H,:) by
nxn Hv-matrices over the H -ring (R, +,*) induces a homomorphic nxn

representation T* of the fundamental group H/B* over the fundamental
ring R/v* by setting

T*(B*(a)) = [ v'(a}j) ] for all pB*(a) € H/B* ,

where the element v'(atﬂ € R/y* is the 1j entry of the matrix
T*(g*(a)). We call the T*, fundamental induced representation of T,
and we write fir.
8.2.4 DEFINITION

Let H be Hv~group and Oy be the core of H. Two elements x,yeH are
sald to be conjugate if there exists an element z which has an

inverse z : zz"n 27z Ney * @ suchthat ye z—l(xz)n(z"’x)z.
8.2.5 THEOREM

Let T be an inclusion representation of H over R of degree n and let
T* be the fir of T. Denote In the unit matrix over R/y*, we have

(1) T (u) = In for all vewy

(11)  T*(z™") = (T*(2))"' for all inverse elements of z

(even for partials)

(i11) T*(xy) = T*(yx) x,yeH
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(1v) Tz (x2)) = T*((z7'x)z) = T*(x) x,yeH
Proof
(1) For each xeH there exists a partial identity u, i.e. xexu.

Obviously uew Thus T(x) € T(xu) ¢ T(x)T(u) and, from

H
Theorem 8.2.3, it is obtained T*(x) = T*(x)T*(u). Therefore,
. =
T*(u) In .
(11) Let z-' be an inverse element of z and let uez'lz. uemH . We
obtain

T(u) € T(2'z) ¢ T(z")T(z)
and, going to the fir of T, we have

T*(u) = T*(z’H)T*(2) = 1. so (") = (1* 2.

(1i1) and (iv) The proofs are similar to (i1) taking first the T
and then going to the fir of T.

The property (iv) says that T* is a class function. -

A stricter condition of the one in Theorem 8.2.1 can be proved
for hypergroups. From this point up to the end of this paragraph we
suppose that we have hypergroups Iin the sense of Marty and
hyperrings as well as inclusion homomorphisms.

8.2.6 DEFINITION

Let (R,+,-) be a hyperring. The n~-fundamental relation pn is defined
in R as follows:

(1) apa for all aeR

(i1) apb, a=zb, if there are XoeXyveoa X of R, where x =a, xk=b,
and 11,12....,ik>] natural numbers such that
1 -1
n® i
(x._l.xs} C Z uglx‘uv ] , 8=1,...,k and x‘uveR.
v=l -

This is an equivalence relation and let Fn(x) be the n-~fundamental
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class of x and F'n be the n-quotient. In Fn two hyperoperations are
defined in the usual manner

Fn(x)+Fn(y) = { Fn(z)l zex'+y’, ¥x'nx, y'ny }
. ey, v ]
F (x) F(y) ={ F;(z)| zex'y’, vx'nx, y'ny }
for every Fn(x). Fn(y) € Fn ;
B.2.7 PROPOSITIONS
(1) If {u,vicxy for some x,yeR, then upv.

(11) Fn(x)-Fn(y) = { Fn(z) } for all zexy.

(i1i) The <Fn.+. *> is an additive hyperring.
Proof

(1) From the reproduction axiom with respect to (+) one can choose

y,. ... ,yneR such that yeylt . .+yn , then
{u,v} ¢ xy ¢ x(yl+...+yn) c :«(yl*..nbxyn

therefore, from the definition it is obtained upv.

(1i) Let
F.(x)-F (y) = { F (2)| zex'y’, ¥x'nx, y'ny } (1)
Suppose x‘px and y’‘py then 3xo,x1....,xteﬂ with x°=x'.xk=x
and 3y ,y,.....¥,€R with y =y‘,y,=y  such that
1 -1
n* 1
.
et © L [nxg ] sk e x e @
R=1
v=]
b -1
t
n i

t

vt < J [u""mv]’ t=1,...,A and y, R (3)

=1
v=l
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From the reproduction axiom, choose ur...,un,vi.....vneR such

that y’eu1+...+un. xevl+...+vn. Using these, multiply all the

members in (2) on the right side by y’ and all members in (3)
on the left side by x, so, for appropriate X, ;. it is obtained

1
[ ]

n 1-01
x _yUxy < ¥ ["".uv]' =1,...,k (4)
(13
v=1
1
t
n ltol
xyt_lu Xy, ¢ z [ uglytuv ] . t=1,..0,A (s)
v=1

From (4) and (5) take only one element of the sets x;y'. Xy,
for s=1,...,k, t=2,...,1 and observe that xiy'ﬂxyo. Then it
is obtained that all the elements of the set x'y’=x°y' are in
n~-fundamental relation with all the elements of the set
Xy=xYy, - Therefore, the (1) has the form

F (x)F (y) = { Fn(z)l zexy }
hence (ii) is proved.

(1ii) Using the above properties, it remains to prove the inclusion
distributivity. For x,y,z€R it is obtained

Fn(x)(F;(y)+F;(z)) = | J F;(X)F;(w) =

wEy ‘92z’

Vy Diy,z Dz

{ F(u) | uexw, wey'+z‘, VYy'py, 2'pz } <

n

{ F(u) | uexy’+xz’, Vy’'ny, z’pz } ¢

[4]

{ F(u) | uet’+s’, vt’pt, s’ps where texy, sexz } =

F {t)+F (s) (where texy, sexz) = F (x)F (y)+F (x)F (z). .
n n n n n n
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8.2.8 PROPOSITIONS

Let the hyperring R endowed with a zero element (0) and a unit
element(1), then

(1) If {u,vlicx+y for some x,y€R, then upv for n>1.
(11) Fn(x)+Fn(y) = (Fn(y)} for all zex+y.
(111) BJ(x) < F“(x). n>1.

Proof
(1) {u,v} € xX+y+0+...40 C (x+y+0+...40):1 € X 1+y-1+0-1+. . . 401
| I |
n-2 xzero’s
therefore, upv.
Note that for the 2-fundamental relation it is enough to have
the unit element.

(11) Let F (x)+F (y) = { Fn(z)l zex‘+y’, ¥x'px, y’'ny }

Multiply by 1 all the second members in the relations (2) and
(3) of the Proposition 8.2.7(i1), and mdd in (2) on the right side,
in both members, respectively the inclusions

i 1
{y'} ¢ y"l'#o-l s . . . +0-1 where s=1,...,k
L

1 1 -
n® n® -1 times

Furthermore, add in (3) on the left side, in both members,
respectively, the inclusions

1 ] 1
{(x} ¢ x*1%0-1 % . .. 401" where t=1,...,1
{

1t xt-x
n -n -1 times

Then, in a similar way as in the above proposition, it is obtained
that the elements of the set x‘+y’ are in n-fundamental relation
with the elements of x+y. So by (i) the required result lIs
obtained.

(111} From {x,y} ¢ z+...42, it is obtained that
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{x,y} € 2z -1+...42 -140-1+...+0-1 if ksn
1 kK ,
n~k times
{(x,y} € 2+1-14...42,+1-140-1-1+.. .40 1-1 {f n<ksn®
L ]
2
n -k times
and so on. That means that if xB®*y then xpy. ]

Remark that from this Proposition it is obtained that if R has
a zero and a unit then <Fn.0.-> , N>1, is a ring. Moreover if this

zero and unit is absolute, then the definition of the n-fundamental
relation is simplifyled as follows: for s=i,...,k

(x‘-l.x‘} is a subset of a sum of products of elements of R.
Finally in this case Fn(x) < Fn“(x) for every n.

8.2.9 THEOREM

A necessary condition in order to have a representation T of the
hypergroup H by nxn hypermatrices over the hyperring R is the
following:

For any class B*(x), xeH, there must exist elements xUsR where
1,J=1,...,n such that

T () < 4 (x) ) | x

i) € Fn(xu), 1,J=1,...,n}

where (xi’) denotes the nxn hypermatrix with ij entry x;J .
Proof
Let x,yeH such that xp*y and ‘l‘(x)=(xu), 'l'(y)==(yl’) vhere xU.y”eR

for all i,J=1,...,n. Then there are xi,...,.xkd;hl ......hl €H and
1 k
11""’Ih finite sets of Indices such that
(x,xl} < 7 hl . e e e, (xk’i.y} < hl
t €1 1 1 €1 k&
11 x k

Therefore, denoting by °J] the product of hypermetrices, we have
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{T(x), T(x)} < Tf 1 h ] € T ),
1€ L€

T )TN < 'r[ n h‘k] ¢ NI ).

1 €1 1 €1 X
Kk kK
let's denote T(h ) = (h ) where h €R and §,J=1,...,n;
1 1,,1) 1,,1)
A A A
A=1,...,k, then In the {j position of the products
MTh )= - (b ), A=l..k
1,€1, A 1,€1, A

there are sets of the form

|1A|~1

n
p> n zuv.ij ] )

v=l MEI;\

So for the transitive closure we deduce that in the {j position of
all hypermatrices

T(x), Tx) ., ..., T(x_). Ty

we have elements of R which are in n-fundamental relation, therefore

xU Dy, - »

We do not know yet if we can tranfer this theorem to Hv~groups
and Hv~rings and which modifications are needed. For the one

dimensional representations, one can use the associated and complete
associated semihyperrings.

Another direction to face the above problem, is to find special
semihyperrings or hyperrings.
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8.3 THEOREMS

8.3.1 THEOREM

Let (G,:) be a group and P be a normal subgroup of G. Suppose G/P
has finite order n, and fix a representative E of each class gP.
Then consider the P-hypergroup <G,P*>, defined by setting xP®*y=xPy
for all x,yeG. Consider the Hv-rlng Z: ,» where we replace by A
an element different from 0,1, defined in the Example 1.5.8. For
this, we take the set A==(al | 1€I} with cardA = cardP, and a 1-1
mapping al — p‘ ., lel. Let '1'u be the monomial representation of
the group G/P. Then the mapping

Tu(gP) 0
T: g —> T(g) = where g = gp

0 a
1

1’ plEP,

is a faithful (n+1)x(n+1) Hv-mat.rlx representation over R.

Proof
For all 31'82‘C we have

T(gP*g,) = T(gPg,) ={ T(gpe) |p €P)=

Tu(glp.gZP) 0
= I Py € P shere B, P8, " 8PE, P,
0 a

But since p‘ runs all P, we obtain

Tu(glgzP) 0 Tu(glgzP) 0
T(glP'gz) = | tel =
0 a 0 A

On the other hand we have, for g = é1p1’ g, = 8P,
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Tu(glP) 0 Tu(gzP) 0 Tu(glgzP) 0
'r(gl)'l'(gz) ac x
0 a 0 8 0 A
1 J
Thus T(gIP'gzl = T(gl)'l'(gz) for all g ,g¢C. n

We will generalize the above theorem but first, we define a
special mapping fM as follows:

Let M be a monomial nxn matrix and A=={ai|iel) be a set. Ve

consider the mapping fM vhich for each element (ai,...,an) € A"
corresponds the Hv»mtrlx H(a,,. ce .an). which has for all
i€{1,...,n}, in the 1 row, the element 8, instead of the unit.

8.3.2 THEOREM

Let (G,-) be a group with |G| = nt”, n,teN*. Suppose there exists
a normal subgroup P of G with |P|=tn. then consider the
P-hypergroup <G,P*> defined by setting glP‘g2 = g’sz for all
gl,gze(;. The <G,P*> has a falthful representation T over the
var-ing R obtained from 1: where one non-zero and non-unit element
is replaced by & set A with |A|=t. The T is given as follows:
Take the monomial representation of G/P and fix a representative 8,

of each class, s0 gP=g P +—— Mg . Since |P| = |A|" . take a 1-1
(]

mapping from P to A" and denote P, +— (xi....,xn) . xleA.

Afterwards, for each g of gG corresponds the element (21"’ . .zn)eA".

where p = gg:)leP.

- -1
Thus f‘M(g) = Mgo(zl....,zn). where P, =88 for all geG.

Proof
Let g,g°€G, then T(g) = “g (zl.. .. .zn) where p = gg

-1
[

and
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Y e ¢ [ zi:"l
T(g') = Mg,(zi.....zn) where P,.™ B (go) . Thus

(4]

T(gP*g’) = T(gPg’) = { T(gpg’) | peP } =

={M (u,...,u) | peP where p = (gpg’)(gpg’)] } .

(gpg’),

But (gpg')o = (gg’ )o » and since peP, p  runs all the elements
of P and, consequently, we obtain:

T(gP*g’) = { M (u .__‘,un] I peP vhere P~ (gpg’)(gg’ );‘} =

(gg’) "
n
= { M(gg')o(ua""'un) | (u,....u) er”}

On the other hand, we have

Yy . ’ A n
T(g)T(g’') = MS (21,....2n) M ,(2'.....zn) M LA,

(-] 80 gogo
and, since M(gg' )°== Mg g the theorem was proved. -
o0
8.3.3 COROLLARY
Let (G,:) be a group such that G = Gle . e . OG- where
ni nl nn
|Gi| = n’tl . le{1,....,m}, so |G] = nlt1 .. n_tn
n

Suppose there exists normal subgroup P, of G, with |P1|=t|l' for

all le{1,...,m}. Consider the P-hypergroup <G,P*>, with

P=le...0P. , where (gl,...,g.)P‘(gl.....g.)=(glPlgi.....g_ngn).

for all (gi....,g‘).(g;....,g’-) € G. Then, the <G,P*> has a

faithful representation T over the ring R, obtained from Z: , wWith
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2szm, where the m of the non-zero and non-unit elements have been

replaced by the sets A with |A1|=t1 , 1e{1,...,m}.

The construction of T is similar to the above theorem.

The proof can be carried out on the direct sum of the
representations of each component, from the fact that in the Hv—rlng

R there exist 0 and 1 which are mutually scalars.

8.3.4 REMARK
In the special cese of the mbove Corollary for which G=61062 and

n

1 1
Piﬂ(e), n2=1. we have 6] = nl-l

‘1.t = nt_ . Thus the
2 1 2

Theorem 8.3.1 1is obtained again.

8.4  REPRESENTATIONS BY BOOLEAN HV—HATRI

Since every generalized permutation f on X = { Xgoeooo Xy }

is a relation on X, there exists the incidence matrix T(f)=(fiJ)
of f. This is defined by setting

. . 1 if XJG f(xil
1)
0] otherwise

In this representation suppose that the Boolean or switching algebra
on {0,1} 1is the semiring defined by the relations

0+0=0, 0+1=1+0=1+1=1 and 0-0=0-1=1-0=0, 1-1=1 ,
i.e. we consider the Join and the meet operations.
5€ f(x,) e xe f(xJ) remark that the corresponding

matrix (fi ) to the converse permutation f is transpose to the

J

{fij)' If f,g € Mx. then the multiplication is defined by setting

Since x

fog=gof, 1.e. (f:g)x)= U f£ly)
yeg(x)
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8.4.1 THEOREM

The map T 1is a faithful representation.
Proof

let f,.g e Mx , then T(f-g) = T(gef) = ((g°f)1j) where
1 if x, € (gof)ix)
J 1
(gof) 1y =
0 otherwise

and T(f) ' T(g) = (fij)(giJ) = (ciJ) where ¢

1y = f fix 8y

So It is enough to prove that (gof‘):l =c,,, Vi,J=1,...,n.

J 1

Let us suppose that (gef)l =1, then x.€ (gof)(xi) " xJe g(f(xi)).

J

therefore, there exists n X such that x.e g(xs) . X € f(xi);

J

J

B0 gsj‘l' fs=1 end f

1 1s 8y~ 1"

Consequently, €4y = Efik'gk,j = 1.

On the other hand, let us suppose that cunl. Then there exists a s
such that ¢ =1, so xsef(xi) and x

=1 or f eg(xs).

is 8s} is. Bsy J

So xJe g(xs) c g(f(xi)) or Xx,€ g(f(xi)). i.e. (8°f)1j=1'

J

Therefore, T is an homomorphism. Moreover, T is 1-1, s0 T is a
fajithful representation. »
In the set of all nxn Boolean ({incidence) matrices the

J)’ B (biJ) by setting

for all i,J=1,...,n 1t is immediate that T

inclusion "<" is defined on A = (a.1
iff aiJSbiJ

preserves the inclusion. The universal switching matrix, i.e. the
maximal, 1s the one with all entries equal to 1 and the zero
switching matrix is the one with all entries 0.
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B.4.2 DEFINITION

An nxn incidence matrix will be called reproductive incidence
matrix If in every row and column there exists at least one 1. Ve

will denote by SR the set of all reproductive incidence matrices.

B.4.3 THEQOREM

The map T:Hx——)snzfr-——)(fi).uhere(f

3 ) is the

13

incidence matrix of f, is an isomorphism.
Proof
For every 1 we have f(xi) ¥ 2 BO in every row there exists at

least one 1. Furthermore, X = f(X) so for every J there exists an

s such that x.e f(xs); that means that in every column appears at

J
least one 1. So (fiJ) € SR .
Now let (au) € Sp , then we can define the map a:X — P(X) by
setting n(xi) = (xJ: 2 1}. This map 1is = generalized
permutation since a(X) = { xJ: aiJ =1, i=1,...,n } = X , because
for every J in the J column of (au) there exists at least one 1,
1) xJe a(X). Therefore, T is a bijection.
Using Theorem 8.4.1 we obtain that T is an isomorphism. -

8.4.4 REMARKS

(1) Any minimal permutation corresponds to & minimal Iincidence
matrix which is defined as follows: A Boolean matrix A € SR will
be called minimal if there is no matrix B of SR such that B<A. We

denote by S‘R the set of all minimal matrices.

{i1) Let f = f(xl.....xk;yl,....yk) be a switching function on 2Kk

variables. Using a generalization of the Karnaugh map method we

correspond to f a kazk switching matrix as follows:

We put every minimal polynomial, {.e. every expression of the form

A A A A A - A - _
X N AX Y N0y with X € { xi,xi}. e { yJ,yJ}, vi,J=1,...,k




8.4 REPRESENTATIONS BY BOOLEAN H -MATRICES 129
v

on one cell(entry} of a kazk matrix. The correspondence is such

that to every expression an...nﬁk corresponds a row of the matrix

and to every expression an...nﬁk corresponds & column of the

matrix. The above method is very useful to simplify forms of the
original switching circuit. The switching matrix of the f has

entry f(ﬁl,....Ak;§1,....§k) at the cell corresponding to the
minimal polynomial ﬁln...nﬁanIA...nQK . That means that f 1is 1

or 0 if the minimal polynomial an...n&knﬁln...ngk appears or not in

a complete analysis of f into the minimal polynomials.

A switching function f corresponds to a reproductive matrix, so
to a generallzed permutation, if the following condition is valid:

For any constants s .sk:t ot the switching functions

1P 1 K
f(sl,....sk;yl,....yk) and f(xl....,xk;tl.....tk)

are not zero functions.

We notice that the above interpretation of the generallzed
permutations by Boolean matrices depends on the choice of those two

sets of variables (xl.....xk} and {yI....,yk} .

Remark that the universal switching matrix corresponds to the
universal permutation matrix which is reproductive. The zero matrix
is not reproductive.

From the Ilsomorphism Hx & SR which is obtained in Theorem

B.4.3 we have analogous theorems to the ones in Chapters B and 7.
However, some analogous definitions are needed. For example one can
see that the subset of SR which corresponds to the generalized

permutations of the set M has matrices with the following form:

e
There exlsts an appropriate permutation on the rows as well as a
permutation on the columns such that the obtaining matrix can be
divided in block which have everywhere 0 or everywhere 1.
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CHAPTER 9
S

REDUCIBILITY AND CHARACTERS
|

9.1 TRACES

The character is a very important function in the theory of
representations because it characterizes the representation. Thus
it is natural to define this for Hv-matrix representations as well.

But first we need some definitions. In the following "n denotes

the set of all nxn Hv—matrices over a given Hv—ring.

8.1.1 DEFINITIONS
Let (R,+,+) be Hv~ring endowed with a zero element 0, and the set of

unit elements ER = { eeR : re(er)n(re) for all reR } 1is not empty.

A Hv—matrix IneMn is called unit H&-natrix if it is of the form

In = diag(el,....en) where eerR for all ie{l,...,n}.
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So one has (Aln N InA) » A for all Aeﬂn. Remark that the above

relation can be mlso valld for non-diagonal Hv-natrlces, but the set
of lidentities becomes greater. An Aellln will be called invertible

if there exists a Hv-natrix AmleMn , called inverse of A, such that
WL RE I vhere I is a unit matrix.

These definitions may give enormous number of jdentities and
inverses, however, more we are interested in Hv-rings endowed with

unique 0 and 1. So we prefer they are both scalars or both singles
where, from Theorem 1.3.8, they are unique. In the first case,

where they are both scalars, we have AIn = InA = A for all Ael!n
but still for the inverses (A*A n Al s I . In the second
case, where R is Hv-single ring, (AIn n InA) 2 A but for all
invertibles AeM it is obtained that xn-A”AzAA". i.e. the

inverse is unique. Indeed, in each entry of A'lA and Mf‘l it is

contained 0 or 1, so from definition this entry must be singleton,
in fact must be O or 1 respectively.

In the following we restrict ourselves mainly to Hv-single
rings.
A Hv-matr'ix AeMn 1s saild to be quasi-diagonal if it is of the
block form:
A= diag(Ai.Az.. . "Ax)

where AeM , i=1,....k, neN* and n +...4n=n
1n, 1 1 X

So A is the direct sum of the Hv‘-atrices A: and we write

AT A® . .0A
1 Kk

AeMn will be called reducible if there is an invertible Hv—matrix B
such that (B A)B or B '(AB) contains a proper quasi-diagonal
A'eMn ,» l.e. A is similar to a quasi-diagonal Hv»natrix. If A is
not reducible, then it is called irreducible.
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8.1.2 DEFINITION

Let A=(au) be Hv-matrlx over the COW Hv—ring (R,+,-), then we can
define the following traces:

n
(a) Tr : Mn — P(R) : TrA = of a where @ 1is the n-circle

’ L
1=1

hyperoperat ion

(b) trx : Mn — R : trxA € TrA , xeR

(¢) For Hb-rings, tr, Mn —3 R : trbA =3 b’ .
where £ b: is the basic element of the sum eZa“ which is
an element of the b-ring and n>1 (basic trace).

- -, -
(d) trm : Mn — R/¥* : t.rOA = v'(!h“) = tro(A) € R/y

where ¢ is the fundamental map (fundamental trace).

9.1.3 THEOREM
(i.) trw(ln)

n for all nxn unit Hv-uatrices on R.

(ib) trQ(AB) tr‘p(BA) for all A,Be Hn .

(1) trwtn"(m)) = tr‘p((s"‘.\)a) =tr A forall ABeM .

<

(11’) trb(l) = n for the unique unit matrix of the b-ring.
(lib) trh(AB) = trb(BA) for all A,B € Hn .

(1) trb(B"(AB)) = trb((B"A)B) = trA for all AeM_ and for

invertible, with respect to the b-ring, BeMn .
Proof

(i.) Every MER is multiplicative partial identity so ¢le)=1eR/¥y*,
thus q:(In)ﬂI. where 1 is the unit matrix over R/v*.

Consequently, ¢tr (I ) = n.
®» n
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(lb) Since R is COW, R/y* is commutative, so for all A,B € Mn

trw(AB) v*( 02(0& b ) ) = v( Z'Za b )=

ik ki 1k ki

= V‘(ZD@ a )= tr‘p(BA).

ki 1k

(1) trw(B'l(AB)) = tro(B1(AB)) = tre((AB)B™") = tre(A(BB™')) =

= tr(g(A)-@(BE™))
But BE™! contains s unit metrix of R, so @(BB™') = I. Thus

~1
t
rQ(B (AB)) = trQ(A)
(11‘). (iib) and (iic) are obvious since they become properties of
the usual matrices over rings, 1.e. the b-rings. [

Remark that for Tr and trx the above properties are not

necessarilly valid. However, for Hb-—latrlces we obviously have
Tr(AB) () Tr(BA} # @ for all A,Be M

9.1.4 DEFINITION
Let T be a representation of a }lv—group H by Hv~matrices over R, we
shall call fundamental charascter of T the mapping

Xp ¢ H— RY* : X — X.l.(x) = trO(T(x)) = trT*(x)
If R is Hb—ring then we shall call basic character of T the mapping

be:H—-)R:x 0——->xrb(x)=tr~b'1‘(x)
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8.2 REPRESENTATIONS

9.2.1 DEFINITIONS
let T be a }{v-matrix representation, of degree n, of H over R.
Let’'s denote by

.
diag( M"1' e .Mnk), where nleN and n‘#. ..4n =1,

the set of all quasi-diagonal }{v-matrlces over R, diag(A’,....Ak)

where An eHn . vi=1,...,k. If every matrix T(x), xeH has a

[
similar matrix which belongs to a fixed set

diag(Mn ....,Hn ),
1 k

then T is called reducible. If T is not reducible, then it 1is
called irreducible. If T is reducible then for every xeH we can

write

T(x) = diag('i‘l(x)....,'l‘l(x)). where T|(x) € Mn , 1=1,... k.
3

The components T’. i=1,...,k are also representations of H over R.

Indeed, it is clear that for all x,yeH, we have

T(xy) = dia.g('fl(xy)....,'rk(xy)) =

= dia.g('l‘l(x), A ,Tk(x)) ~diag(‘l'1(y). cee ,Tk(y)] = T(x)T(y)
We write T=Te . . . eT
1 Kk
and T 1is called direct sum of the representations 'r’, .. ,’I‘k .

In a direct sum it is immediate that

trw‘r(x) = trw'r’(x} ., . .4 tr-‘p'rk(x} .

and for }{b-rings
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trb‘r(x) = trb‘rl(x) + .. L+ trka(X) for all xeH.

Therefore, the characters XT and x‘l'b can be written as

XT=XT1+...+ka and x‘l’ng‘rlb+"'+x‘l‘kb'

A character is called reducible (resp. irreducible} if it

- corresponds to reducible (resp. irreducible) representation.

9.2.2 THEOREM
Let T be any inclusion Hv—matrix representation of H over R, of
degree n. Then there exists a unique group character X;. such that
XT = x.]. o¢ , of the fundamental group over the fundamental ring.

¢

Proof

From the definition X.r = trogeT , where ¢ is the natural mapping
corresponding to each Hv*matr'lx (cU) the matrix over R/y*, which
has the element (p(cu] in the 1J entry. Moreover, the fir of T

can be written as T* = goT and by Theorem 8.2.5(iv) 1is a class
function. So considering the projection v: H — H/p*, there

exists a representation Tw: H/B* — M;n’ where ll;"1 denotes the
set of all nxn matrices over R/y*, such that T* = T‘po(p.
Thus the character of T is defined by X.l. = treT
¢ LY

¥
Now it is immediate that X.l. = )Ll. .
¢

The whole situation is, therefore, described by the followlng
commutative diagram
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This theorem states that for each XT there exists a unique
character which obeys the known theory of matrix representations of

groups. .

let (H,-) be Hb-group with b-group (H,0), and let (R,+,-) be
Hb~r1ng with b-ring (R,m,¢). Then there exists

fHe AutH, fng AutR such that xoy € fH(xy) for all x,yeH,

and

amb € fR(a+b), acb € fR(ab) for all a,beR.

Thus there are restriction mappings r r such that

H' R

T (H,') > (H;e) and r (R"',') —_ (Ri.lo)

- R’
for which

rHofH(xy) = xo0y for all x,yeH, and

rRofR(a+b) = amb, rRefR(ab) = aeb for all a,beR.
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Now we have the following:

9.2.3 THEOREM
For any Hv»matrix representation T the character x‘l’b has a 1-1

correspondence with the group character of the b-group to the b-ring
corresponding to the induced representation of T on the b-group.

Proof

Following the above remarks we have

x‘l’b = trorRofRoT

where rnofR: (CU) — (r'RofR(cU)).

Consider the 1-1 (forgetful) mapping

rHofH : (H,*)x(H,-) — (H,0)x(H,0) : rHefH(xy) = X0y.

Then there exists an induced representation T: of T, from the

b-group (H,®) to the nxn matrices over (R,m, e} such that
T = rnofRoro(rHofH)".
So denoting by X the character of Tl we have

-1 . -1
X = tr'»'l'l = tr‘crnof‘RoTo(rHof‘H) = x.n) (rHofH)

but (1"Hofﬂl"1 is a 1-1 map, and therefore the theorem was proved.

Hence, this situation is described by the following commutative

diagram:
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'Y
?

tr

M’ ~over(R,m, o)
n




KuxAopopnoe

Hia Sexdtoun pexELpLKT
¥La va uag CIEPNHoEL
TO YVUPLMO WaxNTo.

A ten-volume cook book

was just published, in order to
deprive us of

our favorite dishes.

APPENDIX 1
I

CLASSICAL HYPERSTRUCTURES
A

Al CLASSICAL HYPERSTRUCTURES

With the term classical hyperstructures we mean here all the
well known classical type hyperstructures based on the hypergroup in
the sense of Marty. One can give the title "Krasnerian type hyper-
structures” The reason to give this title, is that some of the
basic hyperstructures were introduced and studied during Krasner's
research activity, five decades, on this field. In this appendix we
give only some of the basic definitions on the subject since a well
and wide exposition 1is given in Corsini’'s book: Prolegomena of
Hypergroup Theory.

In the following we assume that all hyperoperations defined on
a set H are non-degenerate, i.e. xy»s for all x,yeH.

One of the main motivating examples, which also leads to a
large class, to define hyperstructures was, has been since the
beginning of this theory, the following:
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Al1.1 EXAMPLE
Let H be a subgroup of a group (G,:). The set of all right cosets
G/H = {Hg: geG} with the hyperoperation

(Hgll-(HgZ) = { Hgihg2 : heH }

becomes a hypergroup.

Every hypergroup which is isomorphic to one given in the above
example, is called D-hypergroup. The class of D-hypergroups 1is
very large but all hypergroups are not D-hypergroups.

A1.2 DEFINITIONS

A hypergroup (H,-) is called hypergroup of type U, if it has a
scalar identity e, x-e=x=e-x for all xeH, and the following axiom
is valid for all x,yeH,

if x e x-y, then y=e.

(H, ) is called hypergroup of type C, if it has a scalar identity e,
and the following axiom is valid for all x,y,zeH

if x-ynx*z =+ @, then e-y =e-2.

A hypergoup of type C is called cogroup if, in addition, the next
axiom holds

|x-y| = |x-z] for all x,y,zeH.
It is proved that not every cogroup is a D-hypergroup.

A1.3 DEFINITIONS

A hypergroup (H, )} is called canonical if it is commutative with a
scalar identity, every element x has a unique inverse x’ and it is
reversible, i.e zexy Iimplies yezx’.

Now let us consider a commutative and associative hyperoperation (:)
defined in a set K. For given a,beH we set a/b = { ceH : aebx }.

The hyperstructure (H,:) is called Jjoin space if the following
additional properties ere valid for all a,b,c,deH

a/b » o, and
if a/bnc/d =2 then =adnbc # @.
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A Join space is called geometric space or join geometry if, moreover,
aa=a and a/a=a for all aeH.
The Join space Is a weaker hyperstructure than the canonical hyper-

group. Actually the following is valid:

A Join space is a canonical hypergroup if and only if it has a
scalar identity.
A multivalued system (G,-, ',e) where

-1

eeC, : G — G, A LA P(G)-{o},

is called polygroup if the following axioms hold for all x,y,zeG:
(1) (xy)z = x(yz)
(11) xe = x = ex
(111) xeyz implies yexz ' and zey 'x

In other words G 1s a completely regular, reversible-in-itself
multigroup in the sense of Dresher and Ore i.e. the (1i1) above

axiom holds. The polygroups are also called quasi-canonical
hypergroups. The polygroup is a generalization of the canonical
hypergroup as well, In fact: a commutative polygroup is a

canonical hypergroup.

A hypergroup H is called feebly canonical if it is commutative,
regular, reversible and satisfles the following condition:

for all xeH, if x',x’’ are inverses of X, then

for all aeH we have ax’ = ax’’.

It is proved that the feebly canonical hypergroups are Join spaces.
A subhypergroup U of a hypergroup (H,-) is called left closed

with respect to H if for any a,beU all solutions of xasb lie in U.

U is right closed if all solutions of aysb lie in U. If U is left

and right closed then it is called closed.

An equivalent definition for closed subhypergroups is the following:

U is closed Iiff (H~U)U = U(H-U) = H~U.

The subhypergroup U of H is called left ultra-closed if
xUnx(H-U) = @ for all xeH.

The right ultra-closed and the ultra-closed are defined analogously.
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Now, we give some definitions of hyperstructures with more than
one hyperoperations.
Al.4 DEFINITIONS

A hyperstructure (R,+,:), where (+) is a hyperoperation and (°) is
an operation, 1s called hyperring in the mense of Krasner if the
following axioms hold:

(1) (R,+) 1is a canonical hypergroup where the neutral element is
denoted by O.
(it) (R,*) 1is a semigroup where 0 is a two-sided absorbing.
(1311) (-) is two-sided (strong)distributive with respect to (+).
A hyperring (F,+,:) is called hyperfield in the sense of
Krasner if (F-{0},-) is a group.
The particular case of this structure, introduced by Krasner,
were the residual hyperfields of & valued fileld.
Let R be a hyperring, then (M,+,0) is called hypermodule if the
following axioms hold:
(i) (M,+) 1is a canonical hypergroup.
(11) o:RxM — M: (a,x) +— M, 1s a single valued map such that
for all a,beR and x,yeM:
ac(x+y) = aox+moy, (a+b)ox = aox+boy
(a'b)ox = ae(bex), Qox = 0.

A hypermodule M over R is called hypervector space if, in
addition, R is a hyperfield and the unit 1 satisfies the axiom

lox=x for all xeM.
We conclude the definitions of the Krasnerian type hyper-

structures with a definition of an ordered hyperstructure.

A hyperstrucure (H,s,y,A) 1is called lattice hypergroupoid if
it satisfles the following axioms:

1. (H,¢) 1is a hypergroupoid.

2 (H,V,A) is a lattice with regard to the order relation =.
3. The hyperproduct xoy 1is a closed interval for all x,yeH.
4 For all x,y,a€H we have

(xyy)ea > (xeca)ylyea) and ae(xyy) > (aex)ylaey).
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Apart from the definitions of classical hyperstructures based
on the canonical hypersructure, the Krasnerian type, several other
hyperstructures were introduced and studied. For example, the
hypergroup in the sense of Wall, the multiplicative and the additive
hyperrings even more general both operations to be hyperoperations,
hypervector spaces with the external hyperoperation and so on.

A large number of theorems, profound and important ones on
hypergroups, were obtained by Corsini’s school. The main tool in
this study is the B* relation or some generalizations of it. This
study leads to a number of new classes of hyperstructures and the
study of these classes is far to be complete.




Ta epnetd othioav BaciActo
0t ToUTn Bw TNV KOoPuLYN
KAt GraiToUVE UNOKALOELS
O TLPLOTN €PNETN.

Reptiles built a kingdom

on this peak

and they demand that we bow
before their reptilian honesty.

APPENDIX 2
|

VERY THIN HYPERSRUCTURES

A2.1 VERY THIN HV~GR0UPS

In the following we deal with a special class of Hv-structures

which 1s nearest, in some sence, to the coresponding stucture,
introduced in [40]. According to Definition 1.5.11, a Hv—structure

is called very thin if and only if all its hyperoperations are
operations except one, which has all hyperproducts singletons except
only one, which Is a subset of cardinality more than one. More
precisely, gliven a Hv-structure defined in a set H, there exists a

hyperoperation {-) and a special pair (a,b)eH® such that ab=A, with
cardA>], and all the other products, with respect to all the other
hyperoperations, are singletons.

A2.31.1 THEOREM

Let (H,-) be a finite very thin Hv-group, cardH=n>1, and let a, b

be the only elements of H such that ab=A with cardA>1. Then we
have the following two cases:
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(1) elther for all u in E-{a}, uva=a; in which case:
if n=2, then there exists a group (H,*) such that a*beA and
x*y = x-y for all (x,y)eH-{{(a,b)},
if n>2, then a=b, H-{a} is a group and A=H or A=H-{a}.

(11) or |if there exists an element ueH such that wu#a and ua®a,

then there exists an almost-associative group (H,*) (i.e. the
associativity is valid for mll triplets except the ones which
contain the product a®b), such that

a*beA and x*y=xy for all (x,y) in H-{(a,b)}.

Proof

First we remark that every element s*a 1is left simplifible, i.e.
sx=sy 1mplies x=y. This is true since the reproduction axiom is
valid and H is finite. Similarly, every s#b is right simplifible.

(1) Let wua=a for all ueH-{a}. Then if n=2 we have the following

two cases, up to isomorphism,

a u a b

al| a,u a a b a,b
or

u a u b a b

and the result is obvious since in the first case a*a=u and in the
second case a*b=a.

Now, if n>2 then we have ua=a=zau, az = A = H-{a} or H, &0

axb., It is easy to verify that H-{a} 1is a group.

(i1) Let us suppose that there exists ueH such that uza and ue=#a.

Then if n=2, we have the following two cases, up to isomorphism,

a b

a a a,b azb, uzb and a*b=b

b b a
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a u
a a,u u a=b, uzb and a*a=a.
u u a

If n>2, take x,yeH such that x#b*y and suppose that ax=ay.
Then the sets wu{ax), u(ay), (va)x and (ua)y are singletons, so

it is obtained that wu{ax) = u(ay) = (uva)x = (ua)y. Thus, from the
simplifibility x=y.

Let V = H-(H-{a})b. If v belongs to a{H-{b}), then there exists
x#b such that v=ax so, for all yeH-{x,b}, there exists zeH-{a}
such that 2zy=v. Therefore, for given Yy, there exists a unique z
and, from simpifiblility, it is obtained that the map

H-{x,b} — H-{a} : ¥y +— 2

is injective. Therefore, card(H-{a})#1, because cardH>2. Thus
there exists s#a such that sy#v for all yeH-{x,b}. Then we
have either sx=v=ax and x#b which is a contradiction, or sb=v
which contradicts to V=H-(H-{a}}b. Consequently, V is the result
which remais to put a*b=V,

The almost-associativity is obvious. ]

A2.1.2 THEOREM

Let (H,-) be a finite very thin hypergroup in the sense of Marty.
Then there exists an element x of H such that

(1) (H-{a},:) 1is a group,
(1i) ah=ha=a for every h®a, and aa = H-{a} or aa=H.

Proof

Let wab=A be the the only one hyperproduct with cardA>1. let us
suppose that a*b and ba={c}; then a(ba)=ac and (abla=Aa. But
from the reproduction axiom for the finite hypergroup H, and since a
is a right scalar, we have cardAa = cardA > 1. So, from
associativity we must have c=b, j.e. ba=b. Similarly, from
b(ab)=bA and (ba)b=cb, and since b is a left scalar, we obtain
that ba=a. Thus b=a which is a contradiction.

So there exists a unique element aeH such that card(aa) > 1.
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Now, for this special element a and for every h=#a, we have
(aa)h=a(ah), where card(aa)h > 1, because h is scalar. So ah=a.

Similarly, from h(aa)=(ha)a we obtain ha=a. Therefore,
ah=ha=a for every h of H-{a}. Finally, from the reproduction axiom

for a, end since x(H-{a}) = (H-{a})a = a, we must have aa = H-{a}
or aa = H. That proves (1i).

The proof of (i) is now immediate since every element of H-{a}
is scalar and ha=a for every h#a, so we must have

h(H-{a}) = (H-{a})h = H-{a}. "

If waa=H-{a} then H is called very thin hypergroup of the
first kind, if aa=H then H is called of second kind. Remark that
the fundamental groups of the first and second kind are respectively

{{=a},H-{a}} and {H}.
Remark. Since aa=zH-{a} or aa=H, it is obtained that all proper
subhypergroups of a very thin hypergroup, ere groups.

A2.1.3 REMARK

The Theorems A2.1.1 and A2.1.2 give a complet description of the
finite very thin Hv—groups and hypergroups. C. Gutan proves these

theorems for the infinite case in her paper: Les hypergroupes et les
Hv—groupes tres fins, to appear in Rivista Mat. Pura Appl.

A2.1.4 PROPOSITION
Let H be a very thin hypergroup with |aa|>1.
(i) Every subhypergroup of H is closed in H.

(i1) There exists only one subhypergroup of H which is ultra-closed
in H, this is valid only if H is of first kind and this is the
group H-{a}.

Proof
{1) Let G be a sub(hyper)group of H-{x}#*G. Then we have for geC,

xg={x} ¢ H-G and, for every yeH-G with y#x, the singleton yg is a

subset of H-G because otherwise if ygcG then we must have yeG
vwhich is a contradiction. Therefore (H-G)G ¢ H-G.

Conversely, if yeH-G then from the reproduction axiom yeHg, i.e.
there exists a heH such that yehg. But heH-G  because,
otherwise, if heG  then yehgeG, 8 contradiction. Therefore,

(H-G)G = H-GC and, similarly, G(H-G) = H-G. So G 1s closed in H.
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Finally H-{x} 1s also closed in H since
x(H-{x}) = (H-{x})x = x.

(11) Let H be a very thin hypergroup of the first kind. Then H-{x}
is ultra-closed since we have

z(H-{x})nzx = (H-{x})n{x} = @
if z € H-{x}
(H-{x})zrxz = (H-{x})n{x} = @
and
x(H-{x})rxx = {x}n{H-{x}) = o.

Now, let G be any subgroup of H with G=H-{x} if H be of first kind
or G be any subgroup oh H, including H-{x}, if H be of second kind.
Then G is not ultra-closed. Indeed, for G#H-{x} we have xG=x
and xex(H-G) because there exists a yeH-G with y*x, so x=xy.

Therefore, xGrx(H-G) = {x} = @. Finally, for the group H-{x} Iif H
is of second kind, we have again
X(H-{x})rxx = {x}nH = {x} # 2. [ ]

One could also investigate if an analogous theorem is valid for
Hv»groups.

A2.2 VERY THIN HV*RINGS

A2.2.1 THEOREM

Let (R,+,°) be a ring and 8a,beR be two fixed elements. Consider
the hyperoperation o defined by setting

aob=A where a+beA, {A|>1 and
xoy=x+y for all (x,y)#(a,b).
Then (R,®,:) is a very thin additive Hv~ring.
We have same result for the hyperoperation o defined by setting
acb=A where a-beA, |A]>1 and
xoy=x'y for all (x,y)#(a,b),

then (R,+,0) is a very thin multiplicative Hv—ring.

Proof
Obvious since the new hyperoperations contain the operations of the
ring (R,+,-). u
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A2.2.2 THEOREM
If (R,+,-) is a multiplicative very thin Hv—ring. such that a-b=A,
|A|>1, with @a=0 or b=0, then by setting a*b=0 and x*y=x'y for

all (x,y)#(a,b), the structure (R,+,*) 1is a ring.
Proof
Let a=0, b»0. If x#0, then A=0b={x-x)b » xb-xb=0, so0 OeA.

Moreover, Ox=0 for all x#b, because for an element y#0, we have
Ox=(y-y)x=yx-yx=0. Similarly, x0=0 for all xeR.

lLet x,y,zeR. If Oe{x,y,z,xy,yz}, then from the above properties
it is obtained that x*(y®*z) = 0 = (x*y)*z. Moreover, for the rest

cases the associativity is valid since the hyperoperation becomes an
operation.

The distributivity is also valid as one can see in an analogous way.
Therefore, (R,+,*) is & ring.

The proof for the case a®0, b=0 is analogous and in the case
a=b=0, is more simple. »

Now, we present some results on hyperrings.

A2.2.3 THEOREM

There exists only one non degenerate multiplicative very thin hyper-
ring, that is the set R={0,a} with hyperoperations defined by the
relations

040 = at+a = 0, O+a = a+0 = g and 0:0 = 0ra=a0=0, a-a =R.

Proof

Let (R,+,+) be a multiplicative very thin hyperring, so (R,%) is a
group. Then there are a,beR such that ab=A, |A|>1 and the other
products are singletons. Let us suppose b#0 and there exists d=#0
such that d#b, then a(d+(b-d})=A. But ad+a(b-d) is a singleton,
s0 the distributive law is not valid. Therefore with the above
assumptions there are no multiplicative very thin hyperrings.
Similarly there are no multiplicative very thin hyperrings if a®0
and there exists d#0 such that d=a.

From the above it is obtained that R={0,a}, a=0. [
In the case of an additive very thin hyperring (R,+,-), so

(R,+) is a very thin hypergroup, from Theorem A2.1.2, it is obtained
that there exists an xeR such that

(i) {R-{x}.+) is a group

(11) x+r=r+x=x for every r#x and x+x=R-{x} or x+x=R
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Again, in the case x+x=R-{x}, (R,+,-) {s called of first kind and
in the case x+x=R 1is calied of second kind.

In the first kind we have two cases:

Case (a) XX =r #x

A2.2.4 THEOREM
For every roeR-{x) such that ro*r°=0, and only in that case, we

have an additive very thin hyperring of the first kind. For those
hyperrings we have xx=r° and the rest products are always zero.

Proof
From the distributive law and especially from x(x+x) = x(R-{x})

and XX+XX = ro+r°¢0 we obtain Xr=r +r for every r#x. But
for r¥x we have x(x+r) = xx = r, and xx¢xr = ro+(ro+r0), S0
r°+r6=0. Therefore, xr=0 for every r#x. Moreover, for r#x we
have (x+x)r & (R-{x})r and xr+xr=0 so sr=0 for every r,s of

R-{x}. This completes the proof. [

Case (b} xx =x.

From x(x+x) = x(R~{x}) and xx+xx = R-{x} we obtaln that for
every r#x we have xr#x and similarly rx#x. Now let r,seR-{x},
then from r(x+s)=rx#x and rx+rs#x we obtain rx=rx+rs, so rs=0.
We have two more restrictions: first, from r(x+x) = r(R-{x}) =0
and rx+rxzx we have O=rx+rx=(r+r)x for all r=#x; second, from

(r+s)x#x and rx+sx#x we have (r+s)x = rx+sx for all r,s#x.

A2.2.5 THEOREM
Let R={r|reR rer=0} and f:R-{x} — R be the additive

homomorphisms which are also projections. Then we have additive
very thin hyperrings of the first kind where xx=x Iff we take any
of the above f's and define the product as follows:

rs=0, xr=rx=f(r), xx=x for every r.,s € R-{x}.

Proof
It is obtained immediately from the above restrictions and from the

assoclativity, x(xr) = xf(r) =f(f(r)) and (xx)r=xr=f(r), { must
be a projection. [ ]
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In the case of the second kind we have again two cases:

Case (a) XX=T #X.

A2.2.6 THEOREM

The only additive very thin hyperring of the second kind where omx
is the degenerate one, i.e. all products are equal to zero.

Proof

From x(x+x) = xR and Xxx+xx = rotr, we obtain that r0=0 and

xR=Rx=0. From r(x+x) = rR and rx+rx=0 we obtain that rs=0 for
all r,seR. (]

Case (b} xx=x.

First we have a degenerate case for which RR=x.

Now, for an re€R we have rx=r’'#x. Then from r{(x+x)=rR and
rx+rx=r’+r‘, we have rs=r'+r’ for seR. This means that r‘=0.
Therefore, for any reR we have elither rx=x or TrR=0. Moreover,
if there exists r such that rx#x then from (0+r)x=0 and
Ox+rx=0x we obtaln OR=0. Finally if rx=x, sx#x then (r+s)x®x.
We have similar remarks using the right multiplication.

All these remarks give us restrictions on the non-degenerate
cases. Here is a construction satisfying the above restrictions:
A2.2.7 THEOREM
Let (R,+,:) be a ring and f:R - R be an endomorphism such that
R/kerf be an integral domain. Let x#R and consider the very thin
hypergroup (R&.+). where szRu{x}. extending the addition on R& by
setting r+x=x+r=x for all reR and x+x=Rx . On Rk we define a

hyperproduct (*) as follows

r*s = f(rs) for all r,seR
(kerf)*x = x*(kerf) = 0
(R&—kerf)'x = x‘(Rk~kerf) = X

Then (Rx,+.‘) is a very thin additive hyperring of the second kind.

Proof
Since R/kerf is an integral domain, we have r*s = f{r)f(s) ¢ kerf
for every r,s of R-kerf, therefore x"(r*s) = x = (x*r)*s.
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One can easily verify that in all the other cases the associative
law for the (*) is also satisfied.

The distributive law is also satisfied but it is not always strong.
The strong left distributivity is not valid in the following cases
x*(r+s)=0 or x, x*(x+r)=x, r*(x+x)=(f(r)f(R))ui{x}, x*(x+x)={0,x}
for all r,s € R-kerf. In all those cases the right hand side of
distributivity is always equal to Rx . [ ]

A2.2.8 OPEN PROBLEMS

Do the above Theorems A2.2.4 - 7 cover all the cases of the very
thin hyperrings? If not, find all the rest classes.

Give nessesary and sufficient conditions such that a Hv—ring to be

very thin.




Topapévw OTO POHAVTLONS
napapéve OTOV wKEavod
napap€vw oTn BUEAAa unpootd
XaL oTae 6velpd MOU Ta VNG,

1 remain a romantic

1 remain in the ocean

I remain in front of the storm
and my fresh dreams.

APPENDIX 3
I

P-HYPERSTRUCTURES

A3.1 P-HV-GROUPS

In this appendix we deal with the P-hyperstructures introduced
for hypergroups in [30]) and generalized in {31]. ®&everal results
were published since then. We present some of them here without
proofs.

A3.1.1 DEFINITION

Let (G,-) be a semigroup mnd PcG, Pzo. We define the following
hyperoperations, called P-hyperoperations :

P* : xP*'y = xPy

P; : xP;y = XyP for all x,y € G.
. ., oy =

Pt : thy Pxy
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Then <G,P*>, <G.P;>, <G,P;> are called P-hyperstructures.

It is immediate that for P* the associativity is strong, so <G,P*>

is a semihypergroup.

If Pc2(G), where Z(G) the center of G, then P* = P: = P;.
The P-hyperoperations can be defined 1in groupoids and

hypergroupoids as well. However, the study of these artificial

hyperstructures 1s more complicated, so we restrict ourselves on

P-hyperstructures defined in semigroups.

The P-hyperoperations can be defined, sometimes, on structures
with partial operations. For example the sandwich multipllication on
non square matrices, see paragraph 3.5. The same situation appeared
in the generalization of the gamma rings in the sense of Barnes.

If (G,*) is a group then it Is clear that every P-hyperopera-
tion is of constant length, i.e. |xP*y| = |P| for all x,yeG.

A3.1.2 THEOREM

Let (G,-) be a semigroup, then the P-semihypergroups <G,P*> are
Hv»groups (so hypergroups) 1iff (G,-) is a group.

Proof

If (G,-) is a group then obviously <G,P*) is a hypergroup.

Now, let us suppose that {(G,:) is not a group, then there exists an
element xeG such that xG g G. Remark that the greater P-hyper-

operation is for G, i.e. for all u,veG and PcG it 1s obtained that
uP*v ¢ uGv. Therefore it is enough to prove that <G,G*> is not a
Hv~quasigroup. From the hypothesis there exists yeG-xG, suppose

also that the reproduction axiom is valid for <G,G*>. Then
y € xG*G = xGG ¢ xG
which is a contradiction. (]

A subset H of G will be called P-subhypergroup of <G,P*> if PcH
and <H,P*> is a hypergroup. Similar definition can be given for the
other P~Hv-structures. However, one can consider more general

P—Hv—structures without assuming PcH.

A3.1.3 THEOREM
Let (G,-) be a semigroup and Pn2(G) #* & then

(a) <G,P;>, <G,P2> are Hv-semigroups

(b) <G.P;> and <G.PZ> are Hv-groups iff (G,') is a group.
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Proof
(a) For all x,y,zeC we have

] . * a

xPn(yPaz) = xPn(sz) xyzPP and
. - = $ =

(xPry)Prz = (xyP)Pyz = xyPzP.

But PnZ(G)#s, so zPnPz#e, therefore

xP;(yP;z) n (xP:‘y)P;z * 2.

(b) The same proof as in Theorem A3.1.2. [ ]

A3.1.4 THEOREM
Let (Gl,°), (GZ.O) be two groups, feHom(G’.Gz) and PcGl. Then the
homomorphism f is a strong homomorphism between the P-hypergroups
<G1.P“> and <C'2,f(P)‘>. Similar results for the f‘(l"):l and
f(P)%, are valid.

Proof
We have for all x,y in Gl

f(xP*y) = f(xPy) = f(x)of (Plof(y) = £(x)f(P)*f(y).
The same proof for the f(P); and f(P)‘z . "

We observe that every feEndG of a group (G,-) induces a
strong homomorphism on the P-hypergroups <G,P*>, <G,f{(P)*> for any
PcG. Similarly, every feAutG induces an isomorphism on <G,P*>,
<G,f(P)*>. 1In the special case f(P)=P we have respectively an
endomorphism or an automorphism in <G, P*>.

As an example of the last case we give the following:

If PcG then every element of the centralizer of P, xeCc(P). induces

an inner automorphism g+ x"lgx which is an automorphism of
<G,P*>.

A general useful result on P-hypergroups defined on the same
group (G,+), using left and right translations, is the following:
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A3.1.5 THEOREM
Let (G,-) be a group and PcG. Then, for every geG, it is obtained

<G,P*> & <G, (gP)*> # <G, (Pg)*>.

Proof
Consider the right, by g, translation Rq in (G, +), which, obviously,

is an 1-1 and onto mapping. Then for all x,yeG we have

Rg(x(gP)'y) = (xgPylg = {xg)P(yg) = Rg(x)P'Rb(y).

Hence, Bb establises an isomorphism on <G, (gP)*> and <G,P*>.
Similarly, Lb establises an isomorphism on <G, (Pg)*> and <G,P®">.

Thus every left or right translation of the set P gives an
isomorphic hypergroup. [ ]

Remark that if (G,-) 1s a semigroup then strong homomorphic
P-semihypergroups are obtained.

A3.1.6 DEFINITION
Let (G,*) be a group and PcG. It is called Pe-hyperoperation the
one defined by the relation

xP:y = yPx for all x,yeG.
The <G.P:> becomes a hypergroup called Pc—hypergroup.
Consider the surjection f: G — G: x x! then we have

-1

f(xP*y) = f(xPy) = y P x = f(x)(P"):f(y) for all x,yeG.

Therefore, we have the isomorphism <G,P*> & <G,(P‘x):> .

Let (G,-) be a group and PcG. The element weG is a left unit
in <G,P*> if wP*x3x for sll xeG. But for every xeGC we can find
pxeP such that up;ne. where e s the identity of G. Then u=p:

end we have, for every yeG,
- “lne - -1
wpty = p P’y = p Py sy

Therefore all left units of <G,P*> are elements of the set P_{

Conversely, for every peP and for every xeG we have p-’P‘x=p'1anx.
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So we deduce that the set of all units, which here are two
sided, is exactly the set P’

Let xeG and poeP. Then an element x‘€G 1is a left Inverse of

X with respect to the unit 1:1'1 if x'P*xsp '. So there must exist
] po

a peP such that x'pxx--p;’ and thus x'ep;'x-lP'l. Conversely,

for every element p:x_ipzle pglx’il’"1 we have

1 1

S U e -1 -1 -} -1 - -1
(pox pl)Px=p°x pianpox x=p .

Therefore the left inverse elements of x with respect to the unit
p:,l pre exactly the elements of the set p;lx"lffl. Similarly, the

set of right inverse elements of x with respect to the unit p;l is

P’ix'lp;’. Moreover, the set of inverse elements of x with respect

to some unit is P 'x'P™'. Notice that the element p;'lx'lp;1 is
always 8 two sided inverse to x with respect to p;i.

Recall that a hypergroup <H,:> with unit elements is called
reversible in itself when any relation m -m m, implies that there

exists a left inverse m;‘ and a right inverse m: such that

-1 -1
mem °m mem *m .
2 1 3 1§03,

A3.1.7 THEOREM

Let G be a group and PcG. Then the P-hypergroup <G,P*> |is

reversible in itself.

Proof

Let us suppose that the following relation is valid for ml,mz,rnaeG
mP*m 3 m or mPm »m
1 2 3 1 2 3

then there exists an element peP such that mswmlpmz. Let m;l,m;l

be the Inverse elements of m,m, in the group (G,*). We can take
the following two-sided inverses of m.m, respectively, with respect
to the unit element p-1 of the P-hypergroup <G,P*>:

n! = p"lm"pq, nl = p”m’l -1

1 H 2 2
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-1 -1 -1 =1 -1 -1
Then m P*m_= m Pm_ 3 mm =m .
1 s - P M P 2P 0, 2

. -1
Similarly, maP m, >m . »

A3.1.8 THEOREM
Let G be a group and PcG. If H is a subgroup of G with PcH, then

the P-subhypergroup <H,P*> of the P-hypergroup <G,P*> 1is
ultra-closed.

Proof

For any xeG we obviously have

xP*H~xP* (G-H)} = @ = HP*xn(G~-H)P*x . (]

If Hn' H2 are subhypergroups, we denote “’1'“21 the set of all
elements which belong in some product of elements from Hx'Ha' For
P~-hypergroups the sets H1nH2 and “’1'“21 are subhypergroups. So
from the Theorem § in [8] we deduce that the P-hypergroup G has
unlque co-set expansions with respect to H,

G = (HP'xl)e»(HP‘xa)o e G = (yiP‘H)e(sz'H)e ..

Finally, there is a unique double co-set expansion

C= (HP‘glP‘H)e(HP'gZP'H)e .

In (7] some important results for P-hypergroups were obtained
from abelian groups (G,-) using the P* hyperoperation. Up to the
end of this paragraph we will present these results.

Denote GA the P-hypergroup with respect to the subset A={a,b},
i.e. the hyperoperation is of constant length 2. Llet's denote by

0(ab™!) the order of the element ab ’ in (G,-). Then we have the

following:

A3.1.9 THEOREM
If G is a finite commutative group and A={a,b}, then

|6,/8*| = |G|/0(ab™)
Using Theorem A3.1.4 and some lemmas, the following theorem is

obtained, which gives the number of P-hypergroups of length two
defined on finite cyclic groups.




A3.2 P-nv—nxncs 163

A3.1.10 THEOREM

If G is a cyclic group with |G|un. then there are, up to 1somorphism,
as many P-hypergroups of length two as divisors of n, except 1. In
the special case where n is prime, there exists only one
P-hypergroup of length two.

Using the above theorem and studying the rest of the cases, one
obtains the number of P-hypergroups of length two, constructed from
abelian groups of order less than 12 :

A3.1.11 THEOREM
The number of P-hypergroups of length two constructed of abelian

groups of order n, up to 11, is given in the following table

order 2]13|4{5|6|7]|8}|98|10}|1

number 1 1 2 1 3 1 5 4 3 1

A3.2 P-HV-RINGS

In the following we consider B ring (R,+,:} and we take
P:‘chn with PitzaPz. Using the addition, only one P-hyperoperation
is defined, the P:. Using the multiplication we can define the
three hyperoperations P;. P;,l and P;t .  We will study only the
hyperoperation xP;qy = xyP2 for all x,y in R, since the results

for the P; are similar and for P; are much simpler.

¢

A3.2.1 THEOREM

The hyperoperation P;a is weak distributive to the P: iff OePl.
Proof

Suppose OePl. Then for all x,y,z in R we have

. 13 .=
xPzn(yPlz) x(y+z+Pl)P2

» . =
and (xPzny)Pl(xP;nz) xyP2+sz2+P1
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We obtain
:,((y+z)}’2 c (x(y+z¢P1)P2) n (xszészzoPil.

and we have the same result for the right distributivity.
Now let us suppose that the distributivity is valid. Then,

0P (0P70) = O P, (0)

and (OP* 0)P*(OP®* D) = OP*0 = P
an 1 2n 1 1

So, Oepl. [ ]

A3.2.2 THEOREM
Let (R,+,°} be & ring and P1,P2c R, with Pitath. 1f OEP1 and
PznZ(R) # @ then the <R.P;.P;,‘> is a Hv-ring.
Proof
Immediate from Theorems A3.1.3 and A3.2.1 [
A3.2.3 THEOREM
Let <R,P‘;’,P;> be a Hv-ring with P-hyperoperations P:. P; over the
ring (R,+,). Consider the subgroup <P1> of (R,+) generated by P‘.
then for all a in R
B (a) = <P‘>*a
and R/B: is a multiplicative Hv—ring with the inclusion

distributivity.
Proof
We denote by B:(a) the fundamental class of a€eR and by Z* any

hypersum with respect to the P:

Let aeR and xeB:(a); then there exist zl.....zmleR, with z= X,
zm1=a and there are yJeR and finite sets of indices It.1=l. ...,Nn
such that

(zx’z:u} c ’gy for §=1,...,n

i

Set u = Z:yj and 5= cardll. Then,
JE1
s

(Zl.zlﬂ} cu+ (sl-l)P1 for i=1,...,n
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Therefore, for {1 = 1,...,n~1 we have

z € (ul+(si—1)Pl) n (ul’1+(s

. o VP

and so, u € z"l—(si—l)Pl; consequently,

u € u“1+(sld-1)1”1-(51—1)!:‘1 .

From this relation we obtain

u € u+(s +s +---+5 ~n+1)P -(s +s +:--+s ~-n+1)P
1 n(2 3 n )1(1 2 n-1 )1

But z € u+(s ~1)P, so u €z ~-(s~-1)P.
n+l n n 1 n nel n b3

Moreover, z € u1+(si—1)Pl. Thus we have

2z €z +(s +5 +---45 -n)P ~(s +5 +:--+s5 ~n)P
1 n01(12 n)l(slz n)l

Finally,
X € a*(sl+---+sn-n)(P1—P1]
That means that x € <P‘>+a, 50 a:(a) < <P1>4~a.

Now let meR and take x € <P1>+a. Then there exists seN such

that x € B(Px_P1]+a' So,

{x,a} ¢ s(Pl-Pl)ﬂa = aP:(~Pl)P:---P:(—Pl]

which means that xB:a. Thus we proved that B:(a) = <Pl>+a.

The sum ® and the product o of the elements of R/B: are defined
in the usual manner as in Theorem 1.2.7. So, <R/B:.e>> is a group.

Moreover the weak associativity for the o is valid because It is
valid for all equivalence relatlions.

Finally, for all x,y,z in R, we have

Bz(x) ol (B:(y) ® B:(z)) = B:(x) © ﬁ:(y+z) =

= (B:(u) T ue€ (<P1>+x)(<P1>+y+z)Pz}
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On the other side

(B:(x) o} B:(y)) ® (B:(x) 0] B:(z)) =
= {B:(v): ve(<P1>+x)(<P1>*y)Pz} ® (B:(w): ue(<P1>+x)(<P1>+z)P2} =
= {B:(v+u) s VW € (<Pl>+x)(<P1>+y)P2+(<Pl>+x)(<Pl>+z)P2)

Consequently, the inclusion distributivity is valid. »

A3.2.4 THEOREM
Let (R,+,:) be a ring and Fa,P;cR with OePlan. Conslider the
Hv»ring <R.P;.P;>, then the quotients

R/p* and {R/B:)/Ba

are additive Hv—rings with degenerate multiplication.

Proof

We observe that, since DEPz’ for all x,y in R, we have for the
first quotient

B*(x) o P*(y) = (B%(2) : z € Bf(x)Bf(y)Pz} = {$*(0)}
For the second quotient we have
BY(x) o BI(y) = {B3(2) : z € ﬁ:(x)B:(y)Pz} » p1(0)
So, for all elements of the set
(R/B%)e(R/BY),

there exists only one fundamental class with respect to o.

Therefore, for all x,yeR,

B2(B? (x))DBS (B (¥)) = {B5(B7(0))} = {BS(<P )} . .
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A3.3 CYCLICITY IK P-HYPERSTRUCTURES

A3.3.1 THEOREM

Let (G,-) be a group and PcZ(G). If <G,P*> is cyclic then G is
abellan.

Proof

If x s a generator of <G,P*> then Q=Pu{x} 1s a set of generators
of (G,-). But P is a subset of the center Z(G), therefore all
elements of Q commute pairwise. We conclude: G is abellan. [ ]

A3.3.2 THEOREM

Let G be a group end GoP.

(a) 1If <G,P*> is cyclic then G/P is cyclic.

(b) If G/P is cyclic, with |G/P|=n, with generator xP for which
P-{e}c{x,x°,...}P, then <G,P*> is cyclic.

Proof

{(a) It is obvious since x is a generator of <G,P*> then xP is a
generator of G/P.

(b) We have G/P = { (xP)* | k=1,...,n} ={ xP | k=1,...,n} so0
G = (xP)u(x*PIu ... u(xP) = (xP)ux'Pu ... wx!™.

But P-{e} ¢ {x.xz....}P so x(P-{e}) ¢ {xz.xa....}P.

Consequently, G = {x}ux'Zv ... w!™ and therefore, x is a

generator of <G,P*>. n

A3.3.3 THEOREM

Let (G,) be a group end GPP with PzG. Then the P-hypergroup
<G,P*> is not a single-power cyclic.

Proof

Since P#G, we have |G/P|>1 s0 for every element x and for any
power k the set )Jk}=ka is only one class in G/P and therefore,

it can not be equal to G. "

From the above theorems we see that we have for some interesting
properties on the powers and cyclicity for P—Hv-groups . Especially

when the used structure {(G,:) is finite, |G|=n. We can see, for
example, Theorem 2.5.3 which states that for every xeG, the set [x]
1s a P-subhypergroup. Moreover, remark that the commutativity in G
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reduces the three P-hyperoperations into one, as in the case where
(G, ) is cyclic.

In this paragraph we present some of the results of the above
case. Therefore, in the following we assume that G is cyclic group,
so it is cyclic the P-hypergroup, with generator the element aet;
then G = { a.az.....an=e }. Finally, we denote aﬂ'l the s
power, with respect to P*, of the element a’ which is the r power
of a, with respect to the operation (-).

A3.3.4 LEMMA
Let (G,:), |G|=n, be a cyclic group with generator a and P={e,a’}.

Then the element a" of the P-cyclic hypergroup <G,P*> is a generator
iff (r,s,n)=1.

Proof
The u-th power of the element a® with respect to P* is

slu) sU _susr sue(u~1lr
a ={a ,a R - } .

Thus the elements of the powers of 2" have the form

a*""""  where ueNo and ve{0,1,...,u-1}

but we have
su+vr % imodn iff 3tel : sutvr-tn = 1 irf (r.s,n)=1.

So, we can choose appropriate u,v,t modn in order that the
relation a™"""za'=a wouid be valid Iiff (r,s,n)=1. Therefore,

the element a€G belongs to some power of a® Iff (r,s,n)el.
Now, if the element a belongs to some power of a®, then for
all ketNo, the element a*eG belongs to some power of a' because

s{ku)+(kv)r k
a =a.

This ylelds that a° is a generator of <G,P*> iff (r,s,n)=1. .

A3.3.5 THEOREM
Let (G,-), |G|=n, be a cyclic group with generator a and P={a’,a'},
u<v, Then in the P-cyclic hypergroup of length two <G,P*> the

element 2° is a generator iff {(v-u,s,n)=l.
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Proof
It is obtained from the above lemma and from Theorem A3.1.5 using

the left translation by g=au. That 1is

L ({e,a” ")) = {a",a"} . .
au

Using the seme procedure ( Lemma A3.3.4 and Theorem A3.1.5 )
some other results can be proved. Thus one proves some lemmas for
P=(e.ak} and then by using left translations, Theorem A3.1.5, the

results are transferred in the general case where P={a",a"}.

A3.3.6 THEOREM

Let P={a“,a’}, u<v<n and denote [n/2] the integer part of n/2.
Then

veu

(a) The element =a is a generator with period [n/2] iff
(v-u,n)=1.

(b) The element a" ' ' 1is a generator with period n  iff
(v-u,n)=1.

Recall that if all generators of a Hv-group have the same
period, then it is called cyclic with period. On this cyclicity the
following can be proved.

A3.3.7 THEOREM

Let P={a“,a"}, u<v<n, then

(a) If (v-u,n)=1, n>2, then <G,P*> is not cyclic with perlod.

(b) If n=rs, rss, n>2, then the P-hypergroups <G,{a",a  }*> such
that (v-u,r)=1, are cyclic with period r+s-1.

(¢) If n=r(r+1), n>2, then <G,{a"",n""}*> such that (v-u,r+1)=1,
are cyclic with period 2r.

However, apart from the above two theorems, there are also some
questions on this topic as the following ones:

(1) Wwhich generator has the minimal period?
(11) Does Theorem A3.3.7 cover all the cases for hypergroups which
are cyclic with period?

The following exist:
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A3.3.8 CONJECTURE

Suppose r<s<n and u<v<n.

If the element a° ' 1is & generator of

<G,{a",a"}"> of period t, then the element &'~ 1is a generator of
<G,{a",a"}*> with the same period t.

This conjecture is true up to n=40 as was obtained in tables
using a computer. Here we present one of these tables for n=20:

20 20 20 20 20 20 20 20

2011 8 8 8 8 8 8 81111 8 8 8 8 B B8 B 11 20

8 8 8 8 11 8 8 8 11

20 8 811 8 8 811 8 B11 8 8 811 8 820 8 8

8 B 8 8 B 8 8 8 B 8

B 8 B 8 8 8 8 B 8 8 8 8 8 8 B

] B 8 11 -] 8 8 8 11 8

20 B 811 8 81111 8 B11 8 820 8 8 8 B & 8

8 8 8 8 B 8 8 8 8

201111 8 8 8 8 8 8111120 8 8 B 8 8 8 8

11 11 11 11 11 11 11 11

20 8 8 8 8 8 8 8201111 8 8 B8 8 8 81111

8 8 8 8 8 8 8 8 8

20 8 8 8 8 820 B 811 8 81111 8 811 8B 8

8 11 B 8 8 8 11 8 8 8

8 8 8 8 8 8 8 8 8 8 8 8 8 8 B 8

8 8 8 8 8 8 8 8 8 8

20 8 820 8 B11 8 8 811 8 B11 8 8 811 8 8

11 8 8 8 8 11 8 8 8 ]

202011 8 8 B8 8 8 8 81111 B8 8 8 8 B 8 811
In these square tables, in the r+1, re{0,1,...,n-1}, column the
period of the elements e,a,...,a"" respectively, of the
P-hypergroup <G,{e,a"}*> appears. If an element is not =a

generator then an empty space appears.
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For the single-power cyclicity a complete answer with the
following theorem is given.
A3.3.9 THEOREM
Let P={a”,a'}, u<v<n, then <G,P*> is single-power cyclic hypergroup

iff (v-u,n)=1 and in this case all the elerments are generators
with single-power period n.

Proof

We prove the theorem in the case P={e,a"}, a'#e and the result is
transferred by using Theorem A3.1.5.

In the relation

a-(v.ll = { a-u.a-mr'-“'a-m(u--l)r }

there sre at most u different elements, so in order that <G, P*>
would be a P-cyclic hypergroup we must have uzn.
For wu=n, we have

a-!nl = { atn sner sn+(n-1)r

,art ..,a }={ea",. . .2V

while, for every keN, we obtain

a:(nok) = ank.a-(n]‘

Therefore, <G,{e,a'}*>, a've, is a single-power P-cyclic hypergroup
if and only if exactly the n-th power of a” is equal to G.

s{n)

The n elements of a are different iff (r,n)=1, independently of

s, and the period of a" is n. ]

We conclude this paragraph with the simplest case for ]P|=3

which is when P={a",e,a”}. The main results obtained in [41] are
the following:

{a) The element 2* is a generator Iff (r,s,n)=1.

(b) <G,P*> is single-power cyclic iff (r,n)=1, then every element
is a generator of period [n/2)+1.

(¢} If (r,n)=1 then <G,P*> is not cyclic with period.
Using Theorem A3.1.5 one transfers these results “to every
P-cyclic hypergroup with |P]=3 where P has the form (at'r,at.af'r).

However, these results do not cover so many cases as in length two.
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